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Nonequilibrium many-body physics
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Potential to produce exotic states of matter beyond the
equilibrium paradigm or design new devices



Collective phenomena unigue to
nonequilibrium systems

Photoinduced phase
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Their full potential remains largely unexplored.



Equilibrium paradigm:
Minimization of (free) energy

F(v)

A

F(v) = AqpVq " Vp T lgabcd (va ) vb)(vc ) vd)

OF (v)
oV,

Reciprocal coupling

atva = =
Aap = Apq



—EgoETE paradigm:

Nonequilibrium

F(v)

> D
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Non-reciprocal interaction

attraction

repulsion



Non-reciprocal interaction

pigeon

falcon

Image from: http://animal.memozee.com/view.php?tid=3&did=3513
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Non-reciprocally interacting systems
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Prey and predators exhibitory neurons Complex plasma
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High noise Low noise
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Non-reciprocal flocking

Generalized Vicsek model with two groups of
non-reciprocally interacting agents
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Non-reciprocal flocking

Reciprocal (Jag = Jga > 0) Reciprocal (Jag = Jga < 0) Non-reciprocal (Jag/ga < 0)

High noise Low noise Low noise Low noise
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Non-reciprocity

Disordered phase Aligned phase Anti-aligned phase induced chiral phase!

How do we understand the emergence of chiral phase? Spontaneous 2,
symmetry
breaking

M. Fruchart*, RH*, P. B. Littlewood, and V. Vitelli, Nature 592, 363 (2021).



Nonequilibrium generalization of
Landau theory

Dynamical system

OF (o) !!!> Asymmetric coefficients

0:vq = —|aapVp + Bavea(Vp - V)V ] (i v
a aab 7& aba

Nonequilibrium steady state (Two components, Bgpcqa = BOqpScd):

2
=G =(" ™ ey i) 50

24:7)
A+ AT
m) Nonlinear, non-Hermitian eigenvalue problem

o (sn) = Hags) 1L

M. Fruchart*, RH*, P. B. Littlewood, and V. Vitelli, Nature 592, 363 (2021).




Non-reciprocal phase transition

Hermitian

Non-Hermitian

u, u,

“Exceptional point”
‘ > Lu — U_ = U,

A phase transition point marked by exceptional points (EPs) emerges!

EP

= aligned

Jag +JBa
o

-
BN \

AR
\H\ \*\‘\\ Anti-aligned

]AB _]BA

M. Fruchart*, RH*, P. B. Littlewood, and V. Vitelli, Nature 592, 363 (2021).



Non-reciprocal phase transition

Exceptional point «= Non-diagonalizable matrix

> One-way (non-reciprocal) coupling of the collective modes
$1 $1 0 1
d =L , L~
t <¢2> (¢2) (0 0)

1*’2

No equilibrium counterpart exists




Non-reciprocal phase transition

Amplitude mode softens by

I Conventional (equilibrium) critical phenomena I ,
flattening of free energy landscape

Ime

} » (]
Critical
point

RH and P.B. Littlewood, PRResearch 2, 033018 (2020).



Non-reciprocal phase transition

Amplitude mode softens by
flattening of free energy landscape

I Conventional (equilibrium) critical phenomena I

((50)2) ~ J dick=1 =

Nl k?
) - o0 (d < 2)
> Img (Mermin-Wagner's theorem)
— ()
Critical
point

Coalescence of the collective
Our result modes to the Goldstone mode

« Anomalously large
fluctuations

((56)2) ~ f dick =1

k*
Imp Regp — 0 (d < 4-)
—— —> _ _
Equilibrium “Critical New universality class
' int” 4 —d
exceptional point v = _i’Z: (e =8—d)

RH and P.B. Littlewood, PRResearch 2, 033018 (2020). 2 10



Non-reciprocal phase transition

Occurs quite generally in nonequilibrium systems!

(B) Spontaneous
(A) Nonequilibrium continuous

symmetry breaking

(C) Consist of two
(or more) order
parameters

Pattern formation Synchronization Flocking
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M. Fruchart*, RH*, P. B. Littlewood, and V. Vitelli, Nature 592, 363 (2021).

