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(Fig. 1E), indicating an approximate dimer
covering.

Measuring topological string operators

A defining property of a phase with topolog-
ical order is that it cannot be probed locally.
Hence, to investigate the possible presence of
a QSL state, it is essential to measure nonlocal
observables. In the case of dimer models, a

particularly convenient set of nonlocal varia-
bles is defined in terms of topological string
operators, which are analogous to those used
in the toric code model (3). For the present
model, there are two such string operators,
the first of which characterizes the effective
dimer description; the second probes quan-
tum coherence between dimer states (23).
We first focused on the diagonal operator

Z ¼
Y

i∈s
szi , with szi ¼ 1" 2ni , which mea-

sures the parity of Rydberg atoms along a
string S perpendicular to the bonds of the
kagome lattice (Fig. 2A). For the smallest
closed Z loop, which encloses a single ver-
tex of the kagome lattice, Zh i ¼ "1 for any
perfect dimer covering. Larger loops can be
decomposed into a product of small loops
around all the enclosed vertices, resulting in
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Fig. 1. Dimer model in Rydberg atoms arrays. (A) Fluorescence image of
219 atoms arranged on the links of a kagome lattice. The atoms, initially in the
ground state gj i, evolve according to the many-body dynamics U(t). The final
state of the atoms was determined by means of fluorescence imaging of ground-
state atoms. Rydberg atoms are indicated with red dimers on the bonds of
the kagome lattice. (B) We adjusted the blockade radius to Rb/a = 2.4 by
choosing W = 2p × 1.4 MHz and a = 3.9 mm, so that all six nearest neighbors of
an atom in rj i are within the blockade radius Rb. A state consistent with the
Rydberg blockade at maximal filling can then be viewed as a dimer covering of
the kagome lattice, where each vertex is touched by exactly one dimer. (C) In

the idealized limit, the QSL state corresponds to a coherent superposition of
exponentially many dimer coverings. (D) Detuning D(t) and Rabi frequency W(t)
used for quasi-adiabatic state preparation. (E) (Top) Average density of Rydberg
excitations nh i in the bulk of the system, excluding the outer three layers
(31). (Bottom) Probabilities of empty vertices in the bulk (monomers; blue
symbols), vertices attached to a single dimer (red symbols), or to double dimers
(weakly violating blockade; green symbols). After D/W ~ 3, the system reaches
~1/4 filling, where most vertices are attached to a single dimer, which is
consistent with an approximate dimer phase. The average density of defects
per vertex in the approximate dimer phase is ~0.2.

Fig. 2. Detecting a dimer phase by means of diagonal string operator.
(A) The Z string operator measures the parity of dimers along a string. (B) A
perfect dimer covering always has exactly one dimer touching each vertex of the
array, so that Zh i ¼ "1ð Þ around a single vertex and Zh i ¼ "1ð Þ#enclosed vertices for
larger loops. (C) Z parity measurements following the quasi-adiabatic sweep of Fig. 1D,

with the addition of a 200-ns ramp-down of W at the end to optimize preparation. At
different endpoints of the sweep and for (D) different loop sizes, we measured a
finite Zh i, which is consistent with an approximate dimer phase. The sign of Zh i
properly matches the parity of the number of enclosed vertices: 6 (red), 11 (green),
15 (blue), and 19 (orange). (E) The measured Zh i for the two largest loops (fig. S9).
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Collecting all the sixth order contributions, we obtain the e↵ective Hamiltonian,

He↵ = ��

X

p

Ŵp, (S4)

where � / K
6
�/G

5.

II. QUANTUM DIMER MODEL

In the dimer representation, the e↵ective Hamiltonian He↵ has the interpretation of dimer resonance motions. The
dimer Hilbert space is provided by the ground states of H0 respecting the hardcore dimer constraint. Acting on the
hardcore dimer states, a plaquette operator Ŵp generates dimer motions along closed paths around the plaquette p.
For example, pinwheel dimers are moved along the path of 12-site David star:
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Notice that the resulting dimer state is accompanied with an extra minus sign. On the other hand, hexagon dimers
are shifted along the path of 6-site hexagon:
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Dimer motion graph f(D)

1

-1

TABLE SI. Dimer motion graphs of Ŵp and the sign factor f(D). Each graph depicts a dimer configuration (red) and the

closed path (light blue) of the dimer motions by Ŵp. Other cases related by symmetry are dropped for simplicity.
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(Fig. 1E), indicating an approximate dimer
covering.

Measuring topological string operators

A defining property of a phase with topolog-
ical order is that it cannot be probed locally.
Hence, to investigate the possible presence of
a QSL state, it is essential to measure nonlocal
observables. In the case of dimer models, a

particularly convenient set of nonlocal varia-
bles is defined in terms of topological string
operators, which are analogous to those used
in the toric code model (3). For the present
model, there are two such string operators,
the first of which characterizes the effective
dimer description; the second probes quan-
tum coherence between dimer states (23).
We first focused on the diagonal operator

Z ¼
Y

i∈s
szi , with szi ¼ 1" 2ni , which mea-

sures the parity of Rydberg atoms along a
string S perpendicular to the bonds of the
kagome lattice (Fig. 2A). For the smallest
closed Z loop, which encloses a single ver-
tex of the kagome lattice, Zh i ¼ "1 for any
perfect dimer covering. Larger loops can be
decomposed into a product of small loops
around all the enclosed vertices, resulting in
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Fig. 1. Dimer model in Rydberg atoms arrays. (A) Fluorescence image of
219 atoms arranged on the links of a kagome lattice. The atoms, initially in the
ground state gj i, evolve according to the many-body dynamics U(t). The final
state of the atoms was determined by means of fluorescence imaging of ground-
state atoms. Rydberg atoms are indicated with red dimers on the bonds of
the kagome lattice. (B) We adjusted the blockade radius to Rb/a = 2.4 by
choosing W = 2p × 1.4 MHz and a = 3.9 mm, so that all six nearest neighbors of
an atom in rj i are within the blockade radius Rb. A state consistent with the
Rydberg blockade at maximal filling can then be viewed as a dimer covering of
the kagome lattice, where each vertex is touched by exactly one dimer. (C) In

