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Variety of materials
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Crystal structures drawn with VESTA
K. Momma and F. Izumi, J. Appl. Crystallogr. 2011, 44, 1272-1276

From https://pubchem.ncbi.nlm.nih.gov/

Unified classification?
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S=1
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S=1/2

MG


model

S=1/2

Heisenberg


model

Periodic boundary condition

Classification based on low-E spectrum



Classification of T=0 phases
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Systems described by

Hamiltonian with symmetry G

Ordered phase (G→H)

Spontaneous symmetry breaking?

Disordered phase

Excitation gap?Yes NoExcitation gap?Yes No

• Fermi liquids

• Critical phases

• Gapless spin liquids

• …

Gapless

Disordered phase

Gapped

Disordered phase

Short-range entangled 
phases

Topologically ordered phases (FQHE, QSL, …) 
Fracton topological orders

• Trivial phases

• Topological insulators

• Symmetry-protected topological phases

Degeneracy  
more than |G/H|?

Gapless

Ordered phase

Gapped

Ordered phase

Long-range entangled 
phases

• Continuous symmetry breaking

• …

Degeneracy?Yes No Yes No

Yes No
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Features of short-range 
entangled phases

• Unique ground state with excitation gap Δ.


• With symmetry G, H1 ~ H2 if H1 and H2 are connected without 
breaking symmetry G or closing gap Δ (with or without ancillas)


• Trivial phases are connected to a real-space product state. 


• Topological phases contain irremovable quantum entanglement.
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H1

H2

product state 1

H3

product state 2



Symmetry indicators
• Quick & partial diagnosis of topology


• Example: Winding number of in-plane spins on a ring


• Winding number can be partially deduced by representation  
at symmetric points
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Lieb-Schultz-Mattis theorem
Necessary condition for unique ground state with excitation gap. 
Violation implies degeneracy or gapless excitations.


• In U(1) symmetric systems with translation symmetry, 
filling ν (= change per unit cell) must be integral. 
Examples: 
- Band insulators with fractional filling are gapless. 
- Fractional quantum Hall states has topological degeneracy.


• In systems with discrete symmetry group G,  
all projective representations must be removable. 
Examples: 
- S=1/2 Heisenberg model with Z2 x Z2 and translation is gapless / degeneracy 
- Toric code (with inversion) has topological degeneracy.


Violation of LSM conditions in symmetric gapped phases  
→ Topological degeneracy on torus

7



Today’s talk
• (brief) Symmetry indicators for superconductors 


• Revisiting criteria for topological phases 

- Symmetry indicators → topological (crystalline) insulators 
The converse is certainly not true. 


- Product states → not interesting. 
A counter example.


- Topological degeneracy on torus → topological orders 
Is the converse true?
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• Chern number C=2n with C2 rotation

• fragile topology

• …



Symmetry Indicators for 
topological superconductors

F. Tang*, S. Ono*, X. Wan, HW, High-Throughput Investigations of Topological and Nodal 
Superconductors, PRL (2022). Editors’ Suggestion

Seishiro Ono
U Tokyo Getting PhD soon!



• Topological properties via representations of crystalline symmetries  
e.g. Fu-Kane formula for Z2 index 
             via inversion parities


• All (magnetic) space groups & Various topology

Symmetry indicators for 
topological insulators

Input: Material data

DFT calculations

Output:  
Topological properties

• H. C. Po, A. Vishwanath, HW, Nat. Commun. (2017)

• B. Bradlyn, L. Elcoro, J. Cano, M. G. Vergniory, Z. Wang, C. Felser, M. I. Aroyo & B. A. 

Bernevig, Nature (2017)

• J. Kruthoff, J. de Boer, J. van Wezel, C. L. Kane, and R.-J. Slager, PRX (2017)

• Z. Song, T. Zhang, Z. Fang, C. Fang, Nat Comm (2018)

• …





• Symmetry indicator method itself needs to be modified (Z2 index in 0D)


• Pairing symmetry (s-wave, p-wave, …) becomes an additional data.

Extension to

topological superconductors?