Exciton-polaritons

1618

>

>

= [
5 1610 [
2 [
w1608 [

T
[(®)
__ 1616 [
© 1614 -
< 1612

yeseele]

00°° 00 0000000000 OO

1
10 100
Excitation Power (mW)

J. Tempel, et al PRB2012
RH, et al PRL2019



Collective phenomena in
non-reciprocal many-body systems

Non-reciprocal phase transitions
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M. Fruchart*, RH*, P. B. Littlewood, and V. Vitelli, Nature 2021
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Long-ranged
order in 2D
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Loos, Klapp, and Martynec, arXiv:2206.10519
Dadhichi, et al., Phys. Rev. E 2020

Biodiversity in ecosystems

B. Kerr, et al., Nature 2002

S. Allesina and S. Tang, Nature 2012

Controlling
Neuron dynamics
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Non-reciprocal friendship: source of frustration

Distance
A =

How close their

B
i relationship is i
D >



Non-reciprocal friendship: source of frustration

(a) Reciprocal relationship (like)

(b) Reciprocal relationship (dislike)

A B

Dislike

A
No configuration AN Like
that makes both NCO o,

happy ey
Dislike

FRUSTRATION!




Geometrical frustration

Geometrically frustrated systems

Systems that cannot satisfy all the constitutes’ “desire” to minimize
all interactions

Accidental degeneracy of
g 5 ’ ground states ’
J<0 /m. J<0 :
S 2 I U U
1 ] O o <> E [ ..... I I ..... I I ..... 1 I ..... l I ..... 1 [ ..... I
< GT
. J

No configuration
can make all

spins happy



Order by disorder phenomena

Villain, et al., J. Physique (1980)

Accidental degeneracy: Not protected by symmetry nor topology

_|_

Thermal or quantum noise,
weak random potential, etc.

-
S

-

S Selected ground state

s (ordered state in many cases)

“Order by disorder”




Order by disorder phenomena

(Example) XY spins on a pyrochlore lattice

Moessner and Chalker, PRL1998, PRB1998

Ground state Finite temperature

Increase
temperature

Disordered state Long-ranged order



Many-body physics in
geometrical frustration

> Order-by-disorder

> Spin glass

(Image from https://scglass.uchicago.edu/ )

Villain, et al., J. Physique (1980)

> Quantum/Classical spin liquid

/

R. Mossener and J. T. Chalker, PRL 1998 T.Imai and Y. Lee, Physics Today 2016


https://scglass.uchicago.edu/
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Geometrical frustration

Accidental degeneracy of
ground state
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Non-reciprocal frustration

Energy cannot be defined ...

May not even converge to
a static state...



Geometrical vs Non-reciprocal
frustration

Geometrical frustration Non-reciprocal frustration

Accidental degeneracy of

"Accidental degeneracy” of orbits
ground state

E “Accidentally
4 degenerate” orbits

:I"‘ :'l"‘ :I"‘ 0:1‘\ :'t"‘ :‘1‘“

-1 -1 1 -1 1 1 When J;; = —Jj;
T Liouville-type

theorem

> Dynamical counterpart of order-by-
disorder and spin glass occurs!

RH, arXiv:2208.08577



Dissipative XY spin dynamics

éi = 211] SIH(H] — Hl)
J

Here, couplings are non-reciprocal in general J;; # J;;

> Reciprocal case (J;; = J;;) : Potential energy minimization problem

. v (0) _
b= =5~ with V()= —Z cos(8; — ;)
ij
Potential with =) Accidentally degenerate

geometrical frustration ground states



"Accidental degeneracy” of orbits

> Anti-symmetric case (J;; = —Jj;)

~ Liouville-type theorem
d 0 dp .
P00 S,
dt ot i59i RH, arXiv:2208.08577

Conservation of phase volume = Non-dissipative dynamics
6.
J

L.,

l

Marginal e.g. Limit cycles



"Accidental degeneracy” of orbits

0a = Jag Sin(Og — 6)

(e.g., two XY spin system) — .
Jae JBA 0g = Jpa sin(6p — 6p)
A B
JaB
| . | t t 1 ............... A
nitial state I e /
JBA

Non-reciprocal

]AB frustration induced
Initial state 2: ‘ ____________ / N ) |
accidental

] 77
BA degeneracy
]AB of orbits
Initial state3: @& 7 ™ A
G
JBA

RH, arXiv:2208.08577



“Accidental degeneracy” of orbits

|Proof]

Continuity equation: Frie —Z 06, - —Z
l

i

36,
30, 3 Z[]ij cos(8; — 0;)] T 0
3]

‘ Jij = —Jji
éi — Z]U sm(HJ — 01)
J

Therefore, +Z_9 = 0.