the idealized limit, the QSL state corresponds to a coherent superposition of
exponentially many dimer coverings. (D) Detuning D(t) and Rabi frequency W(t)
used for quasi-adiabatic state preparation. (E) (Top) Average density of Rydberg
excitations nh i in the bulk of the system, excluding the outer three layers
(31). (Bottom) Probabilities of empty vertices in the bulk (monomers; blue
symbols), vertices attached to a single dimer (red symbols), or to double dimers
(weakly violating blockade; green symbols). After D/W ~ 3, the system reaches
~1/4 filling, where most vertices are attached to a single dimer, which is
consistent with an approximate dimer phase. The average density of defects
per vertex in the approximate dimer phase is ~0.2.

Fig. 2. Detecting a dimer phase by means of diagonal string operator.
(A) The Z string operator measures the parity of dimers along a string. (B) A
perfect dimer covering always has exactly one dimer touching each vertex of the
array, so that Zh i ¼ "1ð Þ around a single vertex and Zh i ¼ "1ð Þ#enclosed vertices for
larger loops. (C) Z parity measurements following the quasi-adiabatic sweep of Fig. 1D,

with the addition of a 200-ns ramp-down of W at the end to optimize preparation. At
different endpoints of the sweep and for (D) different loop sizes, we measured a
finite Zh i, which is consistent with an approximate dimer phase. The sign of Zh i
properly matches the parity of the number of enclosed vertices: 6 (red), 11 (green),
15 (blue), and 19 (orange). (E) The measured Zh i for the two largest loops (fig. S9).
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Fig. 2a, where H∥ = Hsinθ and H⊥ = Hcosθ are the field components 
parallel and perpendicular to the a axis, respectively, and θ is the angle 
between H and the c axis. In zero field, κxx exhibits a distinct kink at 
TN, as shown in Fig. 2a. Although this kink is observed in a perpendic-
ular field (θ = 0°) of 12 T at the same temperature, no such anomaly is 
observed in a parallel field11,12 (θ = 90°) of 7 T. In Fig. 2a, we also plot 
κxx in an applied magnetic field of 8 T, tilted away from the c axis 
(θ = 60°, µ0H∥ ≈ 7 T). As in the case of the parallel field, no kink is 

observed. Figure 1c displays the phase diagram of an α-RuCl3 sample 
in a tilted field of θ = 60°, where TN is plotted as a function of H∥. The 
inset of Fig. 2b shows TN plotted as a function of H∥ for θ = 45°, 60° and 
90°. For θ = 60°, TN agrees well with that for 90° and vanishes at the 
same critical field of µ0

∗H  ≈ 7 T, whereas for 45° TN vanishes at 
µ0H∥ ≈ 6 T. Although TN does not scale perfectly with H∥, these results 
demonstrate the quasi-2D nature of the magnetic properties. In stark 
contrast to the strong out-of-plane (a–c) anisotropy, the in-plane (a–b) 
anisotropy is very small (Extended Data Fig. 3a–c).

Above = ∗H H , where the AFM order melts, the presence of a pecu-
liar spin-liquid state has been suggested on the basis of nuclear mag-
netic resonance and neutron scattering measurements; the former show 
the presence of a spin gap25 and the latter reveal unusual continuous 
spin excitations26. These magnetic properties are consistent with those 
expected in a Kitaev-type spin-liquid state.

To study the thermal Hall effect in the spin-liquid state above 
= ∗H H , κxy is measured by sweeping fields in tilted directions and 

obtained by anti-symmetrizing the thermal response of the sample with 
respect to the field direction. In this configuration, the Hall response 
is determined by H⊥. Because the magnitude of κxy is extremely small 
compared to κxx in α-RuCl3, special care is taken to detect the intrinsic 
thermal Hall signal (see Methods). Figure 3a–d and Fig. 3e–h depict 
κxy/T at θ = 60° and 45°, respectively, plotted as a function of H⊥ above 

= ∗H H  at low temperatures. The experimental error in the detection 
of the temperature difference between Hall contacts becomes consid-
erable below 3.5 K, leading to unreliable determination of κxy in our 
setup.

In the AFM state, κxy/T is extremely small (see Extended Data Fig. 4). 
Upon entering the field-induced spin-liquid state, κxy/T, which is pos-
itive in sign, increases rapidly. The most striking feature is that κxy/T 
exhibits a plateau in the field range of 4.5 T < µ0H⊥ < 4.8–5.0 T for 
θ = 60° and 6.8 T < µ0H⊥ < 7.2–7.4 T for θ = 45°, as shown in Fig. 3a–c 
and Fig. 3e–g, respectively. The right axes represent κ /Txy

2D  in units of 
quantum thermal Hall conductance π/ k ħ( 6)( )B

2 , where κ κ= dxy xy
2D  with 

a layer distance21 of d = 5.72 Å. Remarkably, the plateau is very close to 
the half of the quantum thermal Hall conductance reported in the inte-
ger quantum Hall system27 within the error of 3%, demonstrating the 
emergence of a half-integer thermal Hall conductance plateau. Above 
µ0H⊥ ≈ 5.0 T for θ = 60° (7.4 T for θ = 45°), κ /Txy

2D  decreases rapidly 
and vanishes. We note that the half-integer quantized plateau is repro-
duced in crystal from different growth (Extended Data Fig. 5). 
Although the plateau behaviour seems to be preserved at 5.6 K, κ /Txy

2D  
slightly deviates from the quantized value. At higher temperatures, the 
plateau behaviour disappears (Fig. 3d, h).

