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Outline

• Non-Hermitian physics and PT symmetry 

• Non-Bloch band theory  

• Non-Bloch parity-time symmetry: 1D and 2D



Hermiticity vs non-Hermiticity

for closed systems

for open systems System

Environment



Y. Ashida,  Z. Gong, M. Ueda, Advances in Phys. 2020  

Many ways to non-Hermiticity

https://arxiv.org/abs/1805.06492
https://arxiv.org/abs/1803.01876


Open classical-wave systems  

“Topological insulator laser”
Non-Hermitian Haldane model  
(Gain by pumping)

Photonic open systems 
(Loss by radiation)

Zhou et al, Science 359, 1009 (2018)

Harari, et al, Science, 359, 1230(2018)

http://science.sciencemag.org/content/359/6379/1009


Open quantum systems: Density matrix 

System

Environment

Quantum master equation:

Liouvillian is non-Hermitian:
Liouvillians as non-Hermitian “Hamiltonian”(density matrix as “wavefunction”)
 Applications in quantum optics, cold atom systems…

Environment effect



Open quantum systems: Quantum trajectory

System

Environment

Quantum master equation:

Heff

Lμ

Heff

Lμ Heff

Lμ

Heff

 Heff +  Quantum jumps
 Post-selection  Heff



Non-Hermitian Hamiltonian from statistical mechanics 

Asymmetric exclusion process (ASEP):

For more examples, see Y. Ashida et al, Advances in Physics, 69, 249 (2020)

Probability distribution



Non-Bloch PT symmetry of non-Hermitan systems

Bender-Boettcher 1998

Lee-Yang 1952

Recent concept



To understand phase transitions, Lee-Yang studied the 
behavior of partition function as a function of 
complex-valued chemical potential (or fugacity). 



invariant under PT:



PT symmetry and its breaking: a simplest model

E real-valued (PT-exact phase) E complex-valued (PT-broken phase)

PT symmetry:

A PT-symmetry Hamiltonian has two phases: PT-exact and PT-broken
phases.



P (parity) is inessential;  T (anti-unitary operation) is essential



Significance of PT symmetry 

• PT-symmetric single-mode lasers 
• Unidirectional invisibility 
• Enhanced sensing 
• Chiral mode conversion
• Robust wireless power transfer
• …… 

R. El-Ganainy, et al, Nat. Phys. 14, 11(2018)
M. Miri, et al, Science 363, 42 (2019) 

https://arxiv.org/abs/1805.06492
https://arxiv.org/abs/1803.01876


Non-Bloch PT symmetry of non-Hermitan systems

Recent concept
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Topological states of matter

Robust boundary states; bulk-boundary correspondence

impurity



Topological band theory: Simplicity in reciprocal space

Bulk energy band

Topological invariant

Trivial

Topological

PBC

OBC

Bulk energy band

Topological mode

E

E

E

Generalize it to non-Hermitian systems? 



Difficulty: High sensitivity of spectrum to boundary condition

Non-Hermitian SSH model

Extended model 



Difficulty: High sensitivity of spectrum to boundary condition

Non-Hermitian SSH model

Extended model 



All eigenstates are localized at the boundary 
 Bloch wave picture fails!

The mechanism is Non-Hermitian Skin Effect  (NHSE)

S. Yao, Z. Wang  PRL 121, 086803 (2018); 
F. Kunst, et al PRL 121, 026808 (2018);
C.H.Lee, R. Thomale PRB 99, 201103 (2019)  

NHSE can happen because 
eigenstates are not orthogonal.

https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.121.086803
https://arxiv.org/abs/1803.01876
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.121.026808
https://arxiv.org/abs/1805.06492
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.99.201103
https://arxiv.org/abs/1805.06492
https://arxiv.org/abs/1805.06492
https://arxiv.org/abs/1803.01876


Calculate energy spectrum from a general band theory? 



