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Exchange Statistics of Quasi-particles

Indistinguishable particles

3-Dimension (and higher)
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2-Dimension is special!

! !!,!" → %#$! !",!!

If the ground state is degenerated,

%#$ : unitary operator
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For non-degenerate ground state
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In more technical language, we would say that a system
is in a topological phase if its low-energy, long-distance effec-
tive field theory is a topological quantum field theory—that
is, if all of its physical correlation functions are topologically
invariant up to corrections of the form e−∆/T at temperature T
for some nonzero energy gap ∆. This behavior is precisely
what is found in the fractional quantum Hall effect,5 as dis-
cussed in box 1.

Anyons and braiding
In addition to their fractional charge (see box 1), quasiparti-
cles in the fractional quantum Hall effect have another
remarkable property: They are anyons. Anyons were first
proposed as a mathematical possibility in which any phase
factor eiα, not just +1 for bosons and −1 for fermions, can
result from a counterclockwise interchange of two particles.
Such natural generalizations of fermions and bosons are
topologically allowed in two spatial dimensions. To under-
stand anyons a little better, we first look at the braiding of
particle trajectories in two spatial dimensions.

Consider the braiding properties of particle trajectories
in 2 + 1 dimensions (2 spatial and 1 time dimension). Accord-
ing to Richard Feynman’s path-integral formalism, the quan-
tum mechanical amplitude for n particles that are at positions
x1, x2, . . . , xn at an initial time t0 to return to those coordinates
at a later time t is given by a sum over all trajectories. Each
trajectory is summed with weight eiS/!, where S is the trajec-
tory’s classical action. This particular assignment of weights
is consistent with the classical limit: As ! → 0, the stationary
points of the action dominate and give the familiar classical
solutions. A peculiarity of two spatial dimensions, however,
is that the space of particle trajectories is disconnected: As
may be seen in figure 2, it is not always possible to continu-
ously deform a given trajectory into a different one.

Consequently, at the quantum mechanical level, we have
the freedom to weight each trajectory’s contribution to the
path integral by a different phase factor. Since the trajectories
are not continuously deformable into each other, the classi-
cal limit is completely blind to the phases we choose.

These phase factors constitute an abelian (commutative)
representation of the braid group. For the case of two parti-
cles, the braid group is simply the group of integers, with
integer n corresponding to the number of times one particle
winds counterclockwise about the other (negative integers
are clockwise windings). If the particles are identical, then we
must allow exchanges as well, which we can label by half-
integer windings. The different representations of the braid
group of two identical particles are labeled by a phase α, so
that a trajectory in which one particle is exchanged counter-
clockwise with the other n times receives the phase factor einα.

If α = 0, the particles are bosons; if α = π, the particles
are fermions. For intermediate values of α, the particles are
anyons. The anyonic representations of the braid group are
just an extension of the two-particle case: Whenever any of N
identical particles is exchanged counterclockwise n times
with another, the system gains a phase factor einα.

In interacting many-body systems—such as metals,
semiconductors, magnets, and liquid helium—the low-
energy excitations that control most of the observable prop-
erties behave, somewhat magically, much like weakly inter-
acting particles. Such excitations, dubbed quasiparticles by
Lev Landau, are usually bosons or fermions. However, in a
fractional quantum Hall state—and perhaps elsewhere—
quasiparticle excitations above the ground state are anyons.
In the fractional quantum Hall state with filling factor ν = 1/3,
for example, a phase e2πi/3 results when one quasiparticle

encircles another; when a counterclockwise exchange occurs,
half of that phase is accrued, eπi/3. In fact, the phase factor is
exactly e2πi/3, independent of shape, speed, and other trajec-
tory details. Finite-temperature corrections to the phase
changes are on the order of e−∆/T, as in longitudinal and trans-
verse resistance in the Hall regime (see box 1). At low tem-
peratures, those corrections are extremely small.

Abelian anyons provide an example of a unitary trans-
formation that can be performed exactly in a topological state
of matter. Unfortunately, it is a trivial transformation, just
changing the phase of the wavefunction. To apply unitary
transformations that are useful for quantum computation, we
will need a special class of topological states that support
non-abelian anyons.

Non-abelian anyons
Abelian anyons at the 1/3 fractional quantum Hall state do not
constitute the most exotic possibility that one can imagine.
Suppose we have g degenerate states ψa, where a = 1, 2, . . . , g,
of particles at positions x1, x2, . . . , xn. Exchanging particles 1
and 2 might do more than just change the phase of the wave-
function. It might rotate it into a different one in the space
spanned by the ψa states. Expressed in terms of those states,
ψa → Mab ψb. Exchanging particles 2 and 3 may lead to a dif-
ferent rotation: ψa → Nab ψb.

If Mab and Nab do not commute—that is, if
MabNbc ≠ NabMbc—the particles are said to obey non-abelian
braiding statistics. With such particles, we can effect non-
trivial unitary transformations just by braiding particles.
Thus, non-abelian quasiparticles are the sine qua non for
topological quantum computation.

Non-abelian braiding gives the answer to a question that
may have been bothering the reader: If topological protection
is so effective at isolating quantum information from errors
caused by the environment, how can we manage to manipu-
late and read the information? If the quasiparticles of the sys-
tem exhibit non-abelian braiding statistics, that is, if they are
non-abelian anyons, then the g-dimensional Hilbert space of
n-particle states can be used to store quantum information. To
manipulate it, we need to perform braiding operations on the
n quasiparticles in the system. Ideally, we would like to be able
to perform any desired unitary transformation (or at least to
approximate it within desired accuracy) simply by braiding
quasiparticles. For a large class of states, such manipulation
can indeed be done.6 At the end of a calculation, we can read

Figure 2. Different trajectories of a collection of parti-
cles in two spatial dimensions cannot always be adia-
batically deformed into each other. The unbraided pairs
in (a) and the braided pairs in (b) are two such discon-
nected trajectories.

! !!,!" → %#$! !",!!

Non-abelian anyons

Topologically protected quantum computing 
with non-abelian anyons

%#$ %$# = %$# %#$
By braiding the anyons one can 

create non-local entangled qubits Das Sarma, Freedman, Nayak Physics Today (2006)

Field and Simula,  (2018)
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• Semiconducting materials: WSe2, MoSe2, MoS2, … 

• Complex-metallic compounds : TaSe2, TaS2, … 

• Magnetic materials: Fe-TaS2, CrI3, CrGeTe3 ,…
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located in the MPX3 along with the change of the slab size. As to 
the P2S6

4− structural modification, the flat pyramid constituting 
S2− ions remains invariable but the PP distance is somewhat 
elongated to accommodate the different metal cations. There is 
a shift, regardless of the type of M cations, from 2.148 Å (NiPS3) 
to 2.222 Å (CdPS3) for PP distance in MPS3 crystals.[29] How-
ever, the layer thickness is positively related to the value of the 
PP distances for MPX3 crystals.[30] The component of MPX3 
can be tuned by changing the M and X atoms. On the anion 
side, P2S6

4− and P2Se6
4− anions can be alloyed in the M2P2X6 

structure. Mixed chalcogen, in which the various atoms (i.e.,  
S or Se) are alloyed with each other, is adopted. Some alloys, such 
as Ni2P2S6−xSex,[31] CuInP2S6−xSex,[27,32] MnPSxSe3−x,[33] and  
Sn2P2S6−xSex,[34] have been studied. On the cation side, MPX3 
can accommodate group II elements (e.g., Mg), group IV ele-
ments (e.g., Sn), transition metals (i.e., Sc, Mn, Fe, Co, Pd, Ag, 
and Cd, etc.), or a combination thereof. Until now, the most 
studied materials are Mn, Fe, and Ni based MPX3 compounds 
due to their magnetic ordering and applications in electro-
chemistry and catalysis.[20,35,36] From the component point of 
view, it constitutes a potentially broad material class. Figure 2 
shows metal elements in the periodic table that are known to 
crystallize into MPX3 type materials. In the following sections, 
these MPX3 crystals will be classified according to the different 
cations and described in detail.

1.1.1. MII Based MPX3 Crystals

Divalent metal atom-based MIIPX3 crystals are common and 
intensively studied presently. Notably, this aspect is one of par-
ticularities to distinguish MIIPX3 from MIVX2 (e.g., MoS2) com-
pounds. The MPS3 phases are taken as layered MS2 crystals 
with one third of the M sites substituted by PP pairs (P2), i.e., 

M2/3(P2)1/3S2. The sulfur atoms comprise the surfaces within 
individual lamella. From Figure 3a, an octahedrally coordinated 
configuration can be visualized in which the 2/3 is filled by MII 
cations and the remaining 1/3 is occupied by PP dimers. The 
PP dimers are covalently bonded to six sulfur atoms to form 
an ethane-like (P2S6)4− unit, where each P atom is tetrahedrally 
coordinated with three S atoms. Meanwhile, a sulfur atom is 
coordinated with two MII sites and is covalently bonded to one 
P atom.

Generally, the overall structure of the individual lamella is 
similar across the MPX3 family members, but their stacking 
arrangements in bulk vary depending on the cations and anions 
constituting the crystals. Their symmetry and lamellar stacking 
are summarized in Table 1. There is an obvious distinction 
between the sulfides and selenides encountered in their sym-
metry and crystal structures. The widest symmetry of MIIPS3 is 
C2/m with monoclinic crystal structure, but HgPS3 crystallizes 
into a space group of P1[37] along with distorted tetrahedrally 
coordinated Hg ions.[30] In the C2/m space group, the structure 
is constructed from sulfur cubic close-packed arrays with the 
octahedral sites in each layer completely filled by MII and PP 
pairs at a 2/1 ratio. One observes that the value of monoclinic 
angle β, varying from 106.97° for MgPS3 to 107.35° for MnPS3, 
is different based on M cations (Figure 3b). For an undistorted 
monoclinic cell, the value of β is calculated to be 107.16°, sug-
gesting that CoPS3 and FePS3 possess a perfect cell.[38] All 
MIIPX3 materials with the C2/m space show a layers stacking 
sequence of “AAA” (Table 1).

For MIIPSe3 (e.g., CdPSe3, MgPSe3, FePSe3, ZnPSe3), owing 
to the enlarged PSe bond distance and SePSe bond angles, 
their space group has been reported as R3(-)h.[39–41] The distor-
tions exhibited in the PSe3 groups on the bottom halves of one 
layer result in the lack of an inversion center for these MPSe3 
crystals. Otherwise, NiPSe3 has the same symmetry as that of 

Adv. Funct. Mater. 2018, 28, 1802151

Figure 1. Comparison of crystal structures, including the top view (top), side view with two layers (middle), and crystal phase, of a) MoS2 with hex-
agonal crystal, b) MIIPX3 with hexagonal (left) and monoclinic(right) crystals, and c) MIMIIIPX3 with monoclinic crystal. Here, the 2H phase of MoS2 
is taken as an example.