The temperature dependence of κxy/T at magnetic fields where a 
plateau is observed is shown in Fig. 4. The half-integer thermal Hall 
conductance is observable up to about 5.5 K, above which κxy/T 
increases rapidly with T. As shown in the inset of Fig. 4, κxy/T decreases 
after reaching a maximum at around 15 K and nearly vanishes above 
about 60 K (see Extended Data Fig. 6). As the vanishing temperature 
of κxy/T is close to the Kitaev interaction, it is natural to consider that 
the finite thermal Hall signal reflects unusual quasiparticle excitations 
inherent to the spin-liquid state governed by the Kitaev interaction 
(see Methods for further discussion).

In equation (1), the coefficient q gives the chiral central charge of the 
gapless boundary modes, which propagate along one direction. The 
central charge represents a degree of freedom of one-dimensional gap-
less modes; it is unity for conventional fermions and 1/2 for Majorana 
fermions whose degrees of freedom are half of those of conventional 
fermions. An integer quantum Hall system with bulk Chern number 
ν has ν boundary modes with q = ν, whereas a Kitaev QSL with Chern 
number ν has ν Majorana boundary modes with q = ν/2. Thus, the 
observed half-integer thermal Hall conductance provides direct evi-
dence of chiral Majorana edge currents. We also note that the positive 
Hall sign is also consistent with that predicted in the Kitaev QSL1. In the 
pure Kitaev model, the excitation energy of the Z2 flux is estimated7 to 
be ∆F/kB ≈ 0.06JK/kB ≈ 5.5 K. Recent numerical results16 of the thermal 
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Fig. 1 | Chiral Majorana edge currents and temperature–magnetic field 
phase diagram of α-RuCl3. a, b, Schematic illustrations of heat 
conduction in the integer quantum Hall state of a 2D electron gas (a) and a 
Kitaev QSL state (b) in a magnetic field perpendicular to the sample plane 
(grey arrows). In the red (blue) area, the temperature is higher (lower), and 
the red and blue arrows represent thermal flow. In the quantum Hall state, 
the skipping orbits of electrons (green spheres) at the edge, which form 
one-dimensional edge channels, conduct heat and κxy is negative in sign. In 
the Kitaev QSL state, spins are fractionalized into Majorana fermions 
(yellow spheres) and Z2 fluxes (hexagons). The heat is carried by chiral 
edge currents of charge-neutral Majorana fermions and κxy is positive in 
sign. c, Phase diagram of α-RuCl3 in a field tilted at θ = 60° (see right inset, 
where green and blue arrows represent the magnetic field H and parallel 
field component H∥). Open and closed diamonds represent the onset 
temperature of AFM order with zigzag-type TN determined by the T and 
H dependences of κxx, respectively (see Fig. 2b and Extended Data Figs. 1 
and 2). Below T ≈ JK/kB ≈ 80 K, the spin-liquid (Kitaev paramagnetic) 
state appears. At µ ≈∗H 7 T0 , TN vanishes. A half-integer quantized plateau 
of the 2D thermal Hall conductance is observed in the red area. Open blue 
squares represent the fields where the thermal Hall response disappears. 
The red circle is the suggested topological phase-transition point that 
separates the non-trivial QSL state with topologically protected chiral 
Majorana edge currents from a trivial state, such as a non-topological spin 
liquid. The striped region denotes the region that was not accessible in the 
thermal Hall effect measurements. Error bars represent one standard 
deviation (error bars for the temperature are smaller than the symbols). 
The left inset shows the zigzag magnetic structure in the AFM state. The 
magnetic moments of Ru atoms represented by blue and green arrows are 
aligned antiparallel.
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FIG. 1. (Color online) (a) The crystal structure of α-RuCl3, ex-
hibiting lamellar nature of the unit cell. (b) Individual honeycomb
layers are formed by edge-sharing RuCl6 octahedra (Ru in blue, Cl
in gray). (c) Detailed view of RuCl6 octahedra showing bond angles.
All the figures were produced with VESTA [26].

of intervening Na atoms between the honeycomb layers in
the latter compound, such that α-RuCl3 is closer to an ideal
two-dimensional system.

Single crystal samples of α-RuCl3 were prepared by
vacuum sublimation from commercial RuCl3 powder. The
dielectric function ε̂(ω) = ε1(ω) + ε2(ω) of RuCl3 was mea-
sured from 0.1 to 6 eV; for the range 0.9–6 eV, ε̂(ω)
was determined using spectroscopic ellipsometry. From 0.1
to 1.2 eV, we measured the transmittance through a thin
RuCl3 sample and extracted ε̂(ω) using a standard model for
the transmittance of a plate sample [29]. X-ray absorption
spectroscopy measurements were performed using the soft
x-ray microcharacterization beamline (SXRMB) at the Cana-
dian Light Source. Measurements were carried out at the Ru
L3 (2p3/2 → 4d) and L2 (2p1/2 → 4d) absorption edges [30].

Physical properties of α-RuCl3 have been extensively
investigated. The magnetic susceptibility of α-RuCl3 shows
a sharp cusp around 13–15 K, which was attributed to
antiferromagnetic ordering [31]; and a Curie-Weiss fit yields
an effective local moment of about 2.2µB and ferromagnetic
Curie-Weiss temperatures of 23–40 K [28,31]. The effective
magnetic moment is much larger than the spin-only value of
1.73µB for the low spin (S = 1/2) state of Ru3+, indicating
a significant orbital contribution to total moment. Based on
these observations, it was suggested that the nearest-neighbor
interaction within the honeycomb plane is ferromagnetic and
that these planes are weakly coupled with an antiferromagnetic
interaction. However, powder neutron diffraction failed to
observe magnetic Bragg peaks of (003) type, which are
expected from the predicted simple magnetic structure [31].
Although several spectroscopic and transport investigations
have been carried out to study the electronic structure of
α-RuCl3 [24,25,32,33], the role of SOC was not explored in
detail in these earlier studies.