Generalized Brillouin Zone (GBZ)

GBZBZ

Bloch waves       BZ:|β|=1 
Non-Hermitian skin 
effect       GBZ:|β|≠1   

S. Yao, Z. Wang  PRL 121, 086803 (2018)

https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.121.086803
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.121.086803
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.121.086803


Equation of generalized Brillouin zone (GBZ) 

General derivation:  K. Yokomizo, S. Murakami, PRL 123, 066404 (2019)
The simplest M=1 case:  S. Yao, Z. Wang,  PRL 121, 086803 (2018) 
Further extended in: Z. Yang, K. Zhang, C. Fang, J.P. Hu, PRL, 125, 226402 (2020)

Great simplification in the large-L limit!

Input boundary condition:

A1 and A2 are very complicated

https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.123.066404
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.121.086803
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.125.226402


GBZ = Trajectory of β

S. Yao, ZW  PRL 121, 086803 (2018) ;   K. Yokomizo, S. Murakami, PRL 123, 066404 (2019)

BZ is unit circle

βM,βM+1

|βM(E)|=|βM+1(E)|  

GBZ

https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.121.086803
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.123.066404


Spectrums and wavefunction obtained from GBZ

Eigenvalues of H(β); β ∈GBZ 

Eigenvalues of H(β); |β|=1

|β|<1

GBZ



Non-Bloch band theory

Bloch band theory:

Non-Bloch band theory:

(Generalized Brillouin Zone)

( |β|=1)

( β∈GBZ )



Topological invariants defined in GBZ: 
Non-Bloch bulk-boundary correspondence

Non-Bloch winding number:

S. Yao, Z. Wang  PRL 121, 086803 (2018) 

https://arxiv.org/abs/1803.01876
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.121.086803


Beijing
Nat. Phys. 2020
(Peng Xue group
+ Wei Yi + Z.W. )

Rostock University
Science 2020

Amsterdam University
PNAS 2020

University of Zurich      
PR Research 2020

(T. Neupert group)

Wurzburg University
Nat. Phys. 2020

(R. Thomale +
L. W. Molenkamp +…)

Many experimental confirmations



Some of the subsequent progresses 

 Correspondence between winding number and skin modes 
[PRL, 125, 126402 (2020); PRL 124, 086801 (2020)]

 NHSE in correlated systems [PRL, 126, 176601 (2021)]
 Critical non-Hermitian skin effect [Nat. Comm. 11, 5491 (2021)
 Interplay between NHSE and disorders 
 New relaxation pattern in open quantum systems [PRL, 123, 170401 (2019)]
 GBZ and aGBZ, and GBZ algorithm based on resultant [PRL, 125.226402 (2020)]
 Non-Bloch band collapse [PRL, 124, 066602 (2020)]
 Non-Bloch band theory for symplectic class [PRB, 101, 195147 (2020)
 Dislocation NHSE [PRL, 127, 066401 (2020)] 
 Higher-order NHSE 

[PRB, 102, 205118 (2020); Nat. Comm. 12, 4691(2021); Nat. Comm. 12, 5377(2021)]
 NHSE in elastic media [PRL, 125, 118001 (2020)
 Topological switch of NHSE in lossy cold atom systems [PRL, 124, 250402 (2020)]
 NHSE-induced morphing of topological modes [Nature, 608, 50-55 (2022)]
 …….
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NHSE + PT symmetry = Non-Bloch PT symmetry 

 Non-Bloch band theory “Non-Bloch PT symmetry”
 It is a symmetry on the generalized Brillouin zone 

E real-valued (PT-exact phase) E complex-valued (PT-broken phase)

S. Longhi, PR Research (2019);  S. Longhi, Opt. Lett. (2019)

https://journals.aps.org/prresearch/abstract/10.1103/PhysRevResearch.1.023013
https://doi.org/10.1364/OL.44.005804
https://doi.org/10.1364/OL.44.005804
https://doi.org/10.1364/OL.44.005804


Quantum walk

Xiao et al (Peng Xue group), Phys. Rev. Lett. 126, 230402 (2021)

Onsite loss 

Non-Hermitian quantum walk of photons：

State rotation

Spatial shift

Fig. from S. Dadras et al, 
Phys. Rev. A 99, 043617 
(2019)

https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.126.230402
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.126.230402
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.126.230402


Non-Bloch PT symmetry  

PBC (grey)
OBC (blue)

PT-exact

Xiao et al (Peng Xue group), Phys. Rev. Lett. 126, 230402 (2021)