Pick-up Technique and Edge Contacts for Multilayer vdW Stacking

L. Wang et al, Science (2013)

Edge contacting method

Contac Resistance: <100 W µm
Mobility > 106 cm2/Vsec
Mean free path > 10 µm

• Creation of multilayer systems 
with co-lamination techniques

• Encapsulated graphene in hBN

• Completely ballistic at low 
temperature

figure from Li et al Science (2017), see also Zibrov et al Nature (2017)

Even denominator FQHE in bilayer graphene
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FLJ. 1ŇGaWe-defined Fabry-Pérot interferometer in graphene. a, False color SEM image of a FP device. Contacts 
are yellow and bridges connecting to each region of the top graphite layer are blue. Scale bar: 2 𝜇𝑚. b, Schematic of 
a FP at filling factor 2 illustrating interference of the second LL edge (inner edge). Each QPC is realized by a pair of 
split gates, and a plunger gate (PG) tunes the area enclosed by the interfering edge (shaded red). For each QPC, the 
top graphite gates (inset illustrations) enable independent control of filling factors in the bulk  ν୆ , split gates νS , and 
QPC saddle points ν୕୔C . Current (1 nA) is injected into C1 while C4 and C8 are grounded. We measure  𝑉 ൌ  𝑉23 
and 𝑉ோ ൌ 𝑉27 . c, Fully tunable single QPC device (inset: optical image). Scale bar: 2 𝜇𝑚. A 2D map of QPC operating 
points for  𝜈𝐵 ൌ 2  is shown;  𝑉 𝐼⁄   as a function of  𝜈ௌ and  𝜈ொ௉஼  , tuned by the top split gates and bottom graphite 
gate, respectively. The black solid line in the 2D map marks constant filling under the split gate,  𝜈ௌ ൌ 0 , and a 
continuous change in  𝜈ொ௉஼ . Line-cuts along the black line measuring  𝑉 𝐼⁄  (red) and  𝑉ோ 𝐼⁄  (blue) demonstrate QPC 
operation for 𝜈𝐵 ൌ 2. d, Two adjacent QPCs showing overlap of edge partitioning regions in the 𝑉 𝐼⁄  measurement. 
e, FP interference at the inner edge of 𝜈𝐵 ൌ 2 as a function of PG voltage for QPCs operating point shown in fig. 1d. 
Inset: temperature dependence of the oscillation. 
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FLJ. 3ŇGaWe YV. eWcK defLQed LQWeUfeURPeWeU: a, Transmission resistance  RT  oscillations as a function of the filling 
factor under the plunger gate  𝜈௉ீ   spanning edge propagation along filling factor -1 to 2. As  𝜈௉ீ  increases, the 
interference edge capacitance to the plunger gate increases, thereby reducing the oscillation period. As  𝜈௉ீ  transitions 
from 1 to 2, visibility drops considerably owing to propagation of the edge along the etched graphene. b, 2D FFT of 
𝑅்   as a function of area and plunger gate filling showing 3 distinct regions: I. Interference is gate-defined,showing 
the expected area of  3 𝜇𝑚2 (blue arrow) and additional harmonics. II. Suppressed oscillation due to bulk conductance 
under the plunger gate. III. Suppressed interference region due to etch-defined propagation of the interfering edge 
matching a fabricated area of  7.5 𝜇𝑚2 (red arrow). c, Extracted coherence length as a function of plunger gate filling 
for regions I (blue) and III (red) for 3 𝜇𝑚2 and 7.5 𝜇𝑚2 areas, respectively. 
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 After removing the PC residue in Chloroform and annealing the stack at ൐ 300℃ for 3h 
to ensure that it adheres to the substrate and will remain mechanically and chemically stable 
through subsequent processing, the nanolithography processes outlined in methods are followed 
to fabricate a device. Supp. Fig. 1-3 shows the fabrication process of a single QPC in flowchart 
form. 
 

 

 

SUPP. FIG. 1-3. Fabrication process schematic for QPC. (1) Etch the top graphite into the 
desired shape; it must extend from the bottom graphite (recolored blue here) to avoid drastic filling 
factor changes or PN junctions from forming at the contacts, since we use the Si back gate to dope 
electrons and the Cr/Pd/Au edge contacts naturally dope electrons. (2) Etch through the entire stack 
to define desired geometry and distinct regions for contacts. (3) Deposit edge contacts to the 
exposed graphene and bottom graphite regions, as well as leads to the bridge locations. (4) Deposit 
gold air bridge contacts to top graphite. Note: this device would also have 2 additional bridges to 
contact the other regions that are separated after the next step. (5) Etch ~50nm lines into the top 
graphite to define the split-gates, using the process described in methods.    
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Quantum Interferometers

Ronen*, Werkmeister* et al., Nature Nano (2021) 
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Fig. 5ŇAharonov-Bohm interference of an integer edge when the bulk is in a fractional filling. a, Measurement 
of 𝑅௑௑ and 𝑅௑௒ demonstrating fully developed FQH states at 𝜈𝐵 ൌ 8

3
 and 7

3
 . b, 2D map of the operating points of the 

QPC at 𝜈𝐵 ൌ 8
3
 ; 𝑉 𝐼⁄   as a function of  𝜈ௌ and  𝜈ொ௉஼ , tuned by the top split gates and bottom graphite gate, respectively. 

c, 𝑉 /𝐼 of the left and right QPC showing integer and fractional edge partitioning.  d, Tuning to the marked point in 
(c), we measure interference of the innermost integer edge. Lower panel: 𝑉 /𝐼 measurement to an integer (blue) and 
a fractional (red) edge for 𝜈𝐵 ൌ 8

3
. 
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Superconducting Proximity in Quantum Hall State

Chiral topological superconductor from the quantum Hall state
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The chiral topological superconductor in two dimensions has a full pairing gap in the bulk and a single chiral
Majorana state at the edge. The vortex of the chiral superconducting state carries a Majorana zero mode which
is responsible for the non-Abelian statistics of the vortices. Despite intensive searches, this superconducting
state has not yet been identified in nature. In this paper, we consider a quantum Hall or a quantum anomalous
Hall state near the plateau transition and in proximity to a fully gapped s-wave superconductor. We show that
this hybrid system may realize the chiral topological superconductor state and propose several experimental
methods for its observation.
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I. INTRODUCTION

There are two basic types of topological states in two
dimensions !2D" which break the time-reversal symmetry T.
The first is the quantum Hall !QH" state which has a full gap
in the bulk and gapless chiral modes at the edge. The integer
number of the chiral edge modes N is a topological invariant
which can be directly related to the bulk topological invari-
ant of the QH state.1 The quantum Hall state is realized in the
presence of a large external magnetic field, however, the
quantized-Hall conductance can, in principle, also be real-
ized in topological insulators which break the T symmetry.2,3

More recently, realistic proposals suggest that doping 2D to-
pological insulators such as HgTe and Bi2Te3 with magnetic
dopants,4,5 can result in the so-called quantum anomalous
Hall !QAH" insulator without an external magnetic field. The
second state is the chiral superconductor which has a full
pairing gap in the 2D bulk and N gapless chiral Majorana
fermions6,7 at the edge. The case of a chiral superconductor
with N=1 is most interesting. The edge state has half the
degrees of freedom of an N=1 QH or QAH state, therefore,
this is the minimal topological state in 2D. The vortex of
such a chiral topological superconductor !TSC" carries a
single Majorana zero mode,8 giving rise to the non-Abelian
statistics9,10 which could provide a platform for topological
quantum computing.11 The simplest model for an N=1 chiral
TSC is realized in the px+ ipy pairing state of spinless
fermions.9 A spinful version of the chiral superconductor has
been predicted to exist in Sr2RuO4,12 however, the experi-
mental situation is far from definitive. Recently, several new
proposals of realizing Majorana fermion state with conven-
tional superconductivity have been investigated by making
use of strong spin-orbital coupling.13,14

In this paper we propose a general and intrinsic relation
between QH states and the chiral TSC state, which leads to a
different method to generate a chiral TSC from a QH or a
QAH parent state. When a QH state is coupled to a conven-
tional s-wave superconductor through the proximity effect,
the topological phase transition between phases with trivial
and nontrivial Hall conductance is, in general, split into two
transitions, between which there is always a chiral TSC

phase. Compared to conventional QH systems, the QAH sys-
tem can realize the QH state and the topological phase tran-
sition without a large external magnetic field, which makes
the proximity effect to a superconductor much easier to re-
alize. Physically, our proposal is based on the observation
that the QAH system with N chiral edge modes in proximity
with a conventional superconductor is already a chiral TSC
with an even number N=2N of chiral Majorana edge modes.
Since the degeneracy among these chiral Majorana modes is
lifted by the proximity to the superconductor, the transition
from the QAH insulator to a topologically trivial insulator
must generically pass through a chiral TSC phase with an
odd number N of chiral Majorana edge modes. This is the
interesting state with non-Abelian statistics. The proposed
device is illustrated in Fig. 1.

II. QAH INSULATOR

Our proposal works both for a QH state near the plateau
transition and a QAH state near the topological phase tran-
sition to a trivial insulator. For definiteness, we focus on the

QAH
SC

B-field

FIG. 1. !Color online" Our proposed hybrid device consists of a
QAH insulator layer and a fully gapped superconductor layer on
top. When the QAH insulator is close to the topological quantum
phase transition, the proximity effect to the superconductor generi-
cally induces a chiral topological superconductor phase with an odd
number of chiral Majorana edge modes. In the presence of a mag-
netic field B, vortices carry Majorana zero modes with non-Abelian
statistics. The QAH insulator could also be replaced by a QH state
near the plateau transition.

PHYSICAL REVIEW B 82, 184516 !2010"
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pological insulators such as HgTe and Bi2Te3 with magnetic
dopants,4,5 can result in the so-called quantum anomalous
Hall !QAH" insulator without an external magnetic field. The
second state is the chiral superconductor which has a full
pairing gap in the 2D bulk and N gapless chiral Majorana
fermions6,7 at the edge. The case of a chiral superconductor
with N=1 is most interesting. The edge state has half the
degrees of freedom of an N=1 QH or QAH state, therefore,
this is the minimal topological state in 2D. The vortex of
such a chiral topological superconductor !TSC" carries a
single Majorana zero mode,8 giving rise to the non-Abelian
statistics9,10 which could provide a platform for topological
quantum computing.11 The simplest model for an N=1 chiral
TSC is realized in the px+ ipy pairing state of spinless
fermions.9 A spinful version of the chiral superconductor has
been predicted to exist in Sr2RuO4,12 however, the experi-
mental situation is far from definitive. Recently, several new
proposals of realizing Majorana fermion state with conven-
tional superconductivity have been investigated by making
use of strong spin-orbital coupling.13,14

In this paper we propose a general and intrinsic relation
between QH states and the chiral TSC state, which leads to a
different method to generate a chiral TSC from a QH or a
QAH parent state. When a QH state is coupled to a conven-
tional s-wave superconductor through the proximity effect,
the topological phase transition between phases with trivial
and nontrivial Hall conductance is, in general, split into two
transitions, between which there is always a chiral TSC

phase. Compared to conventional QH systems, the QAH sys-
tem can realize the QH state and the topological phase tran-
sition without a large external magnetic field, which makes
the proximity effect to a superconductor much easier to re-
alize. Physically, our proposal is based on the observation
that the QAH system with N chiral edge modes in proximity
with a conventional superconductor is already a chiral TSC
with an even number N=2N of chiral Majorana edge modes.
Since the degeneracy among these chiral Majorana modes is
lifted by the proximity to the superconductor, the transition
from the QAH insulator to a topologically trivial insulator
must generically pass through a chiral TSC phase with an
odd number N of chiral Majorana edge modes. This is the
interesting state with non-Abelian statistics. The proposed
device is illustrated in Fig. 1.