M. Geier, P. W. Brouwer, and L. Trifunovic, Symmetry-based indicators for topological 
Bogoliubov–de Gennes Hamiltonians, PRB (2020)


S. Ono, H. Chun Po, K. Shiozaki, ℤ2-enriched symmetry indicators for topological 
superconductors in the 1651 magnetic space groups, PRR (2021)



Pairing symmetries
• Pairing symmetry


• Unconventional pairing symmetry is recipe for TSC.


• Symmetry indicators are all trivial for conventional pairing 
symmetries in time-reversal symmetric case.


• We investigate symmetry indicators for materials 
for each unconventional pairing symmetry.

: conventional

: unconventional

χg = 1
χg ≠ 1









Topological superconductors

with conventional pairing symmetries


• Symmetry indicators → topological (crystalline) insulators.  
The converse is not true.


• Time-reversal & inversion symmetric superconductors  
can be topological even with conventional pairing symmetry 
 
 
This study examined only a few examples 

• The majority of SCs have conventional pairing symmetries 
→ There might be TSCs in known materials  
overlooked because they have conventional pairing symmetries.

S. Qin, C. Fang, F.-C. Zhang, J. Hu, Topological Superconductivity in an Extended s-Wave 
Superconductor and Its Implication to Iron-Based Superconductor, PRX (2022)



Classification of topological superconductors 
with conventional pairing symmetries

• We conducted

S. Ono, K. Shiozaki, HW, arXiv:2206.02489

Please invite Ono-kun for the detailed talk!

K-theory type classification via

Real-space Atiyah-Hirzebruch spectral sequence (AHSS)


Also known as “topological crystals”

K. Shiozaki, et al arXiv:1810.00801

Z. Song, et al, Sci. (2019)



2. Fractional corner 
charges in trivial insulators

• HW, S. Ono, Corner charge and bulk multipole moment in periodic systems, PRB (2020).

• HW, H. C. Po, Fractional Corner Charge of Sodium Chloride, PRX (2021).

The Hong Kong University 
of Science and Technology

Hoi Chun Po Seishiro Ono
U Tokyo



• 2D topological insulator


• Haldane phase
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C. L. Kane and E. J. Mele, PRL (2005)

Bulk topology implies nontrivial boundary. 
Boundary states(=degrees of freedom) / surface topological order

S. Oh, Science (2013)

Bulk-boundary correspondence 
of topological phases

S = 1/2 edge spin
<latexit sha1_base64="nTIGcnQyuqQxy8Vc0I6LL7mPGkU=">AAACJHicbZDLSgMxFIYzXmu9VV26GSyCoJQZUexGKLgprirYC3SGIZOmbWiSGZIzQhnmVVz6JC7VjXThxmcxnXahrT8E/nznHJLzhzFnGhzny1pZXVvf2CxsFbd3dvf2SweHLR0litAmiXikOiHWlDNJm8CA006sKBYhp+1wdDett5+o0iySjzCOqS/wQLI+IxgMCkpVb4ghrWe3955ORJDKLAdeKFKdZfmd9CJYgOduFpTKTsXJZS8bd27KaK5GUJp4vYgkgkogHGvddZ0Y/BQrYITTrOglmsaYjPCAdo2VWFDtp/mGmX1qSM/uR8ocCXZOf0+kWGg9FuFFKEyzwDDUi+Up/K/WTaBf9VMm4wSoJLO3+gm3IbKnidk9pigBPjYGE8XMd20yxAoTMLkWTQ7u4tbLpnVZca8rzsNVuVadJ1JAx+gEnSEX3aAaqqMGaiKCntErekcf1ov1Zn1ak1nrijWfOUJ/ZH3/AD4MpvI=</latexit>

Ĥ = J

X

n

ŝn · ŝn+1

S = 1 Heisenberg model
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Bulk-boundary correspondence 
for higher-order topology

F. Schindler et al, Nature Physics (2018)  
F. Schindler et al, Science Advances (2018) 

Higher order topology in Bismuth

M. Fruchart et al, Nature (2018) 

Boundary states can be localized to corners and hinges

depending on the bulk topology.

Inversion symmetric 3D topological 
insulator under magnetic field

1D chiral mode

0D zero

mode

0D zero

mode

0D zero

mode

2D gapless

mode1D gapless


mode

1D gapless

mode



Bulk-boundary correspondence 
of trivial insulators

• Even trivial insulators may have interesting signature on their boundary.