The importance of SOC in the electronic structure of
α-RuCl3 can be revealed through XAS measurements. The
x-ray absorption spectra obtained at the Ru L2 and L3 edges
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FIG. 2. (Color online) (a) X-ray absorption near-edge spectra of
RuCl3 measured at the Ru L3 edge. The black solid line is the
experimental data, and the red solid line is a fit function that includes
two Lorentzian peaks associated with t2g and eg states and an arctan
function describing the edge jump. (b) Same spectra showing the
energy range of the Ru L2 edge. The scale is exactly half of the one
shown in (a), emphasizing the departure from the statistical branching
ratio of 2. (c) Comparison of the branching ratio with various Ru
standard compounds, ranging from Ru2+ (RuCl2), Ru3+ (RuI3), to
Ru4+ (RuO2). Note that RuCl3 (hydrate) has a structure different
from α-RuCl3 studied here.

are shown in Fig. 2. Two peaks are observed for the L3
edge data shown in Fig. 2(a), corresponding to exciting 2p3/2
core electrons into empty t2g and eg states. The intensity
ratio between these two features is related to the fact that
there is only one empty t2g state available for the transition
compared to four empty eg states. A quantitative description
of the intensity and the peak splitting requires ligand field
multiplet calculations and is beyond the scope of this Rapid
Communication. Here we instead focus on the different line
shapes observed near the Ru L2edge compared to that of the L3
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FIG. 1. (Color online) (a) Temperature dependence of magnetic
susceptibilities with a field of 0.5 T applied parallel to the c axis and
within the ab plane. Inset shows a photograph of a typical single
crystal sample used in our studies. (b) Inverse susceptibility in both
directions. Also plotted is the inverse of powder average susceptibility
χave ≡ (2χab + χc)/3.

measurement system (PPMS) with fields up to 14 Tesla.
Specific heat measurements were also carried out using the
PPMS in zero applied field. Neutron diffraction measurements
were carried out using the multiaxis crystal spectrometer
(MACS) [40] and the BT-7 triple axis spectrometer at the NIST
Center for Neutron Research (NCNR). The measurements
on MACS were conducted using a collection of 35 single
crystal samples mounted together with a mosaic width of about
10 deg and total mass of 62 mg. Incident neutron energy was
5 meV, and the sample was mounted in the (H0L) plane. The
BT-7 data were collected using a similar crystal array of 60
crystals, with a mass of 70 mg. The incident neutron energy
was 14.7 meV, and measurements were conducted in both the
(H0L) and (HHL) planes. Throughout this paper we use the
hexagonal notation of a = 5.96 Å and c = 17.2 Å [31].

The temperature dependence of the magnetic susceptibility
measured with a 0.5 Tesla field is shown in Fig. 1(a). Here
we use the notation χc to denote susceptibility measured
with field applied perpendicular to the honeycomb plane, and
χab for susceptibility measured with in-plane field. The χab

data exhibit a peak around 15 K, in agreement with earlier
reports on powder samples [37,38]. The susceptibility is highly
anisotropic; χab is almost an order of magnitude larger than
χc at low temperatures. The Curie-Weiss temperatures also
differ significantly in the two directions. In Fig. 1(b) the
inverse susceptibility data are fitted with Curie-Weiss behavior

above 200 K. The Curie-Weiss temperatures are "c ≈ −145 K
and "ab ≈ 68 K. The effective paramagnetic moments in-
ferred from the Curie constant fit of the susceptibility are
µeff ≈ 2.0µB and µeff ≈ 2.3µB for χab and χc, respectively.
These values for paramagnetic moments are consistent with
earlier reports, and are larger than the spin-only value of
1.73µB for the low-spin state (S = 1/2) for Ru3+, which
probably indicates a significant contribution from the orbital
moment. Although the Curie-Weiss temperatures obtained
in our study are different from the values reported earlier,
when we fit the powder average [χave ≡ (2χab + χc)/3], we
obtain Curie-Weiss temperature of about 40 K, more in
line with earlier studies [37,38]. The observed anisotropy
of Curie-Weiss temperature has an interesting implication in
view of the J -K-# model. According to the high temperature
expansion formula introduced in Ref. [19], the Curie-Weiss
temperature anisotropy satisfies ("c − "ab)/("c + 2"ab) =
#/(3J + K). Since we find "c ≈ −2"ab, and we assume
that # is not infinitely large, we can estimate that J ∼ −K/3
in this compound. This is quite different from Na2IrO3, for
which #/(3J + K) ∼ −0.3 [19,21]. We also note that the
susceptibility anisotropy of α-RuCl3 is opposite to that of
Na2IrO3; that is, χab < χc in Na2IrO3.
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FIG. 2. (Color online) (a) Detailed view of low temperature
region of the parallel and perpendicular susceptibilities shown in
Fig. 1(a). χc values are multiplied by 10 to fit on the same scale.
Also shown is the temperature dependence of heat capacity. (b) The
nonmonotonic part of the heat capacity, obtained by subtracting a
smooth polynomial background [i.e., the solid line in (a)] from the
raw data. The entropy change %Sm was obtained by integration:
%Sm =

∫ T

0 (%Cp/T )dT .
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where |�i and |�0
i are states in the ground state manifold, H0|�i = E

(0)
� |�i, H0|�0

i = E
(0)
�0 |�0

i, and similarly for
the intermediate states, |↵i, |�i, |⇢i, |µi, |⌫i. Figure S1 illustrates one example (among various possible sixth order
processes): we act the Kitaev terms, K��

�
j �

�
k +K⌧ ⌧

�
j ⌧

�
k , along a plaquette p using Eq. (S1). Its contribution to He↵

is given by the expression,
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Collecting all the sixth order contributions, we obtain the e↵ective Hamiltonian,

He↵ = ��

X

p

Ŵp, (S4)

where � / K
6
�/G

5.