II. QAH INSULATOR

Our proposal works both for a QH state near the plateau
transition and a QAH state near the topological phase tran-
sition to a trivial insulator. For definiteness, we focus on the

QAH
SC

B-field

FIG. 1. !Color online" Our proposed hybrid device consists of a
QAH insulator layer and a fully gapped superconductor layer on
top. When the QAH insulator is close to the topological quantum
phase transition, the proximity effect to the superconductor generi-
cally induces a chiral topological superconductor phase with an odd
number of chiral Majorana edge modes. In the presence of a mag-
netic field B, vortices carry Majorana zero modes with non-Abelian
statistics. The QAH insulator could also be replaced by a QH state
near the plateau transition.
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Fractional topological superconductor with fractionalized Majorana fermions
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In this paper, we introduce a two-dimensional fractional topological superconductor (FTSC) as a strongly
correlated topological state which can be achieved by inducing superconductivity into an Abelian fractional
quantum Hall state, through the proximity effect. When the proximity coupling is weak, the FTSC has the same
topological order as its parent state and is thus Abelian. However, upon increasing the proximity coupling, the
bulk gap of such an Abelian FTSC closes and reopens, resulting in a new topological order: a non-Abelian FTSC.
Using several arguments we will conjecture that the conformal field theory (CFT) that describes the edge state
of the non-Abelian FTSC is U(1)/Z2 orbifold theory and use this to write down the ground-state wave function.
Further, we predict FTSC based on the Laughlin state at ν = 1/m filling to host fractionalized Majorana zero
modes bound to superconducting vortices. These zero modes are non-Abelian quasiparticles, which is evident in
their quantum dimension of dm =

√
2m. Using the multi-quasi-particle wave function based on the edge CFT, we

derive the projective braid matrix for the zero modes. Finally, the connection between the non-Abelian FTSCs
and the Z2m rotor model with a similar topological order is illustrated.
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I. INTRODUCTION

There is growing interest in strongly correlated topo-
logical states of matter and their potential application in
topological quantum computation.1–11 Interaction can lead
to novel topological states exhibiting fractional excitations,
anyon statistics of quasiparticles, and nontrivial ground-state
degeneracy (GSD).12,13 Interestingly, these properties of the
topological states are robust and insensitive to disorder or
interaction as long as the bulk gap does not close.1 An
appealing topological state of matter is the non-Abelian phase
that supports anyon excitations with quantum dimensions
more than one that obey non-Abelian braid statistics.14–16

This exciting possibility along with the robustness of the
topological states that immunizes anyons from quantum
decoherence make non-Abelian anyons a promising candidate
for topological quantum computation.1 The first non-Abelian
topological phase was proposed by Read and Moore for
the fractional quantum Hall (FQH) state at ν = 1/2 filling
fraction. Their so-called Pfaffian wave function is a paired
state of composite fermions whose excitations obey Ising-type
non-Abelian statistics.14 It was shown later that the projective
Ising-type non-Abelian statistics can also be realized in the
p + ip superconductors in the weak pairing phase.17,18 Indeed,
the Pfaffian FQH state and a p + ip superconductor have the
same topological order, whose excitations are the celebrated
Majorana fermions with quantum dimensions equal to

√
2.

Recently, it has been shown that the p + ip superconductor
can be achieved by inducing superconductivity in the bulk of
an integer quantum anomalous Hall (QAH) state via proximity
to a superconductor.19,20 In a different study, Bombin showed
that Majorana fermions can emerge in an Abelian topological
state with topological defects.21 These two mechanisms can
be related through viewing superconducting vortices as twist
operators. These observations motivated us to investigate the
fate of an Abelian FQH state or a fractional Chern insulator
at ν = 1/m filling fraction in a similar setup. It will be shown
that the weak tunneling of Cooper pairs does not affect the

topological nature of the FQH state. We refer to the resulting
phase as the Abelian fractional topological superconductor
(FTSC). However, we discuss that the system can undergo
a topological phase transition by increasing the tunneling
strength. The new topological state will be a non-Abelian
FTSC, whose excitations are fractionalized Majorana fermion
zero modes, α0. These non-Abelian excitations are bound to
the superconducting vortices, follow α2m

0 = 1 relation, and
have quantum dimension dm =

√
2m (see Fig. 1).

The paper is organized as follows. In Sec. II, we define the
notion of a FTSC and try to build a model for it. To make the
situation more comprehensible, an exactly solvable model will
be reviewed in which a topological phase transition happens
between an integer QAH and a p + ip superconductor. In
Sec. III, we identify the CFT that describes the edge theory
of the FTSCs. The correspondence between the bulk wave

FIG. 1. (Color online) A schematic phase diagram of the FTSCs.
g1 is a tuning parameter that drives the phase transition between an
FQH at ν = 1/m filling fraction and a trivial insulating state, e.g.,
a Wigner crystal. g2 denotes the tunneling amplitude between the
superconducting substrate and the FQH sample. The edge theory of
the Abelian FTSC side is described by a free boson compactified on
a circle with radius R =

√
m, i.e., U(1)m CFT, while the edge state of

the quantum critical region, i.e., the non-Abelian side, is given by the
U(1)m/Z2 orbifold CFT. The trivial superconductor does not support
gapless edge states.
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We study the non-Abelian statistics characterizing systems where counterpropagating gapless modes on

the edges of fractional quantum Hall states are gapped by proximity coupling to superconductors and

ferromagnets. The most transparent example is that of a fractional quantum spin Hall state, in which

electrons of one spin direction occupy a fractional quantum Hall state of ! ¼ 1=m, while electrons of the

opposite spin occupy a similar state with ! ¼ "1=m. However, we also propose other examples of such

systems, which are easier to realize experimentally. We find that each interface between a region on the

edge coupled to a superconductor and a region coupled to a ferromagnet corresponds to a non-Abelian

anyon of quantum dimension
ffiffiffiffiffiffiffi
2m

p
. We calculate the unitary transformations that are associated with the

braiding of these anyons, and we show that they are able to realize a richer set of non-Abelian

representations of the braid group than the set realized by non-Abelian anyons based on Majorana

fermions. We carry out this calculation both explicitly and by applying general considerations. Finally, we

show that topological manipulations with these anyons cannot realize universal quantum computation.
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I. INTRODUCTION

Recent years have witnessed an extensive search for
electronic systems in which excitations (‘‘quasiparticles’’)
follow non-Abelian quantum statistics. In such systems,
the presence of quasiparticles, also known as ‘‘non-
Abelian anyons’’ [1–5], makes the ground state degenerate.
A mutual adiabatic interchange of the positions of the
quasiparticles [6] implements a unitary transformation
that operates within the subspace of ground states and
shifts the system from one ground state to another.
Remarkably, this unitary transformation depends only on
the topology of the interchange and is insensitive to im-
precision and noise. These properties make non-Abelian
anyons a testing ground for the idea of topological quan-
tum computation [7]. The search for non-Abelian systems
originated from the Moore-Read theory [5] for the ! ¼
5=2 fractional quantum Hall (FQH) state and went on to

consider other quantumHall states [8,9], spin systems [10],
p-wave superconductors [11–13], topological insulators
coupled in proximity to superconductors [14,15], and
hybrid systems of superconductors coupled to semicon-
ductors where spin-orbit coupling is strong [16–22].
Signatures of Majorana zero modes may have been
observed in recent experiments [23–27].
In the realizations based on superconductors, whether

directly or by proximity, the non-Abelian statistics results
from the occurrence of zero-energy Majorana fermions
bound to the cores of vortices or to the ends of one-
dimensional wires [11–22,28,29]. Majorana-based non-
Abelian statistics is, on the theory side, the most solid
prediction for the occurrence of non-Abelian statistics,
since it is primarily based on the well-tested BCS mean-
field theory of superconductivity. Moreover, on the experi-
mental side, it is the easiest realization to observe [23]. The
set of unitary transformations that may be carried out on
Majorana-based systems is rather limited, however, and
does not allow for universal topological quantum compu-
tation [30,31].
In this work, we introduce and analyze a non-Abelian

system that is based on proximity coupling to a super-
conductor but goes beyond the Majorana fermion
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We study the superconducting proximity effect on the helical edge states of time-reversal-symmetric fractional
topological insulators (FTI). The Cooper pairing of physical electrons results in many-particle condensation
of the fractionalized excitations on the edge. We find localized zero-energy modes emerge at interfaces
between superconducting regions and magnetically insulating regions, which are responsible for the topological
degeneracy of the ground states. By mapping the low-energy effective Hamiltonian to the quantum chiral Potts
model, we determine the operator algebra of the zero modes and show that they exhibit nontrivial braiding
properties. We then demonstrate that the Josephson current in the junction between superconductors mediated
by the edge states of the FTI exhibit fractional Josephson effect with period as multiples of 4π .

DOI: 10.1103/PhysRevB.86.195126 PACS number(s): 05.30.Pr, 03.67.Lx

I. INTRODUCTION

Topological phases are often characterized by gapless
boundary excitations which do not arise in the low-energy part
of local lattice Hamiltonians with the same dimension. For
example, the integer/fractional quantum Hall states support
chiral edge excitations, which have only “half” the degrees
of freedom as particles moving in a one-dimensional lattice.
Recently discovered topological insulators (TI) with time-
reversal (TR) symmetry support gapless helical boundary
states in both two and three dimensions.1–8 These boundary
states can be gapped out by adding certain symmetry-breaking
perturbations (e.g., superconducting or magnetic order), which
in many cases lead to exotic phases. A notable example is the
px + ipy superconducting state created by superconducting
proximity effect on the surface states of three-dimensional TI
(Ref. 9) which exhibits non-Abelian Majorana zero modes in
vortices. Similar physics can also be realized on the edges
of two-dimensional quantum spin Hall insulators,10 where
Majorana zero modes appear at the interfaces between super-
conducting and magnetic gapped regions. The Majorana zero
modes exhibit unusual properties such as 4π -period Josephson
effect10–12 and non-Abelian statistics,13–15 which have impor-
tant application in quantum-information processing.12,16–18

On the other hand, strongly correlated topological phases,
such as fractional quantum Hall (FQH) states,19,20 are usually
associated with the fractionalization of quantum numbers. It
would be even more interesting to study the quantum phases
originated from symmetry breaking in the fractionalized
boundary states. In this paper, we study the superconducting
proximity effect on the edge of two-dimensional fractional
topological insulators (FTI),21–25 which can be regarded as
the TR-symmetric generalization of Laughlin states with
filling fraction ν = 1

m
. We focus on the properties of the

gapless edge states of FTI brought in contact with an s-wave
superconductor.