RH, arXiv:2208.08577



How does the “accidentally
degenerate” orbits affect collective
properties of many-body system?

Order-by-disorder?
= YES!

Spin glass?
= YES!



Non-reciprocal two-group system

Np .
60 =) ) 2sin(0f - 67)
b i=1 ©

A B

r o, .\
Y 4 ? T2\ N\
7,7 " ViV

JAB = —JBA

RH, arXiv:2208.08577



Non-reciprocal two-group system

Np .

68 = Z ]I(ILbsin(H}’ —0%)

b i=1 P

RH, arXiv:2208.08577



Non-reciprocal two-group system

Np
: Jab .
0} = Z &Lbsm(ef’ —0%)
b i=1
A B
“Accidental

degeneracy” jAB
parameterized by TS\ et A

Ap = pa — ¢ &

- Macroscopic spin (No noise)

\

Cba = Ejab sin(¢p — ¢g)
b

\- J

RH, arXiv:2208.08577



Non-reciprocal two-group system

Np
: Jab .
0} = Z &Lbsm(ef’ —0%)
b i=1
A B
“Accidental

degeneracy” jAB
parameterized by TS\ et A

Ap = pa — ¢ &

- Macroscopic spin (No noise)

\

Cba = Ejab sin(¢p — ¢g)
b

\- J

RH, arXiv:2208.08577



Non-reciprocal two-group system

Np

: Jab .
a _ b a
Hi = Z N_bSIH(Hj — Hi )
b i=1
A B
“Accidental )
degeneracy” JAB
parameterized by N AL D et A
Ap = pa — ¢ &
JBA
JaB = —JBA

- Macroscopic spin (No noise)

\

Cba = Ejab sin(¢p — ¢g)
b

\- J

RH, arXiv:2208.08577



Non-reciprocal two-group system

Np . Noise
Jab .
a _ b a a
0;" = Z N—bsm(ej 91) +n;
b i=1
A B
“Accidental )
degeneracy” JAB
parameterized by TS\ et A
Ap = pa — ¢ &
JBA
JaB = —JBaA

- Macroscopic spin (No noise)

\

Cba = Ejab sin(¢p — ¢g)
b

\- J

RH, arXiv:2208.08577



Non-reciprocal two-group system

Np . Noise
60 =) ) 2sin(0) - 68) +nf
b i=1 P
A B

“Accidental ’ . ‘
degeneracy” JAB
parameterized by ’ ’ ............... ~ ‘ ‘
A

Ap = pa — ¢

- Macroscopic spin (No noise)

Cba = Ejab sin(¢p — ¢g)
b

\_

RH, arXiv:2208.08577



Non-reciprocal two-group system

Np Noise Probability distribution of §62

6f = z ]I\}Lbsin(ﬁf’ — 0f) +n¢ is A¢-dependent
g b
b i=1

“Accidental
degeneracy”
parameterized by
Ap = pp — g
' Macroscopic spin (No noise) ~ — Macroscopic spin (With noise) \
¢a — Ejab Sln(¢b _ ¢a) ................... > ¢a =~ j;b(A¢) Sln(¢b - ¢Cl)
g it —
\§ J \§ : J

A¢p-dependent renormalized coupling

RH, arXiv:2208.08577



Order-by-time-crystalline order

Ap = —(jap(@) + jpa(@)) sin Ag P
. .2 2
Jo]=0 cosAg | | | ]
T2 (j2 — j2 cos? A¢p)? sin A¢ Stable fixed point Ag, = £

o: Noise strength

No noise With noise
21T
31/2
_Sm
| m
o
/2
0 0 . : . :
0 20 40 60 80 100 0 20 40 60" 80 100

: t
Order-by-disorder!