II. QUANTUM DIMER MODEL

In the dimer representation, the e↵ective Hamiltonian He↵ has the interpretation of dimer resonance motions. The
dimer Hilbert space is provided by the ground states of H0 respecting the hardcore dimer constraint. Acting on the
hardcore dimer states, a plaquette operator Ŵp generates dimer motions along closed paths around the plaquette p.
For example, pinwheel dimers are moved along the path of 12-site David star:

= |txi1 ⌦ |tzi2 ⌦ |tyi3 ⌦ |txi4 ⌦ |tzi5 ⌦ |tyi6

Ŵp
��! �

z
1 |txi1 ⌦ �

y
2 |tzi2 ⌦ �

x
3 |tyi3 ⌦ �

z
4 |txi4 ⌦ �

y
5 |tzi5 ⌦ �

x
6 |tyi6

= i|tyi1 ⌦ i|txi2 ⌦ i|tzi3 ⌦ i|tyi4 ⌦ i|txi5 ⌦ i|tzi6 = (�1) . (S5)

Notice that the resulting dimer state is accompanied with an extra minus sign. On the other hand, hexagon dimers
are shifted along the path of 6-site hexagon:

= |tzi1 ⌦ |si2 ⌦ |txi3 ⌦ |si4 ⌦ |tyi5 ⌦ |si6

Ŵp
��! �

z
1 |tzi1 ⌦ �

y
2 |si2 ⌦ �

x
3 |txi3 ⌦ �

z
4 |si4 ⌦ �

y
5 |tyi5 ⌦ �

x
6 |si6

= |si1 ⌦ |tyi2 ⌦ |si3 ⌦ |tzi4 ⌦ |si5 ⌦ |txi6 = . (S6)

Dimer motion graph f(D)

1

-1

TABLE SI. Dimer motion graphs of Ŵp and the sign factor f(D). Each graph depicts a dimer configuration (red) and the

closed path (light blue) of the dimer motions by Ŵp. Other cases related by symmetry are dropped for simplicity.
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Motivation: Transition between QSLs

6

QSL A QSL B
?

• No symmetry breaking

• Landau-Ginzburg-Wilson theory does not work

• How do we understand the transition?
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• Majorana fermions
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Fig. 2a, where H∥ = Hsinθ and H⊥ = Hcosθ are the field components 
parallel and perpendicular to the a axis, respectively, and θ is the angle 
between H and the c axis. In zero field, κxx exhibits a distinct kink at 
TN, as shown in Fig. 2a. Although this kink is observed in a perpendic-
ular field (θ = 0°) of 12 T at the same temperature, no such anomaly is 
observed in a parallel field11,12 (θ = 90°) of 7 T. In Fig. 2a, we also plot 
κxx in an applied magnetic field of 8 T, tilted away from the c axis 
(θ = 60°, µ0H∥ ≈ 7 T). As in the case of the parallel field, no kink is 

observed. Figure 1c displays the phase diagram of an α-RuCl3 sample 
in a tilted field of θ = 60°, where TN is plotted as a function of H∥. The 
inset of Fig. 2b shows TN plotted as a function of H∥ for θ = 45°, 60° and 
90°. For θ = 60°, TN agrees well with that for 90° and vanishes at the 
same critical field of µ0

∗H  ≈ 7 T, whereas for 45° TN vanishes at 
µ0H∥ ≈ 6 T. Although TN does not scale perfectly with H∥, these results 
demonstrate the quasi-2D nature of the magnetic properties. In stark 
contrast to the strong out-of-plane (a–c) anisotropy, the in-plane (a–b) 
anisotropy is very small (Extended Data Fig. 3a–c).

Above = ∗H H , where the AFM order melts, the presence of a pecu-
liar spin-liquid state has been suggested on the basis of nuclear mag-
netic resonance and neutron scattering measurements; the former show 
the presence of a spin gap25 and the latter reveal unusual continuous 
spin excitations26. These magnetic properties are consistent with those 
expected in a Kitaev-type spin-liquid state.

To study the thermal Hall effect in the spin-liquid state above 
= ∗H H , κxy is measured by sweeping fields in tilted directions and 

obtained by anti-symmetrizing the thermal response of the sample with 
respect to the field direction. In this configuration, the Hall response 
is determined by H⊥. Because the magnitude of κxy is extremely small 
compared to κxx in α-RuCl3, special care is taken to detect the intrinsic 
thermal Hall signal (see Methods). Figure 3a–d and Fig. 3e–h depict 
κxy/T at θ = 60° and 45°, respectively, plotted as a function of H⊥ above 

= ∗H H  at low temperatures. The experimental error in the detection 
of the temperature difference between Hall contacts becomes consid-
erable below 3.5 K, leading to unreliable determination of κxy in our 
setup.

In the AFM state, κxy/T is extremely small (see Extended Data Fig. 4). 
Upon entering the field-induced spin-liquid state, κxy/T, which is pos-
itive in sign, increases rapidly. The most striking feature is that κxy/T 
exhibits a plateau in the field range of 4.5 T < µ0H⊥ < 4.8–5.0 T for 
θ = 60° and 6.8 T < µ0H⊥ < 7.2–7.4 T for θ = 45°, as shown in Fig. 3a–c 
and Fig. 3e–g, respectively. The right axes represent κ /Txy

2D  in units of 
quantum thermal Hall conductance π/ k ħ( 6)( )B

2 , where κ κ= dxy xy
2D  with 

a layer distance21 of d = 5.72 Å. Remarkably, the plateau is very close to 
the half of the quantum thermal Hall conductance reported in the inte-
ger quantum Hall system27 within the error of 3%, demonstrating the 
emergence of a half-integer thermal Hall conductance plateau. Above 
µ0H⊥ ≈ 5.0 T for θ = 60° (7.4 T for θ = 45°), κ /Txy

2D  decreases rapidly 
and vanishes. We note that the half-integer quantized plateau is repro-
duced in crystal from different growth (Extended Data Fig. 5). 
Although the plateau behaviour seems to be preserved at 5.6 K, κ /Txy

2D  
slightly deviates from the quantized value. At higher temperatures, the 
plateau behaviour disappears (Fig. 3d, h).