Our main finding is that the electron fractionalization
drastically changes the superconducting proximity effect on
the edge states, as opposed to the noninteracting quantum
spin Hall insulators. Most remarkably, domain walls between
the superconducting and magnetic gapped regions are found
to carry localized zero modes with quantum dimension d =√

2m. We also determine the operator algebra satisfied by the

zero modes, which can be regarded as a Z2m generalization
of Majorana fermions. We then argue that the zero modes
exhibit non-Abelian statistics upon adiabatic exchanging and
determine the braiding matrices. We also discuss possible
physical indications of the unusual zero modes and propose an
unconventional Josephson effect with period 4πm.

The paper is organized as follows: In Sec. II, we review
the effective edge theory of Sz-conserved FTI. In Secs. III and
IV, we study the gapped phase driven by s-wave pairing. We
reveal the topological degeneracy of the ground states and find
the localized zero modes. In Sec. V, we discuss the braiding
of the zero modes.

II. EDGE THEORY OF FTI

We start by reviewing the effective edge theory of
FTI.23,24,26 We mainly consider FTI with Sz conserved where
the two spin species each form Laughlin states with filling
fraction ν = 1

m
, where m is an odd integer, under a spin-

dependent magnetic field B = B0zσz. It supports gapless edge
states described by a helical Luttinger-liquid model. Levin and
Stern23 have recently shown that such edge states are protected
by TR symmetry if and only if σSH/e∗ is odd, where σSH is
the spin Hall conductance measured in units of e/2π and e∗

is the elementary charge. Here, the ratio σSH/e∗ = 1, implying
the robustness of the edge states protected by TR symmetry.
The effective Lagrangian density governing the dynamics of
the edge states is given by27,28

L = 1
4π

∑

σ=↑,↓
(Kσσ ′∂tφσ ∂xφσ ′ − Vσσ ′∂xφσ ∂xφσ ′). (1)

The K matrix is K = mσz and V is the renormalized charge
velocity matrix. The chiral bosonic fields φσ satisfy Kac-
Moody algebra

[φσ (x),φσ ′(x ′)] = (σz)σσ ′
iπ

m
sgn(x − x ′). (2)

To simplify our derivation, we defineϕ = m
2 (φR↑ + φL↓), θ =

1
2 (φL↓ − φR↑). They then satisfy the canonical commutation
relation [ϕ(x),∂x ′θ (x ′)] = iπδ(x − x ′). The Hamiltonian of
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and a2L that encode the N-fold degeneracy of the clock
model’s ferromagnetic phase (aw2La1 admits N distinct
eigenvalues that do not affect the energy). At N¼ 2, the zero
mode operators a1,2L form the unpaired Majoranas identified
by Kitaev8; for N42, they correspond to the parafermionic
zero modes20 whose physical realization is the focus of this
manuscript.
Practical realization in 2D electron systems. The Majorana zero
modes supported by equation (4) when N¼ 2 are relatively easy
to engineer, as the operators aj then satisfy familiar fermionic
anticommutation relations (see equation (3)). This property
allows one to rewrite the N¼ 2 Hamiltonian in terms of ordinary
fermion operators cj¼ (a2j" 1þ ia2j)/2, yielding a model for a
spinless p-wave superconductor8 that can be realized in a variety
of experimental architectures23,24. However, the non-standard
commutation relations obeyed by aj with N42 makes devising
experimental realizations of parafermionic zero modes
substantially more difficult. Our approach is inspired by the
observation that commutation relations akin to those in
equation (3) do occur among physical operators in a familiar
system—a fractional quantum Hall edge. For Laughlin states at
filling factor n¼ 1/m (m is an odd integer), the quasiparticle
operators eif(x) that create right-moving charge e/m excitations at
position x along the edge obey25

eifðxÞeifðx0Þ ¼ eifðx0ÞeifðxÞeiðp=mÞsgnðx0 " xÞ: ð5Þ

Such a system therefore provides a natural building block for a
device supporting localized parafermion modes.

A single quantum Hall state is insufficient for this purpose,
because its edge cannot be gapped out (and, hence, one cannot
localize modes of any type at the edge). Thus, we consider the
geometry of Fig. 2a, where two adjacent 2D electron gases
(2DEGs), each at filling n¼ 1/m, produce a pair of
counterpropagating edge states at their interface. These modes
can acquire a gap via two different mechanisms: first, by electrons
backscattering across the interface, and second, by electrons from
each edge assembling into Cooper pairs. Such processes can be
induced in numerous physical setups. We focus on the
conceptually simplest example below but propose several viable
alternatives in the Discussion.

To facilitate Cooper pair formation, we will assume that the
2DEGs exhibit opposite-sign g-factors, so that the red and blue
edge states in Fig. 2a carry antiparallel spins. In practice, one can
control the sign of the g-factor by various means26,27. The
counterpropagating edge modes are then similar to those of 2D
non-interacting topological insulators28–30 when m¼ 1 and
fractional topological insulators31 when m41. This allows a
pairing gap to open at the interface via the proximity effect
with ordinary s-wave superconductors (green in Fig. 2a). The
spin–orbit coupling necessary for a backscattering-induced
gap can arise either directly from the 2DEGs or from the

insulator (purple in Fig. 2a) that electrons traverse when crossing
the interface.

Domain walls separating regions gapped by these different
means are particularly interesting here. We explore their properties
first by considering the domain structure of Fig. 2a, assuming for
simplicity that electrons backscatter across the interface only via
the central insulator and form Cooper pairs elsewhere. In terms of
fields fR/L satisfying ½fR=LðxÞ;fR=Lðx0Þ' ¼ ( iðp=mÞsgnðx" x0Þ
and ½fLðxÞ;fRðx0Þ' ¼ iðp=mÞ, low-energy right- and left-moving
e/m quasiparticles are created by operators eifR=L that exhibit
commutation relations of the form in equation (5).
These properties ensure that the electron operators given
by cR=L ) eimfR=L obey Fermi statistics. Below, it will prove
useful to write fR/L¼j±y; here, r¼ @xy/p is the electron

1 2 3 4 5 6 2L–1 2L

1 2 3 4 5 2L–1 2L2L–2

Figure 1 | Parafermion chain. Schematic illustration of the parafermion
chain Hamiltonian in equation (4) when (a) J¼0 and (b) h¼0. In the latter
case, the ends of the chain support unpaired parafermionic zero modes that
give rise to an N-fold ground-state degeneracy.
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Figure 2 | Overview of proposed device. (a) Experimental architecture
realizing parafermion zero modes. (b) Spatial profile for the electron pairing
and backscattering amplitudes D(x) and MðxÞ induced by the
superconductors and insulator in (a). (c) Schematic dependence of j(x) on
the phase difference dfsc between the superconductors in a in the m¼ 3
case. As dfsc winds, the larger mismatch between j(x) on the left and right
increases the energy until dfsc¼ 6p. Additional 2p cycles then untwist j(x)
until the ground state is again accessed at dfsc¼ 12p. Remarkably, this
implies that the Josephson current exhibits 12p periodicity in dfsc.
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Search for Majorana fermions renewed interest in semiconductor–superconductor interfaces,

while a quest for higher-order non-Abelian excitations demands formation of super-

conducting contacts to materials with fractionalized excitations, such as a two-dimensional

electron gas in a fractional quantum Hall regime. Here we report induced superconductivity in

high-mobility two-dimensional electron gas in gallium arsenide heterostructures and

development of highly transparent semiconductor–superconductor ohmic contacts.

Supercurrent with characteristic temperature dependence of a ballistic junction has been

observed across 0.6 mm, a regime previously achieved only in point contacts but essential to

the formation of well separated non-Abelian states. High critical fields (416 T) in NbN

contacts enables investigation of an interplay between superconductivity and strongly
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correspond to zero-differential resistance. Induced super-
conductivity is suppressed at E0.2 T in both the samples. In
sample A, a narrow region of a 2DEG with induced super-
conductivity is confined between large NbN superconducting
leads with rigid phases. Perpendicular magnetic field twists the
phase in the 2DEG resulting in Fraunhofer-like oscillations of the
critical current. In this sample, although the 2DEG extends
beyond the narrow region between the contacts and Ic does not
decrease to zero and abrupt jumps in Ic reflect multiple flux
jumps. The period of oscillations is B0.5 mT, which corresponds
to an area of 4.1mm2, much smaller than the area of the 2DEG
between the contacts (E120mm2). This observation is consistent
with the reduced IcRN product measured for this sample as dis-
cussed above. In sample B, contacts are fabricated along the edge
of the mesa and 2D gas is not enclosed between the contacts.
Consequently, Ic is a smooth function of B.

Superconductivity and quantum Hall effect. Competition
between superconductivity and chiral quantum Hall edge states is
shown in Fig. 4c, where resistance is measured in a 3-terminal
configuration over a wide range of magnetic fields. Simple
Landauer–Büttiker model of edge states predicts zero resistance
for negative and quantized Hall resistance for positive field
direction for integer QHE and fractional QHE states, which is
clearly seen in a sample with non-superconducting (AuGe) ohmic
contacts (red curve). When a superconducting contact serves as a
current injector (blue curve), integer n¼ 1 and fractional n¼ 2/3
and 3/5 states are well developed for Bo0, while the same states
are not quantized at proper QHE values for B40. If we assume
that current injection via a superconducting contact results in an
extra voltage offset at the contact by VoffEDind/e, the measured
voltage will be reduced by Voff. The magenta bars for B40
indicate corrected resistance (V"Voff)/I for Voff¼ 140 mV. While
this offset may explain the measured values for fractional states, a
twice smaller Voff is needed to reconcile the resistance at n¼ 1.
Note that NbN critical field Bc416 T. At low fields, states n¼ 3, 4

and 5 have resistance minima for Bo0, indicating a partial
equilibration of chiral edge currents with the superconducting
contact, while resistance near n¼ 2 has a maximum. Zero resis-
tance at n¼ 1 and large resistance at n¼ 2 are in contrast to the
theoretical prediction that n¼ 2 state should be stronger coupled
with a superconducting contact than n¼ 1 (ref. 23).

Methods
GaAs wafers design and parameters. The GaAs/AlGaAs inverted heterojunc-
tions were grown by molecular beam epitaxy on semi-insulating (100) GaAs
substrates with the heterointerface placed 130 nm below the surface and d-doping
layer 30–40 nm below the GaAs/AlGaAs interface. Samples were fabricated from
two wafers with density and mobility n¼ 2.7# 1011 cm" 2, m¼ 2# 106 V s cm" 2

(sample A) and n¼ 1.7# 1011 cm" 2, m¼ 4# 106 V s cm" 2 (sample B).