PT-broken

https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.126.230402
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.126.230402
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.126.230402


Non-Bloch PT symmetry  

PBC (grey)
OBC (blue)

PT-exact

PT-broken

Xiao et al (Peng Xue group), Phys. Rev. Lett. 126, 230402 (2021)

PT-exact

PT-broken

Numerical Simulation

https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.126.230402
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.126.230402
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.126.230402


Non-Bloch PT symmetry  

Experimentally observed

Xiao et al (Peng Xue group), Phys. Rev. Lett. 126, 230402 (2021)

PT-broken phase

PT-exact phase

https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.126.230402
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.126.230402
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.126.230402


Geometric origin of non-Bloch PT symmetry breaking in 1D 

H.M. Hu, H.Y. Wang, ZW, F. Song, to appear 

 See PT symmetry from 
the shape of GBZ

 GBZ cusps means PT 
symmetry breaking

cusp



Geometric origin of non-Bloch PT symmetry breaking in 1D 

H.M. Hu, H.Y. Wang, ZW, F. Song, to appear 

Discontinuous at GBZ cusp

See PT symmetry breaking from the shape of GBZ!



2D non-Bloch PT symmetry breaking

Seems normal



2D non-Bloch PT symmetry breaking

But the size dependence is strange

PT breaking induced by simply increasing size



2D non-Bloch PT symmetry breaking

Threshold universally approaches 0 as size increases

P = Proportion of complex-valued eigenenergies

2D 2D

F. Song, H. Y. Wang, Z. Wang , A Festschrift in Honor of the 
C N Yang Centenary, pp. 299-311 (2022)

https://arxiv.org/abs/2102.02230
https://arxiv.org/abs/2102.02230
https://arxiv.org/abs/2102.02230
https://arxiv.org/abs/2102.02230
https://arxiv.org/abs/2102.02230


2D non-Bloch PT symmetry breaking

Threshold universally approaches 
0 as size increases

P = Proportion of complex-valued eigenenergies

For Bloch or 1D non-Bloch PT
breaking, P quickly saturates
as size grows.

2D

3D is similar to 2D; 
both different from 1D 

2D

Open question: Universal functions characterizing the PT-breaking transitions beyond 1D?

F. Song, H. Y. Wang, Z. Wang , A Festschrift in Honor of the 

C N Yang Centenary, pp. 299-311 (2022)

https://arxiv.org/abs/2102.02230
https://arxiv.org/abs/2102.02230
https://arxiv.org/abs/2102.02230
https://arxiv.org/abs/2102.02230
https://arxiv.org/abs/2102.02230


2D non-Bloch PT symmetry breaking

Wave-function overlap

Strong size sensitivity of non-Bloch bands: 

Question: This explains the role of NHSE, but it seems independent of 
spatial dimensions.  Why are 2D/3D drastically differ from 1D?
Partial answer:  Because 1D is special; it is constrained by spectral theorems: 

1 at PT breaking point

Increases with size!

F. Song, H. Y. Wang, Z. Wang , A Festschrift in Honor of the 

C N Yang Centenary, pp. 299-311 (2022)

https://arxiv.org/abs/2102.02230
https://arxiv.org/abs/2102.02230
https://arxiv.org/abs/2102.02230
https://arxiv.org/abs/2102.02230
https://arxiv.org/abs/2102.02230


Experimentally 
observed

Non-Bloch PT 

symmetry

PT symmetry Non-Bloch band

Visible in
GBZ shape

Universal 

threshold

1D 2D,3D…

Experimentally testable 
& remains elusive

H.-M. Hu, H.-Y. Wang, ZW, F. Song, to appear  
F. Song, H.-Y. Wang, ZW , A Festschrift in Honor of the C N Yang Centenary, pp. 299-311 (2022)  



Outlook

• Other symmetries on the GBZ (non-Bloch symmetries)? 

• Theory and experiments of higher-dimensional non-Bloch 
bands? 

• Transport theory based on non-Bloch band theory?

• Many-body non-Hermitian physics?

• Many other open questions… 



Students:      Shunyu Yao               Fei Song Hong-Yi Wang                Yu-Min Hu
(now at Stanford)

Thank you!

Prof. Wei Yi                 Prof. Peng Xue