The temperature dependence of κxy/T at magnetic fields where a 
plateau is observed is shown in Fig. 4. The half-integer thermal Hall 
conductance is observable up to about 5.5 K, above which κxy/T 
increases rapidly with T. As shown in the inset of Fig. 4, κxy/T decreases 
after reaching a maximum at around 15 K and nearly vanishes above 
about 60 K (see Extended Data Fig. 6). As the vanishing temperature 
of κxy/T is close to the Kitaev interaction, it is natural to consider that 
the finite thermal Hall signal reflects unusual quasiparticle excitations 
inherent to the spin-liquid state governed by the Kitaev interaction 
(see Methods for further discussion).

In equation (1), the coefficient q gives the chiral central charge of the 
gapless boundary modes, which propagate along one direction. The 
central charge represents a degree of freedom of one-dimensional gap-
less modes; it is unity for conventional fermions and 1/2 for Majorana 
fermions whose degrees of freedom are half of those of conventional 
fermions. An integer quantum Hall system with bulk Chern number 
ν has ν boundary modes with q = ν, whereas a Kitaev QSL with Chern 
number ν has ν Majorana boundary modes with q = ν/2. Thus, the 
observed half-integer thermal Hall conductance provides direct evi-
dence of chiral Majorana edge currents. We also note that the positive 
Hall sign is also consistent with that predicted in the Kitaev QSL1. In the 
pure Kitaev model, the excitation energy of the Z2 flux is estimated7 to 
be ∆F/kB ≈ 0.06JK/kB ≈ 5.5 K. Recent numerical results16 of the thermal 
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Fig. 1 | Chiral Majorana edge currents and temperature–magnetic field 
phase diagram of α-RuCl3. a, b, Schematic illustrations of heat 
conduction in the integer quantum Hall state of a 2D electron gas (a) and a 
Kitaev QSL state (b) in a magnetic field perpendicular to the sample plane 
(grey arrows). In the red (blue) area, the temperature is higher (lower), and 
the red and blue arrows represent thermal flow. In the quantum Hall state, 
the skipping orbits of electrons (green spheres) at the edge, which form 
one-dimensional edge channels, conduct heat and κxy is negative in sign. In 
the Kitaev QSL state, spins are fractionalized into Majorana fermions 
(yellow spheres) and Z2 fluxes (hexagons). The heat is carried by chiral 
edge currents of charge-neutral Majorana fermions and κxy is positive in 
sign. c, Phase diagram of α-RuCl3 in a field tilted at θ = 60° (see right inset, 
where green and blue arrows represent the magnetic field H and parallel 
field component H∥). Open and closed diamonds represent the onset 
temperature of AFM order with zigzag-type TN determined by the T and 
H dependences of κxx, respectively (see Fig. 2b and Extended Data Figs. 1 
and 2). Below T ≈ JK/kB ≈ 80 K, the spin-liquid (Kitaev paramagnetic) 
state appears. At µ ≈∗H 7 T0 , TN vanishes. A half-integer quantized plateau 
of the 2D thermal Hall conductance is observed in the red area. Open blue 
squares represent the fields where the thermal Hall response disappears. 
The red circle is the suggested topological phase-transition point that 
separates the non-trivial QSL state with topologically protected chiral 
Majorana edge currents from a trivial state, such as a non-topological spin 
liquid. The striped region denotes the region that was not accessible in the 
thermal Hall effect measurements. Error bars represent one standard 
deviation (error bars for the temperature are smaller than the symbols). 
The left inset shows the zigzag magnetic structure in the AFM state. The 
magnetic moments of Ru atoms represented by blue and green arrows are 
aligned antiparallel.
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same site-indices (j, k), and the inter-layer interactions
are nothing but the products of adjacent upper-layer and
lower-layer Kitaev interactions, ��

j �
�
k ⇥ ⌧

�
j ⌧

�
k [Fig. 1(b)].

The Hamiltonian commutes with the hexagon plaquette
operators defined on the upper and lower layers,
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x
6 & Ẑp = ⌧
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5 ⌧

x
6 , (2)

i.e., [H, Ŵp] = [H, Ẑp] = [Ŵp, Ẑp0 ] = 0; see Fig. 2(a) for
the site convention within a hexagon plaquette p.

In this paper, we focus on the parameter region,

K� = �K⌧ = cos ✓ & G = sin ✓, (3)

where 0  ✓  ⇡/2. We show two distinct quantum spin
liquids: (i) KSL⇥KSL bilayer product state in the weak
coupling limit, |K�,⌧ | � G (✓ ⇡ 0), and (ii) RVB state in
the strong coupling limit, |K�,⌧ | ⌧ G (✓ ⇡ ⇡/2). Gen-
eral cases beyond Eq. (3) are discussed in Supplemental
Material [28].
Dimer representation on a dual kagome lattice. We em-
ploy a dimer representation which helps to understand
the strong coupling limit. The bilayer model can be
regarded as a single layer honeycomb model with four
states per site. Each site may have either spin-singlet
state |si or spin-triplet state |tx,y,zi as shown in the ta-

�
z
⌦ ⌧

z basis |�
x
,�

y
,�

z
i basis Dimer rep.

|si = 1p
2
(| "#i � | #"i) |� 1,�1,�1i

|txi =
�1p
2
(| ""i � | ##i) |� 1,+1,+1i

|tyi =
ip
2
(| ""i+ | ##i) |+ 1,�1,+1i

|tzi =
1p
2
(| "#i+ | #"i) |+ 1,+1,�1i

FIG. 2. Dimer mapping to the dual kagome lattice. (a) Map-
ping from the honeycomb lattice to the kagome lattice. Dif-
ferent color lines denote the three bond characters, x(red),
y(green), z(blue). The numbers (1 ⇠ 6) indicate the site con-
vention within a hexagon plaquette p. (b),(c) Illustrations of
dimer states. The four local states {|si, |txi, |tyi, |tzi} and the
dimer mapping are defined in the bottom table.

ble of Fig. 2.