Fabrications of superconducting contacts. Superconducting contacts were
defined by standard electron beam lithography. First, a 120 nm—deep trench was
created by wet etching. Next, samples were dipped into HCl:H2O (1:6) solution for
2 s and loaded into a thermal evaporation chamber, where Ti/AuGe (5/50 nm) was
deposited. Finally, 70 nm of NbN was deposited by DC magnetron sputtering in
Ar/N2 (85/15%) plasma at a total pressure of 2 mTorr. Deposition conditions were
optimized for producing high quality NbN films with Tc¼ 11 K and Bc415 T,
see Supplementary Fig. 4, and with minimal strain41. After metallization, contacts
were annealed at 500 !C for 10 min in a forming gas (10% H2 in Ar). Measurements
were performed in a dilution refrigerator with the base temperature o30 mK,
high-temperature data was obtained in a variable temperature 3He system. Samples
were illuminated with red light-emitting diode at 4 K to form a 2D gas, 2-terminal
resistance drops from 41 MO before illumination to o500O after illumination.
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SUPERCONDUCTIVITY

Supercurrent in the quantum
Hall regime
F. Amet,1,2*† C. T. Ke,1† I. V. Borzenets,3 J. Wang,1 K. Watanabe,4 T. Taniguchi,4

R. S. Deacon,5 M. Yamamoto,3,6 Y. Bomze,1 S. Tarucha,3,5 G. Finkelstein1*

A promising route for creating topological states and excitations is to combine
superconductivity and the quantum Hall (QH) effect. Despite this potential, signatures
of superconductivity in the QH regime remain scarce, and a superconducting current
through a QH weak link has been challenging to observe. We demonstrate the existence
of a distinct supercurrent mechanism in encapsulated graphene samples contacted by
superconducting electrodes, in magnetic fields as high as 2 tesla. The observation of a
supercurrent in the QH regime marks an important step in the quest for exotic topological
excitations, such as Majorana fermions and parafermions, which may find applications in
fault-tolerant quantum computing.

T
he interplay of the quantum Hall (QH) ef-
fect with superconductivity is expected to
result in excitations with nontrivial braid-
ing statistics such as Majorana fermions
and non-Abelian Majorana anyons (1–4).

When a QH region is contacted by two super-
conducting electrodes, the gapped QH bulk pre-
vents the flow of a supercurrent (5–11). However,
it has been predicted that the supercurrent may
still be mediated by QH edge states (12). Because
of its chiral nature, a single edge can conduct
charge carriers in only one direction, so both
edges must be involved in establishing a super-
current between the two contacts. This situation
is fundamentally different from that of the

Josephson junctionsmade out of two-dimensional
(2D) topological insulators, where each edge can
support its own supercurrent (13–16). Contrary
to the case of topological insulators, themagnetic
field in the QH regime breaks time-reversal sym-
metry, which is essential for s-wave pairing of
conventional superconductors. Working in this
regime, we nonetheless observe a robust super-
current, which we attribute to an unconvention-
al form of Andreev bound states circulating
along the perimeter of the QH region and in-
volving electron and hole trajectories separated
by several micrometers.
Weperformed transportmeasurements on four

Josephson junctions (J1-4) made of graphene en-
capsulated in boron nitride and contacted by
electrodes made of a molybdenum-rhenium alloy
(Fig. 1A) (11), a type II superconductor with a
high upper critical field of Hc2 = 8 T. The high
quality of these heterostructures allowed us to
observe Fabry-Perot oscillations of the junctions’
resistance and critical current, indicating that the
transmission of charge carriers between the con-
tacts is ballistic (17). The supercurrent is uniformly
distributed along the width of the contacts, as
evidenced by the regular Fraunhofer pattern (18)
measured at small magnetic fields (17). All junc-

tions demonstrate supercurrent in the QH regime
(figs. S6 to S12); for consistency, we choose to
present data measured on sample J1. It has a
distance between contacts of length L = 0.3 mm
and a width of contacts W = 2.4 mm (Fig. 1B).
Recently, the observation of a supercurrent

through encapsulated graphene inmoderatemag-
netic fields was reported (19); in that setup, the
diameter of the cyclotron orbit was larger than
but comparable to the length of the junction,
2rC ≥ L. (Here, rC = ħkF/eB is the cyclotron radius
and kF is the Fermi wavenumber.) This super-
current was attributed to Andreev bound states
made of closed trajectories connected by several
elastic andAndreev reflections,which yieldpockets
of superconductivity at random values of density
and field.We further explore this regime in (17). In
the main text, we demonstrate that a very different
regime emerges at even larger magnetic fields,
when rC is much smaller than the device dimen-
sions and the mean free path. In this regime, the
bulk of the junction is gapped by Landau quantiza-
tion so that a currentmay only flowalong the edges.
Figure 1, C and D, show the differential resist-

ance of the sample, R ≡ dV/dI, plotted versus
back-gate voltage, VG, and magnetic field, B. The
resistance is measured in a four-terminal config-
uration where four MoRe electrodes merge into
two contacts on each side of the junction (Fig.
1B). The map in Fig. 1C is measured with an AC
excitation current IAC = 50 pA applied on top of
a large DC current of IDC = 6 nA, which sup-
presses supercurrent and highlights the QH fea-
tures. As B increases, a fan diagram characteristic
of the QH effect in graphene emerges: Resistance
plateaus follow contours of constant filling factor
n ≡ nh/eB = ± 2, 6, 10,… (20). This quantization
becomes visible as soon as B exceeds the red
parabolic contour 2rC = L because device dimen-
sions prevent the development of the QH effect
at lower fields. The dark region under the parab-
ola (2rC > L) indicates a vanishing differential
resistance as a supercurrent of tens of nano-
amperesmay flow in this semiclassical regime (19).
Figure 1D shows R(VG, B) measured simulta-

neously with Fig. 1C using exactly the same AC
excitation of 50 pA, but without applying a DC
current. Notably, pockets of supercurrent extend
far into the QH regime. They are visible as dark
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superconductivity and the quantum Hall (QH) effect. Despite this potential, signatures
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it has been predicted that the supercurrent may
still be mediated by QH edge states (12). Because
of its chiral nature, a single edge can conduct
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edges must be involved in establishing a super-
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plateaus follow contours of constant filling factor
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parabolic contour 2rC = L because device dimen-
sions prevent the development of the QH effect
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SUPERCONDUCTIVITY

Supercurrent in the quantum
Hall regime
F. Amet,1,2*† C. T. Ke,1† I. V. Borzenets,3 J. Wang,1 K. Watanabe,4 T. Taniguchi,4

R. S. Deacon,5 M. Yamamoto,3,6 Y. Bomze,1 S. Tarucha,3,5 G. Finkelstein1*

A promising route for creating topological states and excitations is to combine
superconductivity and the quantum Hall (QH) effect. Despite this potential, signatures
of superconductivity in the QH regime remain scarce, and a superconducting current
through a QH weak link has been challenging to observe. We demonstrate the existence
of a distinct supercurrent mechanism in encapsulated graphene samples contacted by
superconducting electrodes, in magnetic fields as high as 2 tesla. The observation of a
supercurrent in the QH regime marks an important step in the quest for exotic topological
excitations, such as Majorana fermions and parafermions, which may find applications in
fault-tolerant quantum computing.

T
he interplay of the quantum Hall (QH) ef-
fect with superconductivity is expected to
result in excitations with nontrivial braid-
ing statistics such as Majorana fermions
and non-Abelian Majorana anyons (1–4).

When a QH region is contacted by two super-
conducting electrodes, the gapped QH bulk pre-
vents the flow of a supercurrent (5–11). However,
it has been predicted that the supercurrent may
still be mediated by QH edge states (12). Because
of its chiral nature, a single edge can conduct
charge carriers in only one direction, so both
edges must be involved in establishing a super-
current between the two contacts. This situation
is fundamentally different from that of the

Josephson junctionsmade out of two-dimensional
(2D) topological insulators, where each edge can
support its own supercurrent (13–16). Contrary
to the case of topological insulators, themagnetic
field in the QH regime breaks time-reversal sym-
metry, which is essential for s-wave pairing of
conventional superconductors. Working in this
regime, we nonetheless observe a robust super-
current, which we attribute to an unconvention-
al form of Andreev bound states circulating
along the perimeter of the QH region and in-
volving electron and hole trajectories separated
by several micrometers.
Weperformed transportmeasurements on four

Josephson junctions (J1-4) made of graphene en-
capsulated in boron nitride and contacted by
electrodes made of a molybdenum-rhenium alloy
(Fig. 1A) (11), a type II superconductor with a
high upper critical field of Hc2 = 8 T. The high
quality of these heterostructures allowed us to
observe Fabry-Perot oscillations of the junctions’
resistance and critical current, indicating that the
transmission of charge carriers between the con-
tacts is ballistic (17). The supercurrent is uniformly
distributed along the width of the contacts, as
evidenced by the regular Fraunhofer pattern (18)
measured at small magnetic fields (17). All junc-

tions demonstrate supercurrent in the QH regime
(figs. S6 to S12); for consistency, we choose to
present data measured on sample J1. It has a
distance between contacts of length L = 0.3 mm
and a width of contacts W = 2.4 mm (Fig. 1B).
Recently, the observation of a supercurrent

through encapsulated graphene inmoderatemag-
netic fields was reported (19); in that setup, the
diameter of the cyclotron orbit was larger than
but comparable to the length of the junction,
2rC ≥ L. (Here, rC = ħkF/eB is the cyclotron radius
and kF is the Fermi wavenumber.) This super-
current was attributed to Andreev bound states
made of closed trajectories connected by several
elastic andAndreev reflections,which yieldpockets
of superconductivity at random values of density
and field.We further explore this regime in (17). In
the main text, we demonstrate that a very different
regime emerges at even larger magnetic fields,
when rC is much smaller than the device dimen-
sions and the mean free path. In this regime, the
bulk of the junction is gapped by Landau quantiza-
tion so that a currentmay only flowalong the edges.
Figure 1, C and D, show the differential resist-

ance of the sample, R ≡ dV/dI, plotted versus
back-gate voltage, VG, and magnetic field, B. The
resistance is measured in a four-terminal config-
uration where four MoRe electrodes merge into
two contacts on each side of the junction (Fig.
1B). The map in Fig. 1C is measured with an AC
excitation current IAC = 50 pA applied on top of
a large DC current of IDC = 6 nA, which sup-
presses supercurrent and highlights the QH fea-
tures. As B increases, a fan diagram characteristic
of the QH effect in graphene emerges: Resistance
plateaus follow contours of constant filling factor
n ≡ nh/eB = ± 2, 6, 10,… (20). This quantization
becomes visible as soon as B exceeds the red
parabolic contour 2rC = L because device dimen-
sions prevent the development of the QH effect
at lower fields. The dark region under the parab-
ola (2rC > L) indicates a vanishing differential
resistance as a supercurrent of tens of nano-
amperesmay flow in this semiclassical regime (19).
Figure 1D shows R(VG, B) measured simulta-

neously with Fig. 1C using exactly the same AC
excitation of 50 pA, but without applying a DC
current. Notably, pockets of supercurrent extend
far into the QH regime. They are visible as dark

966 20 MAY 2016 • VOL 352 ISSUE 6288 sciencemag.org SCIENCE

1Department of Physics, Duke University, Durham, NC
27708, USA. 2Department of Physics and Astronomy,
Appalachian State University, Boone, NC 28607, USA.
3Department of Applied Physics, University of Tokyo,
Bunkyo-ku,Tokyo, 113-8656, Japan. 4Advanced Materials
Laboratory, National Institute for Materials Science, 1-1
Namiki, Tsukuba, 305-0044, Japan. 5Center for Emergent
Matter Science (CEMS), RIKEN, Wako-shi, Saitama 351-0198,
Japan. 6PRESTO, Japan Science and Technology Agency,
Kawaguchi-shi, Saitama 332-0012, Japan.
*Corresponding author. Email: ametf@appstate.edu (F.A.);
gleb@phy.duke.edu (G.F.) †These authors contributed equally to
this work.