• No known material realization of fractional corner charge.

W. A. Benalcazar, T. Li, T. L. Hughes,  
PRB (2019)

Charges are “frozen” i.e., not degrees of freedom

W. A. Benalcazar, B. A. Bernevig, T. L. Hughes,  
Science (2017) / PRB (2017)



• Sometimes, point group symmetry and charge neutrality cannot be 
simultaneously respected.


• Surface charge is a local property.

Filling anomaly

+e -e

W. A. Benalcazar, T. Li, T. L. Hughes, PRB (2019)



Fractional corner charge 
in sodium chloride (NaCl)

• HW, S. Ono, Corner charge and bulk multipole moment in periodic systems, PRB (2020).

• HW, H. C. Po, Fractional Corner Charge of Sodium Chloride, PRX (2021).

• K. Naito, R. Takahashi, HW, S. Murakami, Fractional hinge and corner charges in various 

crystal shapes with cubic symmetry, PRB (2022).

<latexit sha1_base64="uLwUdFpJ1i4AszT5xEQxG5iq0PE=">AAACMnicbZDNSsNAFIUn/tb6F3XpJlgEVzUpim6EghtXomBtoQ1lMr3VoZOZMHMjlpD38EFcu9VX0J24EnwIpzWIVg8MHL5zL8M9USK4Qd9/dqamZ2bn5ksL5cWl5ZVVd2390qhUM2gwJZRuRdSA4BIayFFAK9FA40hAMxocj/LmDWjDlbzAYQJhTK8k73NG0aKuWzvvZh2EW8yY0hJ0nh99E1SY57unkwNdt+JX/bG8vyYoTIUUOuu6752eYmkMEpmgxrQDP8Ewoxo5E5CXO6mBhLIBvYK2tZLGYMJsfFvubVvS8/pK2yfRG9OfGxmNjRnGkZ2MKV6byWwE/82i+D/cTrF/GGZcJimCZF//91PhofJG/Xk9roGhGFpDmeb2BI9dU00Z2pbLtptgsom/5rJWDfar/vlepV4vWiqRTbJFdkhADkidnJAz0iCM3JEH8kienHvnxXl13r5Gp5xiZ4P8kvPxCZMQrOg=</latexit>

Qcorner = Qtot/Ncorner

<latexit sha1_base64="j0gmiQPDB84szmvcSz/6Z60GQnk="></latexit>

Qtot = +e, Qcorner =
1
8e (mod 1

4e)

Filling anomaly



Possible direct measurement

via Coulomb force

test chargetest charge



3. Topological orders “without” 
ground state degeneracy

Meng Cheng, Yohei Fuji, HW, in prep



Features of topologically 
ordered phases

• Topological ground state degeneracy


• Fractional excitations (anyons) and their statistics


• Topological entanglement entropy


• …
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ZN toric code (1)

N-level spins

28
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ZN toric code (2)

Hamiltonian

• a=1 is the standard model


• a=-1 is the simplest  
nontrivial example


M. Barkeshli, et al CMP (2020)

(preprint in 2016)

J. C. Bridgeman et al, PRB (2017)

Y. Fuji, PRB (2019)

…


• Other values of a are  
also interesting.

Kitaev (2003)



• Strings can be closed only when L1, L2 are multiple of the period.


• Translation permutes anyons.
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ZN toric code (3)

String operators



Ground state degeneracy

on torus for a=-1

• Ground state can be unique and gapped!!



Topological entanglement 
entropy

• Entanglement entropy


• Topological entanglement entropy

regardless of a, L1, L2 



Conclusions
• Symmetry indicators for superconductors  

New database & subroutine 
F. Tang*, S. Ono*, X. Wan, HW, PRL (2022)


• Revisiting criteria for topological phases 

- Symmetry indicators → topological (crystalline) insulators 
The converse is not true. 
For example, many TSCs with conventional pairing symmetries. 
S. Ono, K. Shiozaki, HW, arXiv:2206.02489


- Product states → not interesting. 
NaCl as a counter example. HW, H. C. Po, PRX (2021).


- Topological degeneracy on torus → topological orders 
There can be topological order without degeneracy on torus for a sequence of 
L1, L2. 
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