We take a mapping from the honeycomb lattice to a
dual kagome lattice. In Fig. 2(a), the dual kagome lattice
is constructed by connecting the mid-points of the bonds
of the honeycomb lattice. Sites of the honeycomb lat-
tice are now replaced by triangles of the kagome lattice.
Interestingly, the kagome lattice has three di↵erent bond
directions, which are perpendicular to the x, y, z-bond di-
rections of the honeycomb lattice. By using this property,
we assign a bond character (x, y, z) to each bond of the
kagome lattice [denoted by di↵erent colors in Fig. 2(a)].
In this mapping, the four local states {|si, |txi, |tyi, |tzi}
on the honeycomb lattice are represented by four dimer
states {| i, | i, | i, | i} on the dual kagome lattice.
The |si state is the no-dimer state at the corresponding
local triangle of the kagome lattice while the |t�i state is
the dimer state occupying the �-bond of the local trian-
gle. See Fig. 2(b),(c). This kind of mapping was intro-
duced in a recent study of dimer model [15].

With the dimer mapping, spin operators take the fol-
lowing representations.

�
z = |sihtz|+ |tzihs|� i|txihty|+ i|tyihtx|

= | ih |+ | ih |� i| ih |+ i| ih |. (4)

⌧
z = �|sihtz|� |tzihs|� i|txihty|+ i|tyihtx|

= �| ih |� | ih |� i| ih |+ i| ih |. (5)

Other spin operators are obtained by cyclic permutations
of (x, y, z) in the above. In the dimer picture, �z and ⌧

z

do monomer pair-creation/annihilation or monomer hop-
ping at the z-bond of the kagome lattice, and similarly
for other spin operators.

Emergence of resonating valence bonds. The strong cou-
pling limit of H is investigated by a perturbation theory.
In this case, the unperturbed Hamiltonian is the inter-
layer interaction part:

H0 = G

X

hjki�

�
�
j �

�
k . (6)

Here we employed the composite spin operator,

�
�
j ⌘ �

�
j ⌧

�
j , (7)

which is Z2-valued [(��
j )

2 = 1] and satisfies the relations,

[��
j ,�

�
k ] = 0 & �

x
j�

y
j�

z
j = �1.

Remarkably, the four states {|si, |txi, |tyi, |tzi} are the
eigenstates of the composite spin operators (�x

,�
y
,�

z)
as summarized in the table of Fig. 2. The composite
spin operators take simple dimer representations, e.g.,

�
z = �|sihs|+ |txihtx|+ |tyihty|� |tzihtz|

= �| ih |+ | ih |+ | ih |� | ih |. (8)
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• Hilbert space for dimer model
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same site-indices (j, k), and the inter-layer interactions
are nothing but the products of adjacent upper-layer and
lower-layer Kitaev interactions, ��

j �
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The Hamiltonian commutes with the hexagon plaquette
operators defined on the upper and lower layers,
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i.e., [H, Ŵp] = [H, Ẑp] = [Ŵp, Ẑp0 ] = 0; see Fig. 2(a) for
the site convention within a hexagon plaquette p.

In this paper, we focus on the parameter region,

K� = �K⌧ = cos ✓ & G = sin ✓, (3)

where 0  ✓  ⇡/2. We show two distinct quantum spin
liquids: (i) KSL⇥KSL bilayer product state in the weak
coupling limit, |K�,⌧ | � G (✓ ⇡ 0), and (ii) RVB state in
the strong coupling limit, |K�,⌧ | ⌧ G (✓ ⇡ ⇡/2). Gen-
eral cases beyond Eq. (3) are discussed in Supplemental
Material [28].
Dimer representation on a dual kagome lattice. We em-
ploy a dimer representation which helps to understand
the strong coupling limit. The bilayer model can be
regarded as a single layer honeycomb model with four
states per site. Each site may have either spin-singlet
state |si or spin-triplet state |tx,y,zi as shown in the ta-
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FIG. 2. Dimer mapping to the dual kagome lattice. (a) Map-
ping from the honeycomb lattice to the kagome lattice. Dif-
ferent color lines denote the three bond characters, x(red),
y(green), z(blue). The numbers (1 ⇠ 6) indicate the site con-
vention within a hexagon plaquette p. (b),(c) Illustrations of
dimer states. The four local states {|si, |txi, |tyi, |tzi} and the
dimer mapping are defined in the bottom table.

ble of Fig. 2.

We take a mapping from the honeycomb lattice to a
dual kagome lattice. In Fig. 2(a), the dual kagome lattice
is constructed by connecting the mid-points of the bonds
of the honeycomb lattice. Sites of the honeycomb lat-
tice are now replaced by triangles of the kagome lattice.
Interestingly, the kagome lattice has three di↵erent bond
directions, which are perpendicular to the x, y, z-bond di-
rections of the honeycomb lattice. By using this property,
we assign a bond character (x, y, z) to each bond of the
kagome lattice [denoted by di↵erent colors in Fig. 2(a)].
In this mapping, the four local states {|si, |txi, |tyi, |tzi}
on the honeycomb lattice are represented by four dimer
states {| i, | i, | i, | i} on the dual kagome lattice.
The |si state is the no-dimer state at the corresponding
local triangle of the kagome lattice while the |t�i state is
the dimer state occupying the �-bond of the local trian-
gle. See Fig. 2(b),(c). This kind of mapping was intro-
duced in a recent study of dimer model [15].