RESEARCH | REPORTS

on Septem
ber 14, 2019

 
http://science.sciencem

ag.org/
Downloaded from

 

spots of vanishing resistance above the parabolic
contour. These pockets occur at somewhat ran-
dom values of VG, but are highly reproducible as
the gate voltage is swept back and forth. To check
that these regions do indeed correspond to a
supercurrent, in Fig. 1E we show the I-V curves
measured in one of the superconducting pockets
at B = 1 T,VG = – 4.7 V. The curves demonstrate a
clear supercurrent branch, which extends up to
0.5 nA at the lowest temperature of 40 mK. We
stress that at that particular point, rC ≈ 25 nm <<
L/2 = 150 nm. The corresponding differential
resistance (dV/dI) vanishes in the same range of
currents (Fig. 1F). The maximum of resistance is
reached at IS ≈ 0.5 nA, at which point the sample
switches from the superconducting to the nor-
mal branch.
The curves in Fig. 1, E and F, are extremely

sensitive to temperature, the supercurrent being
washed away by T ≈ 500 mK. This energy scale
is orders of magnitude below the critical tem-
perature of MoRe (≈10 K) and the energy split-
ting of the lowest Landau levels in graphene
(>100 K). It is, however, close to the Josephson
energy EJ = ħIC/2e, which is tens of millikelvin
for critical currents of a few nanoamperes. For
temperatures comparable to the Josephson en-
ergy, thermal fluctuations are expected to sup-
press the apparent switching current IS with respect
to the true critical current IC. This explains the
observed IS of only 0.5 nA in Fig. 1E. The ther-
mal fluctuations also result in phase diffusion

(18), which yields a finite junction resistance even
at zero DC current (Fig. 1G).
To further illustrate the coexistence of the QH

and the superconducting pockets, we show the
differential resistance of the same junction mea-
sured as a function ofVG and the current bias I at
B = 1.4 T (Fig. 2A). The QH plateaus are visible in
Fig. 2A as vertical stripes of different colors.
Pockets of superconductivity appear around zero

bias as dark minima of dV/dI. (At this field, the
cyclotron radius rC =15n0.5 nm is much smaller
than device dimensions throughout the map.)
The solid black line in Fig. 2B shows the cross-
section of the dV/dImap taken with a finite cur-
rent bias of IDC = 3 nA, high enough to suppress
any superconducting features. Plateaus are clearly
visible close to quantized values of R = h/(ne2),
with n = 2, 6, 10,… The deviations from perfect

SCIENCE sciencemag.org 20 MAY 2016 • VOL 352 ISSUE 6288 967

Fig. 1. Coexistence of the QH effect and super-
conductivity. (A) Illustration of the encapsulated
graphene heterostructure with molybdenum rhe-
nium contacts. (B) Schematic of the measurement
setup. (C and D) Fan diagrams of the differential
resistance dV/dI plotted versus gate voltageVG and
magnetic field B. In (C), dV/dI is measured at a fi-
nite current bias of IDC = 6 nA, which suppresses
superconductivity in the QH regime and reveals the
quantized plateaus. In (D), dV/dI is measured at
zero DC current and shows superconducting
pockets extending beyond the semiclassical para-
bolic region of 2rC ≥ L. (E) I-V curves measured in
one of the superconducting pockets at B = 1 Tand
VG = −4.7V. The supercurrent branch is clearly vis-
ible at the lowest temperature (40mK) for I<0.5 nA.
I-V curves are measured at the following temper-
atures: 41, 47, 65, 91, 116, 141, 166, 217, 264, 315,
369, 413, 469, and 509 mK. (F) The temperature
dependence of the corresponding differential resist-
ance, dV/dI. The resistance reaches maximum at
IS ~ 0.5 nA, at which point the junction switches
from the superconducting to the normal branch. (G)
dV/dImeasured as a function of temperature at I=0,
showinggradual suppression of superconductivity at
elevated temperatures owing to the phase diffusion.

Fig. 2. Supercurrent on top of the
QH plateaus. (A) Differential resist-
ance dV/dI measured at 45 mK as a
function of bias current I and gate
voltage VG at constant B = 1.4 T. Filling
factors are indicated in bold white font
on top of the map. QH plateaus are
clearly visible as stripes of different
colors around filling factors n =
4(n + 1/2) with integer n. Pockets of
superconductivity appear as dark
regions close to zero current. (B) Line
cuts of dV/dI, measured in the same
range of VG at zero DC current (gray)
and at IDC = 3 nA (black).The dashed
curve is obtained by scaling the black
curve by a factor 0.2 to demonstrate
the n = 2 plateau. Inset: dV/dI versus I
for a prominent superconducting
pocket, which is indicated in (A) by a
vertical dashed line.
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graphene heterostructure with molybdenum rhe-
nium contacts. (B) Schematic of the measurement
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Figure 3 | Bias dependence of the negative response at B=8T and ⌫ =2.
a, The di�erential downstream resistance (dVD/dI) as a function of the
incident electron voltage (upstream voltage, VU) at di�erent temperature
values, with a.c. excitation current of 1 nA. dVD/dI becomes positive when
|eVU|>�, with the resistance change of 1RD =�230 � from the zero-bias
value. b, A colour-coded plot of dVD/dI shows the temperature dependence
of �, which follows the temperature dependence of the BCS theory
(dashed line).

related scenarios, we further examined the di�erential resistance
(dVD/dI ) as a function of the measured bias voltage VU (Fig. 3).
When the incident electron energy (eVU) exceeds the SC gap (�),
electrons can enter the quasiparticle state above the SC gap and
the Andreev process probability is rapidly suppressed. As shown
in Fig. 3, dVD/dI sharply turns from a negative value (�50 �)
to a positive value (180 �) as VU exceeds the crossover voltage
about 2mV. This crossover voltage agrees well with �/e, estimated
from the independent measurement in the inset of Fig. 1f. We
note that the amount by which dVD/dI sharply increases across
the crossover voltage agrees with the value of 1RD, independently
determined in Fig. 2a. Above this crossover voltage, a broad
background develops in dVD/dI . As we further increase VU above
5mV, dVD/dI approaches the value of RD at T > Tc,on where
the superconductivity of the NbN electrode completely vanishes.
Indeed, the colour-coded plot of dVD/dI in Fig. 3b exhibits a
Bardeen–Cooper–Schrie�er (BCS)-type temperature dependence
on �, indicating that RD is closely related to the superconductivity
of the drain electrodes. The large ratio of �/kBTc (⇠4.7) deviating
from a BCS value (1.742) could be explained by the breakdown
of mean-field approximation due to disorder34, that is further
enhanced by the external magnetic field.
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Figure 4 | Exponential width dependence on negative response at B=8T
and ⌫ =2. The downstream resistance at the base temperature
(RD(T=0.3K), square symbols) and resistance change (1RD, circular
symbols) due to the crossed Andreev conversion (CAC) are plotted as a
function of the distance between two superconductor (SC)/graphene
contacts (W). All devices with W.200nm exhibit a finite negative
non-local signal. The data points of RD(T=0.3K)=2 � and 1RD =0 � for
W=600nm are not visible in the semi-log plot. 1RD is fitted to the
exponential function of 1RD =1RD,0 exp[�W/⇠s], with the
superconducting coherence length (⇠s) of NbN and the zero-width-limit
value (1RD,0) as fitting parameters. Error bars in W are estimated from the
roughness of the SC electrodes within the resolution of SEM images. Error
bars in 1RD represent the uncertainty in determining RD(T=Tc) that was
calculated as (@RD/@T)T=Tc ⇥1Tc, where 1Tc is the di�erence between Tc
and the temperature where RNbN line reaches 2% of its normal value. Upper
inset, false-coloured SEM images of the devices of W=98, 111, 146, 188,
200, 600 nm, from the left to the right, respectively. Lower inset, a detailed
schematic of the cross-section along the dotted red line in the upper inset.
Owing to the oblique etching profile of the top hBN, W is smaller than the
width of the SC electrode measured by SEM by the thickness of the
top hBN.

Exponential behaviour with the width of superconductor
The CAC process with di�erent width W allows us to study its
tunnelling nature and to estimate the SC coherence length ⇠s. During
the Andreev process, a pair of electrons propagates through the sup-
erconductor as an evanescent mode, eventually condensing into a
Cooper pair within the length scale of ⇠s (lower inset of Fig. 4). For a
SC electrode ofW .⇠s, the converted hole has a finite probability of
tunnelling through the SC and continuing on to the other side of the
QH edge state. Since the evanescent pair wavefunction decays expo-
nentially, the CAC process is suppressed asW increases. To quantify
this exponential suppression of the CAC process, we study the 1RD
found in devices with di�erent W , in the range of 50 to 600 nm.
Figure 4 shows RD(T =0.3K) and 1RD obtained from the devices
with six di�erent W . Although RD(T = 0.3 K) seems to follow an
exponential trend, 1RD shows better exponential dependence after
the correction of trivial contribution from the contact resistance.
We fit data to 1RD(W ) = 1RD,0 exp(�W/⇠s), where 1RD,0 and
⇠s are the two fitting parameters corresponding to the maximal
CAC e�ciency in a zero-width limit and the SC coherence length,
respectively. From fitting to the data, we obtain ⇠s =52±2nm,
which is within the range between expected values in the clean
(⇠BCS =}vS

F/⇡�⇠200nm) and dirty limits [(⇠BCSlmfp)
1/2 ⇠10nm],

with the Fermi velocity of NbN vS
F =1.8⇥106ms�1, �=1.8meV

at B=8T measured in Fig. 1e, and mean free path of lmfp =0.3nm
(refs 35,36). We note that 1RD,0 =�600± 27 � is still well below
the ideal value of1RD,max =�h/4e2, presumably due to the presence

696

© 2017 Macmillan Publishers Limited, part of Springer Nature. All rights reserved.