RH, arXiv:2208.08577



Order-by-
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2T

¢ — dc

Three communities with
natural frequency disorder

~  Kuramoto model (a = A, B, C)

Order parameter

Ng
0" = wi + Z z/aﬁsin (91'3 - Hia) Zy = 1 e'Pa = 1 y etba
a— Ta -

T

B=ABC =1 e
Clean system  "Accidentally Random natural frequency
\) degenerate” orbits o
%
\3 \\‘ 7
A ) o
| 1Ty
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0
0

2T 0

ba — Pn

RH, arXiv:2208.08577



2T

¢ — dc
)

0

Three communities with

B=AB,C j=1

tural frequency disorder

~  Kuramoto model (¢« = A,B,0)

Ng
6% = w¥ + Z Z]aﬁsin (Hjﬁ — 9{1)

Order parameter

Ng
. 1 0
Zy = rael¢a = — etba
Ng 4
=1

Clean system "Accidentally

\

\

N R
)\\V‘/»‘,‘»
e

A

0

A

ba — Pn

RH, arXiv:2208.08577
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Spin glass
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Sherrington and Kirkpatrick PRL1975

Extremely slow dynamics with no long ranged order



Ageing phenomena

N
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Parisi PNAS 2006 (Review)

Q: Can non-reciprocal frustrations also give rise

to these glassy dynamics?



One dimensional random spin chain

R R R R R R
Ji=2 Jiz1 Ji Jit1 Jit2 Jit3

NN (N (N (N N (N ()

NS NS A\

A U A U U U A U U

L L L L L L
Jila Jitq Ji Jit1 Jit2 Jit3

/
Ry o fET PTG LT 2,
’ 0 TH R < .



Reciprocal case J;; = Jj;

+ + +

N f\ f\ N f\ Y

NS NS A\
A2 A U A U A U A U A U A 4

+ — — + + +

/
(JE/RY o e NI T >
’ 0 TH R < .



Reciprocal case J;; = Jj;

+ + +

N f\ f\ N f\ Y

A U A U U U U U

+ — — + + +

Nematic order develops

/
SRy o Jer YD T >,
’ 0 TH R < .

Reciprocal limit of this model = no geometrical frustrations




Remprocal C.a§e].ij = Jji |
=Domain wall annihilation dynamics

¢; = 6; (mod 1)




Remprocal C-a§e].ij = Jji |
=Domain wall annihilation dynamics

Time correlation function Spatial correlation function
1.0 _— 1.0
(9) 0.6
0.6
— 0.3
"‘? — 02
2 0.3/0t,= 100 — X
= 200 —— 3 0.1/ (h) C(xt—>oo)—>1
. 400 m—
O 0.2 go0— 0-00 ot =100 _33880 — \
g 0.03 1600 — 64000 —
=00 100000
0.1 ‘ .. ———v—
10! 102 10° 10% 0 40
ot X
Ciltw + titw) = [(1/N)S2/L 0thai(tw + 1)005 ;(tw)]

Col(w,t) = [(1/(N = 2)) 3250, Y540 ()03 (1)]

where 200 —yy(t) and 2= (N) I, e

Slow dynamics towards long-ranged nematically ordered phase



Non-reciprocal case (J;;and Jj;; independent)
= Periodic and chaotic domain dynamics

¢; = 0; (mod m)

1 101 ' 201 - 38 01
PR FRY site | 7



Non-reciprocal case (J;;and Jj;; independent)
= Periodic and chaotic domain dynamics

Time correlation function Spatial correlation function
1.0 1.0
(d) ot=100 — 6400 —
06 400 —— 32000 —
: 1600 =—— 64000 ——
0.6 100000 ——
— 0.3
.._? = 0.2
o ot,= 100 — Rad
E ] R v 3 0.1
(j" 0.2 400 m—
« 80() mm 0.06
1600 = 0.03
3200 =— (e)
0 1L 6400 — |
10! 102 108 10% 0 40 80
ot X

Power law time correlation with ageing + short-range spatial correlations

Reminiscent of spin glasses!