NATURE PHYSICS | VOL 13 | JULY 2017 | www.nature.com/naturephysics

A
RTICLES

N
ATU

RE
PH

YSICS
D
O
I:10.1038/N

PH
YS4084

1
2

3
4⌫

5
6

7

0

100

200

300

400

RD (Ω)

T (K)109.0
8.0
7.0
6.0
5.0
3.8
3.4
3.0
2.6
2.2
1.8

0
2

4
6

8
10

12
14

0.0

0.2

0.4

0.6

0.8 1.0

PAR

B (T) B (T)

−10
−5

0
5

10
1.0 1.1

1.2

�/�13 K

1.3 1.4 1.5

V (m
V

)

0
2

4
6

8
10

12
14

0.0

0.5 1.0 1.5

1.5
2.0

2.5

0.0

0.5

1.0

� (meV)

�/�

B = 0 T

12 T

e

f d

G
raphene

eh

I

V
D

V
U

be

d c

a

g

V−V 0
V

a
b

c

1 µm

e
e

eh

e

e
h

W

V

V0

0
0

0
G

raphene SC
e

e
e

eh

B = 0
B ≠ 0

B ≠ 0

−V

V−V

L

D
.1

�

Figure
1|M

agneticfield
dependence

ofA
ndreev

reflection.a–c,Schem
atic

diagram
ofA

ndreev
pairsofelectronsand

holesw
ithoutan

externalm
agnetic

field
(a),and

in
the

Q
H

regim
e

w
ith

a
w

ide
superconductor(b)ora

narrow
superconductor(c).Insetofc,counter-propagating

Q
H

edge
statesare

coupled
via

the
superconducting

gap
(�

),resulting
in

non-A
belian

anyonic
zero

m
odesatthe

endsofthe
N

bN
electrode

(red
ellipse).V

,voltage;e,electron;h,hole.
d,False-colourscanning

electron
m

icroscopy
(SEM

)im
age

ofthe
device

D
.1w

ith
m

easurem
entconfigurations.Ti/A

u
norm

alelectrodes(yellow
)and

a
N

bN
superconducting

electrode
(green)contactthe

graphene
H

allbar(blue).Inset,1D
N

bN
contactto

the
graphene

edge
ishighlighted

w
ith

a
dashed

red
line.N

ote
thatthe

graphene/N
bN

contactispositioned
slightly

m
ore

inw
ardsthan

the
boundary

show
n

in
the

SEM
im

age
(see

schem
atic

ofthe
cross-section

in
the

low
erinsetofFig.4).The

distance
betw

een
tw

o
graphene/N

bN
contactsisestim

ated
to

be
50

nm
.A

black
dashed

rectangle
highlights

the
N

bN
segm

entcontributing
to

the
dow

nstream
resistance.V

U ,upstream
chem

icalpotential;V
D ,dow

nstream
chem

icalpotential;I,current.
e,The

di�erentialconductance
ofthe

graphene/N
bN

interface
atV

bg =
60

V
,undervariousm

agnetic
fields.The

data
taken

atT=
1.8

K
(�)are

norm
alized

by
the

data
taken

atT=
13K

(�
13K )w

hen
the

N
bN

losessuperconductivity.The
resistance

contribution
from

the
N

bN
segm

entrepresented
by

the
black

dashed
box

in
the

insetofd
w

assubtracted
forcalculating

�
13K .Experim

entaldata
(sym

bols)are
fitted

to
the

m
odified

Blonder–Tinkham
–Klapw

ijk
theory

(solid
lines)w

ith
a

fixed
barrierparam

eterZ=
0.18.f,The

A
ndreev

reflection
probability

(P
A

R )atzero
biasw

ascalculated
from

the
fitting

param
eters

(inset)obtained
by

fittingsin
e.g,The

filling
fraction

(⌫)dependence
ofthe

dow
nstream

resistance
(R

D )atdi�erenttem
peraturesw

ith
B=

14
T.

To
m
easure

the
chem

ical
potential

of
Q
H

edge
states

across
the

SC
electrode,w

e
fabricate

a
m
ulti-term

inal
graphene

device
w
ith

a
SC

drain
electrode

as
show

n
in

Fig.1d.To
obtain

a
high-

quality
graphene

channel,w
e
encapsulated

m
echanically

exfoliated
graphene

sam
ples

w
ith

tw
o

hBN
crystals

using
a
dry-transfer

technique
26.N

bN
w
as

chosen
for

the
SC

drain
contact,since

its
high

upper
criticalfield

(B
c2 ⇠

25T)and
high

criticaltem
perature

(T
c =

12
K
)
enable

us
to

experim
entally

access
a
w
ide

range
of

m
agnetic

fields
w
here

superconductivity
and

the
Q
H

e�ect
in

graphenecoexist.
The

contacttransparency
ofthe

SC
/graphene

interface
can

be
characterized

by
m
easuring

the
di�erentialconductance

enhance-
m
ent,w

hich
directly

represents
localA

ndreev
process

(LA
P)

e�
-

ciency.Figure1eshow
sthedi�erentialconductance(�=

dIad /dV
ec )

ofthegraphene/N
bN

interfacenorm
alized

by
thevalueobtained

at

the
tem

perature
above

T
c .H

ere
Iad

is
the

currentbiased
from

a
to

d,and
V

ec is
the

voltage
drop

betw
een

electrodes
e
and

c
(m

arked
in

Fig.
1d).

W
e
apply

a
large

backgate
voltage

of
V

bg =
60

V
to

putthe
graphene

channelin
high

filling
fractions,aw

ay
from

the
w
ell-developed

Q
H

regim
e
even

at
the

highest
field

ofB=
14

T.
Theresistancecontribution

from
thegraphenechannelisnegligibly

sm
allatthislargeV

bg (seeSupplem
entary

Fig.2a).In
thisw

eak
field

lim
it,the

m
agnetic-field-dependent

�
is

determ
ined

only
by

the
LA

P,notby
the

m
odulating

density
ofstate

(D
O
S)ofthe

graphene
(seeSupplem

entary
Fig.3

forthecasew
hen

�
ism

ostly
determ

ined
by

the
D
O
S
ofgraphene

in
the

strong
field

lim
it).Thus,

�
serves

asa
usefulprobe

forcharacterizing
the

m
agnetic

field
dependence

on
LA

P.Atzero
m
agnetic

field,w
e
observe

thatthe
norm

alized
�

exhibits
a
pronounced

zero-bias
enhancem

ent
up

to
45%

,w
hich

show
sthatthe

SC
/graphene

junction
isreasonably

transparent.A
s

694

©
 2017 M

acm
illan Publishers Lim

ited, part of Springer N
ature. A

ll rights reserved.

N
ATU

RE
PH

YSICS
|VO

L
13

|JU
LY

2017
|w

w
w

.nature.com
/naturephysics

Andreev edge state

Crossed Andreev 
Electron Cotunneling

CAR contribution ~ -V exp[-W/xs]
Cotunneling contribution ~  + V exp[-W/xs]

CAR contribution is dominant for W < 100 nm



Toward Fractional Quantum Hall CAR

Gül, Ronen, et al., arXiv:2009.07836

narrow NbN superconductor

5 µm

~100 nm
etched under the superconductor

normal leads

graphite
boron nitride
graphene

SiO2 substrate

Graphene Device with superconductor & graphite gates



Cross-Andreev Reflection Probability

Simultaneous Resistance measurement:

Rxx = Vxx / I

Rxy = Vxy / I

RCAR = VCAR / I

0

h/e2n

-Rxy /2 < RCAR < 0

In the quantum Hall regime

Longitudinal 
magneto 

Hall

Cross-
Andreev

Probability of CAR:  pCAR = -RCAR/(RCAR +Rxy ) ~ -RCAR/RxyGül, Ronen, et al., arXiv:2009.07836

2 µm



Crossed Andreev Reflection Probability
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Probability of CAR per QH Channel
pCAR ~ RCAR /Rxy ~ 1 %

NbN

Gül, Ronen, et al., arXiv:2009.07836



p-wave coupled Cross Andreev Edge States
Without SOC

With SOC

݄ = (െ ԰ െ ) + െ ԰ െ + െ +  
with the chemical potential , the Zeeman term , and a Dirac mass term  
(necessary to realize =1 in our noninteracting analysis). The energy levels 
are given by = | | + ±  where  is integer and = ξ2 ԰  is 
the characteristic energy scale of the Landau level spacing for the Dirac 
Hamiltonian. We model the superconducting region with the pairing 
terms41,42 ՛[ȟ + ȟ ] ՝. Both pairing terms are of spin-singlet s-wave 
type, with the first term describing an inter-valley pairing, and the second 
term an intra-valley pairing. The inter-valley pairing (first term) does not 
result in a gap when interfaced with an s-wave superconductor so whether 
it is singlet or triplet in the valley basis is irrelevant. The intra-valley pairing 
(second term), on the other hand, is essential for gap opening and present 
only for the interface along the armchair edge. Therefore, we limit our anal-
ysis to an armchair edge (interface along ). 
 To find the energy spectrum at the interface between qH and a super-
conducting region, we solve the Bogoliubov-de Gennes (BdG) equation in 
the plane-wave basis /  where  is the length of the cylinder and 

= 0, ±1, | with a momentum cut-off ڮ,±2 | < . Extended Data Figure 
13 shows a typical energy spectrum near the edge for such interface. Here 
we set = 0 and the bands are doubly degenerate due to spin rotation 
symmetry43. 

We now consider the counterpropagating edge modes along either side 
of the superconductor (Figure 2b inset, -axis is along the superconductor). 
For reference, we show in Extended Data Figure 14 the armchair edge en-
ergy spectra in the absence and presence of the Dirac mass term, where we 
replace the superconducting region with vacuum. Without any (valley) sym-
metry breaking, the quantum Hall sequence is =  Adding the Dirac ڮ,2,4,6
mass term modifies the sequence into =  with a spin and valley ڮ,1,2,4
polarized = 1. Turning on superconductivity yields Extended Data Figure 
15, with the top panels for = 1 and the bottom panels for = 2. For any 
integer filling zero-energy band crossings are between particle-hole part-
ners with identical spin polarization. Therefore, there is no direct mechanism 
for s-wave pairing (even for spin-unpolarized fillings such as = 2). How-
ever, the large spin-orbit coupling in NbN superconductor provides a nec-
essary ingredient for a spin-flip process allowing for a pairing between elec-
trons with the same spin polarization. We account for spin-orbit coupling 
via44 

݄ = + , െ , . 
Because the induced pairing between the counterpropagating edge 

modes exponentially decays as a function of the superconductor thickness, 
a gap does not open for a thick superconductor (left panels). This is the 
experimental scenario in which Andreev edge states govern the 
transport24,26,29. Reducing the thickness of the superconductor hybridizes 
the edge modes along both sides of the superconductor and opens a gap 
in the BdG spectrum (middle panels). The band crossings and the resulting 
hybridization occur for each mode separately—each edge mode (for in-
stance spin-up and spin-down) experiences a similar induced pairing (gap 
opening) mechanism. The gap opening term is a spin-polarized pairing of 
the form  which originates from the combination of the spin-singlet 
pairing of the parent superconductor and spin-orbit coupling. Turning off 
spin-orbit coupling results in zero-energy band crossings remaining intact 
(right panels). The degeneracy points (band crossings at finite energies) 
near = 0 are lifted for a thin superconductor regardless of the presence 
of spin-orbit coupling. This is because those degeneracies open by either 
spin-singlet intra-edge pairing or simply direct tunneling. Nevertheless, 
these processes do not play any role for the zero-energy band crossings 
between two spin-polarized modes, because the former process does not 
open a gap in a spin-polarized channel and the latter is forbidden at finite 
k due to violating the momentum conservation. This implies that = 2 

edge modes can be treated effectively as two copies of = 1. Our numeri-
cal analysis confirms that the induced gaps within different edge modes are 
of the same order and decrease as the superconductor is made thicker (Ex-
tended Data Figure 16). 
 We now proceed to computing the probability of crossed Andreev reflec-
tion, a process which we effectively treat as a quasi-1D scattering problem 
of a superconducting region of width  sandwiched between two quan-
tum Hall regions each with a width  (Figure 2b inset, superconductor 
along y). We first find the transfer operator of Dirac-BdG equation, which is 
the solution to the wave equation in the Nambu basis 

 ԰
Ȳ ( )

= [ െ ݄ ( ) െ ݄  ( )]Ȳ ( ). (1) 

Here, ݄  is the Hamiltonian intrinsic to the qH region 
݄ ( ) = (െ ) + ( ) + ( ( ) െ ( ) + ( ) ), 

݄  the Hamiltonian of the superconducting region 
݄ =  ȟ + ȟ + + , െ , , 

 the Pauli matrices acting in the particle-hole subspace, ( ) a box func-
tion nonzero only in the superconductor region, and ( ) the gauge field 

( ) =
( െ /2)    > + /2
( + /2)    < െ /2

0 | | ൑ + /2
 

chosen such that the magnetic field vanishes inside the superconductor. 
The Dirac mass term, local chemical potential, and the Zeeman term are 

( ) = | | ൑ /2
| | > /2         ( ) = | | ൑ /2

| | > /2 

( ) = | | ൑ /2 
| | > /2. 

We neglect the Zeeman term in the superconductor for simplicity. We set 
= 8  and = 3  to model a superconductor with quadratic bands. 

We now solve equation (1) in a plane-wave basis representation where 
the basis vectors are given by 

± =
1

| + ۧ | ± ۧ , ± =
1

|െ ۧ ט| ۧ , =
2

, 

where = 2 +  is the total width of the system, ± denote eigen-
states of , that is, ± , and |± ۧ  denote particle (hole) states, that is, 

|± ۧ = ±|± ۧ  (recall ؠ 2 െ 1). We put the subscript  and ݄ to 
emphasize the distinction between the particle and hole states. We omitted 
the explicit writing of spin/valley basis vectors in the states above for brevity 
since the kinetic term in  direction is diagonal in these subspaces. The final 
quantities involve summations over both spin and valley degrees of free-
dom. The reflection matrix  is then determined by matching the ampli-
tudes of incoming, reflected, and transmitted modes at = 0, 

( ) + ( ) + ( ) = Ȳ ( ) 

where Ȳ ( ) only contains forward propagating and decaying evanescent 
wave solutions to equation (1). 
 To get the scattering of an incoming electron from the upper qH plane 

> /2 to a hole in the lower half plane < െ /2 , we compute the col-
lective probability of crossed Andreev reflection =  (  note) (כ
0 ൑ ൑ ), where  matrix is the unitary matrix transforming -modes to 
real-space modes = ( )( / )/  . Left panel of Extended 

Data Figure 17 shows the collective crossed Andreev reflection probability 
as a function of the chemical potential in the qH region. The plateaus cor-
respond to different integer qH states in the normal region and the quan-
tization is because of gap opening in the spectrum which effectively gives 
rise to  copies of topological superconductors at a filling Ǎ. We also plotted 
the bias dependence at two values of chemical potential which represent 
filling = 1 and 2. It is interesting to note that there is a second plateau for 

= 2 at finite bias which corresponds to gap opening between opposite 
spin species (similar to ordinary Andreev reflection). 
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with the chemical potential , the Zeeman term , and a Dirac mass term  
(necessary to realize =1 in our noninteracting analysis). The energy levels 
are given by = | | + ±  where  is integer and = ξ2 ԰  is 
the characteristic energy scale of the Landau level spacing for the Dirac 
Hamiltonian. We model the superconducting region with the pairing 
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only for the interface along the armchair edge. Therefore, we limit our anal-
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13 shows a typical energy spectrum near the edge for such interface. Here 
we set = 0 and the bands are doubly degenerate due to spin rotation 
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We now consider the counterpropagating edge modes along either side 
of the superconductor (Figure 2b inset, -axis is along the superconductor). 
For reference, we show in Extended Data Figure 14 the armchair edge en-
ergy spectra in the absence and presence of the Dirac mass term, where we 
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metry breaking, the quantum Hall sequence is =  Adding the Dirac ڮ,2,4,6
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integer filling zero-energy band crossings are between particle-hole part-
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ever, the large spin-orbit coupling in NbN superconductor provides a nec-
essary ingredient for a spin-flip process allowing for a pairing between elec-
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Because the induced pairing between the counterpropagating edge 

modes exponentially decays as a function of the superconductor thickness, 
a gap does not open for a thick superconductor (left panels). This is the 
experimental scenario in which Andreev edge states govern the 
transport24,26,29. Reducing the thickness of the superconductor hybridizes 
the edge modes along both sides of the superconductor and opens a gap 
in the BdG spectrum (middle panels). The band crossings and the resulting 
hybridization occur for each mode separately—each edge mode (for in-
stance spin-up and spin-down) experiences a similar induced pairing (gap 
opening) mechanism. The gap opening term is a spin-polarized pairing of 
the form  which originates from the combination of the spin-singlet 
pairing of the parent superconductor and spin-orbit coupling. Turning off 
spin-orbit coupling results in zero-energy band crossings remaining intact 
(right panels). The degeneracy points (band crossings at finite energies) 
near = 0 are lifted for a thin superconductor regardless of the presence 
of spin-orbit coupling. This is because those degeneracies open by either 
spin-singlet intra-edge pairing or simply direct tunneling. Nevertheless, 
these processes do not play any role for the zero-energy band crossings 
between two spin-polarized modes, because the former process does not 
open a gap in a spin-polarized channel and the latter is forbidden at finite 
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Here, ݄  is the Hamiltonian intrinsic to the qH region 
݄ ( ) = (െ ) + ( ) + ( ( ) െ ( ) + ( ) ), 

݄  the Hamiltonian of the superconducting region 
݄ =  ȟ + ȟ + + , െ , , 

 the Pauli matrices acting in the particle-hole subspace, ( ) a box func-
tion nonzero only in the superconductor region, and ( ) the gauge field 

( ) =
( െ /2)    > + /2
( + /2)    < െ /2

0 | | ൑ + /2
 

chosen such that the magnetic field vanishes inside the superconductor. 
The Dirac mass term, local chemical potential, and the Zeeman term are 

( ) = | | ൑ /2
| | > /2         ( ) = | | ൑ /2

| | > /2 

( ) = | | ൑ /2 
| | > /2. 

We neglect the Zeeman term in the superconductor for simplicity. We set 
= 8  and = 3  to model a superconductor with quadratic bands. 

We now solve equation (1) in a plane-wave basis representation where 
the basis vectors are given by 

± =
1

| + ۧ | ± ۧ , ± =
1

|െ ۧ ט| ۧ , =
2

, 

where = 2 +  is the total width of the system, ± denote eigen-
states of , that is, ± , and |± ۧ  denote particle (hole) states, that is, 

|± ۧ = ±|± ۧ  (recall ؠ 2 െ 1). We put the subscript  and ݄ to 
emphasize the distinction between the particle and hole states. We omitted 
the explicit writing of spin/valley basis vectors in the states above for brevity 
since the kinetic term in  direction is diagonal in these subspaces. The final 
quantities involve summations over both spin and valley degrees of free-
dom. The reflection matrix  is then determined by matching the ampli-
tudes of incoming, reflected, and transmitted modes at = 0, 

( ) + ( ) + ( ) = Ȳ ( ) 

where Ȳ ( ) only contains forward propagating and decaying evanescent 
wave solutions to equation (1). 
 To get the scattering of an incoming electron from the upper qH plane 

> /2 to a hole in the lower half plane < െ /2 , we compute the col-
lective probability of crossed Andreev reflection =  (  note) (כ
0 ൑ ൑ ), where  matrix is the unitary matrix transforming -modes to 
real-space modes = ( )( / )/  . Left panel of Extended 

Data Figure 17 shows the collective crossed Andreev reflection probability 
as a function of the chemical potential in the qH region. The plateaus cor-
respond to different integer qH states in the normal region and the quan-
tization is because of gap opening in the spectrum which effectively gives 
rise to  copies of topological superconductors at a filling Ǎ. We also plotted 
the bias dependence at two values of chemical potential which represent 
filling = 1 and 2. It is interesting to note that there is a second plateau for 

= 2 at finite bias which corresponds to gap opening between opposite 
spin species (similar to ordinary Andreev reflection). 

Bogoliubov-de Gennes Equations
NbN

graphene

graphenex

y

Spin-orbit coupling in superconductor

Andreev edge states without CAR

Spin-triplet and p-wave coupling

n=2 edge states are just two copies of n=1.

BTK model



Strong Development of CAR in Fractional Quantum Hall States
M

agnetic field

Probability of CAR: 
pCAR = -RCAR/(RCAR +Rxy )



Fractional Crossed Andreev Reflection Probability

4 - 9 Tesla @ 15 mK

Rxx /Rxy < 1 %
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Probability of CAR: RCAR /Rxy
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NbN

e/3

Anyon edge state e*=e/3

Electron Cooper Pairs versus Quasi Particle Andreev Pairs

NbN
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FQH edge–Superconductor Interface: Microscopic Picture

Separate gate controls 

for bulk and near the 

SC contact region

n= n’=1

n= 1; n’> 1
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What are the next steps?

500 nm

NbN
Graphene

SC SC

t

J. Shi et al. unpublished

Parafermion Josephson Junction
Tunneling into the zero mode

Quantum Hall edge to 

parafermion zero mode



Outlook

Ideas from Onder Gul et al

Increasing CAR probability
• atomically close distance (~1 nm) between counterpropagating edges
• pairing does not rely on spin-orbit coupling
• may allow supercurrent carried by fractional charges

Electric field-control of 
fractional ground states



SummaryConclusion
• CAR of IQH/FQH is observed in graphene

• Neither valley nor spin are conserved in CAR for IQHE 
with CAR probability is estimated to be ~ 3 %

• Strong CAR for some FQH edge with up to 10% CAR 
probability
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Crossed Andreev Reflection for IQH/FQH: Bias Dependence
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Crossed Andreev Reflection for IQH at Low Magnetic Fields
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Crossed Andreev Reflection for IQH/FQH: Temperature Dependence
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