Summary

 Pointed out a direct analogy between geometrical and
non-reciprocal frustration

"Accidental degeneracy”
of orbits

Order-by-disorder Spin-glass-like state

2m 10

"Accidentally (d)
degenerate” 3m/2 .
orbits

%~ %

2

10! 102 10° 10
t o,t

RH, arXiv:2208.08577



“Accidental degeneracy” of orbits

[Proof]

Continuity equation: Frie —Z 06, - —Z
l

i

96,
30, 3 Z[]ij cos(6; — ;)] T 0
7

‘ Jij = —Jji
éi = Z]U sm(HJ — 01)
J

Therefore, +Z—9 = 0.

RH, arXiv:2208.08577



Orbit-dependent fluctuations

/ Renormalized macroscopic spin dynamics N

(:ba — Zj:lb (¢) sin(qbb — ¢a) + ﬁa Noise strength ~o/N,
b

.

Orbit-dependent renormalized coupling

1, (P)
P 1)

Jar(®) = (cos? 60{") ¢

with ¢, = rpei®a = —yNa (67 4 () = [ d667p(66%; (D))

Ng i=1

Stabilizes certain orbits="0rbit selection” takes place!

RH, arXiv:2208.08577



(a)

2m

3m/2

] _l S
Jama=lBe 9 T

2

(d)

2m

3m/2 N

¢

Jamn>2lBe S L,

/2

(9)

21—

3m/2

¢

Jaa<<Jgg < "
2

RH, arXiv:2208.08577



2T

¢ — dc

Three communities with
natural frequency disorder

~  Kuramoto model (a = A, B, C)

Order parameter

Np
Qla = (,l)la + Z ZIaBSin (HJB — Hla) 7 =R ei¢)a — i N ew“
a — Rg o
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B=ABC =1 e
Clean system  "Accidentally Random natural frequency
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0
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RH, arXiv:2208.08577
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¢ — dc
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Three communities with

B=AB,C j=1

tural frequency disorder

~  Kuramoto model (¢« = A,B,0)

Ng
6% = w¥ + Z Z]aﬁsin (Hjﬁ — 9{1)

Order parameter
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. 1 0
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Hint: non-reciprocal flocking model

[
»

Low noise

High noise <«
y
Aligned
Aligned
S
3 .
+£ 0 Disordered 0 Chiral Chiral
I
Antialigned
Antialigned
-1 L
-1 0

j_= (jAB _jBA)/2

Chiral phase being enhanced by noise!

M. Fruchart*, RH*, P. B. Littlewood, and V. Vitelli, Nature 592, 363 (2021).

Chiral

Aligned

Swap

Chiral

Antialigned

Chiral + swap

0
J_= (jAB _jBA)/Z




B IC L 2 SRR

68 = Z ]Iillb sm(@b -a)

b i=1 P

’ ; ........................... ‘
Nk,
jaa ”’ “‘,]BB>0

‘e
‘e
.
.

RH, arXiv:2208.08577



B IC L 2 SRR

A . B
JAB
; .................. A
. - B _
02 = P 5& JBA R
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Non-reciprocity induced frustration
+ noise + many-body interaction
= Time-periodic ordered phase

No noise, two agents

AGQ — 0

M. Fruchart*, RH*, P. B. Littlewood, and V. Vitelli, Nature 592, 363 (2021).



Non-reciprocity induced frustration
+ noise + many-body interaction
= Time-periodic ordered phase

With noise, two agents

»
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x/ Noise perturbs the state

M. Fruchart*, RH*, P. B. Littlewood, and V. Vitelli, Nature 592, 363 (2021).



Non-reciprocity induced frustration
+ noise + many-body interaction
= Time-periodic ordered phase

With noise, two agents

Chase-and-

°
, runaway
®

Noise restarts the chase-
and-runaway motion

M. Fruchart*, RH*, P. B. Littlewood, and V. Vitelli, Nature 592, 363 (2021).



Non-reciprocity induced frustration
+ noise + many-body interaction
= Time-periodic ordered phase

With noise, many agents
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Noise constantly (randomly)
kicks the state out of the
fixed point
and restarts the chase-and-
runaway motion

Many-body interaction gives
rise to macroscopic correlation
to stabilize the collective
motion = chiral phase

Noise-activated symmetry breaking reminiscent of order-by-disorder
transition known in frustrated systems
J.Villian, et al., J. de Phys. 41,1263 (1980).

M. Fruchart*, RH*, P. B. Littlewood, and V. Vitelli, Nature 592, 363 (2021).
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