With the dimer mapping, spin operators take the fol-
lowing representations.

�
z = |sihtz|+ |tzihs|� i|txihty|+ i|tyihtx|

= | ih |+ | ih |� i| ih |+ i| ih |. (4)

⌧
z = �|sihtz|� |tzihs|� i|txihty|+ i|tyihtx|

= �| ih |� | ih |� i| ih |+ i| ih |. (5)

Other spin operators are obtained by cyclic permutations
of (x, y, z) in the above. In the dimer picture, �z and ⌧

z

do monomer pair-creation/annihilation or monomer hop-
ping at the z-bond of the kagome lattice, and similarly
for other spin operators.

Emergence of resonating valence bonds. The strong cou-
pling limit of H is investigated by a perturbation theory.
In this case, the unperturbed Hamiltonian is the inter-
layer interaction part:
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Here we employed the composite spin operator,
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which is Z2-valued [(��
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Remarkably, the four states {|si, |txi, |tyi, |tzi} are the
eigenstates of the composite spin operators (�x
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as summarized in the table of Fig. 2. The composite
spin operators take simple dimer representations, e.g.,
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z = �|sihs|+ |txihtx|+ |tyihty|� |tzihtz|

= �| ih |+ | ih |+ | ih |� | ih |. (8)
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In this paper, we focus on the parameter region,

K� = �K⌧ = cos ✓ & G = sin ✓, (3)

where 0  ✓  ⇡/2. We show two distinct quantum spin
liquids: (i) KSL⇥KSL bilayer product state in the weak
coupling limit, |K�,⌧ | � G (✓ ⇡ 0), and (ii) RVB state in
the strong coupling limit, |K�,⌧ | ⌧ G (✓ ⇡ ⇡/2). Gen-
eral cases beyond Eq. (3) are discussed in Supplemental
Material [28].
Dimer representation on a dual kagome lattice. We em-
ploy a dimer representation which helps to understand
the strong coupling limit. The bilayer model can be
regarded as a single layer honeycomb model with four
states per site. Each site may have either spin-singlet
state |si or spin-triplet state |tx,y,zi as shown in the ta-
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FIG. 2. Dimer mapping to the dual kagome lattice. (a) Map-
ping from the honeycomb lattice to the kagome lattice. Dif-
ferent color lines denote the three bond characters, x(red),
y(green), z(blue). The numbers (1 ⇠ 6) indicate the site con-
vention within a hexagon plaquette p. (b),(c) Illustrations of
dimer states. The four local states {|si, |txi, |tyi, |tzi} and the
dimer mapping are defined in the bottom table.

ble of Fig. 2.

We take a mapping from the honeycomb lattice to a
dual kagome lattice. In Fig. 2(a), the dual kagome lattice
is constructed by connecting the mid-points of the bonds
of the honeycomb lattice. Sites of the honeycomb lat-
tice are now replaced by triangles of the kagome lattice.
Interestingly, the kagome lattice has three di↵erent bond
directions, which are perpendicular to the x, y, z-bond di-
rections of the honeycomb lattice. By using this property,
we assign a bond character (x, y, z) to each bond of the
kagome lattice [denoted by di↵erent colors in Fig. 2(a)].
In this mapping, the four local states {|si, |txi, |tyi, |tzi}
on the honeycomb lattice are represented by four dimer
states {| i, | i, | i, | i} on the dual kagome lattice.
The |si state is the no-dimer state at the corresponding
local triangle of the kagome lattice while the |t�i state is
the dimer state occupying the �-bond of the local trian-
gle. See Fig. 2(b),(c). This kind of mapping was intro-
duced in a recent study of dimer model [15].

With the dimer mapping, spin operators take the fol-
lowing representations.
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of (x, y, z) in the above. In the dimer picture, �z and ⌧

z

do monomer pair-creation/annihilation or monomer hop-
ping at the z-bond of the kagome lattice, and similarly
for other spin operators.

Emergence of resonating valence bonds. The strong cou-
pling limit of H is investigated by a perturbation theory.
In this case, the unperturbed Hamiltonian is the inter-
layer interaction part:
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the strong coupling limit, |K�,⌧ | ⌧ G (✓ ⇡ ⇡/2). Gen-
eral cases beyond Eq. (3) are discussed in Supplemental
Material [28].
Dimer representation on a dual kagome lattice. We em-
ploy a dimer representation which helps to understand
the strong coupling limit. The bilayer model can be
regarded as a single layer honeycomb model with four
states per site. Each site may have either spin-singlet
state |si or spin-triplet state |tx,y,zi as shown in the ta-
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ping from the honeycomb lattice to the kagome lattice. Dif-
ferent color lines denote the three bond characters, x(red),
y(green), z(blue). The numbers (1 ⇠ 6) indicate the site con-
vention within a hexagon plaquette p. (b),(c) Illustrations of
dimer states. The four local states {|si, |txi, |tyi, |tzi} and the
dimer mapping are defined in the bottom table.
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We take a mapping from the honeycomb lattice to a
dual kagome lattice. In Fig. 2(a), the dual kagome lattice
is constructed by connecting the mid-points of the bonds
of the honeycomb lattice. Sites of the honeycomb lat-
tice are now replaced by triangles of the kagome lattice.
Interestingly, the kagome lattice has three di↵erent bond
directions, which are perpendicular to the x, y, z-bond di-
rections of the honeycomb lattice. By using this property,
we assign a bond character (x, y, z) to each bond of the
kagome lattice [denoted by di↵erent colors in Fig. 2(a)].
In this mapping, the four local states {|si, |txi, |tyi, |tzi}
on the honeycomb lattice are represented by four dimer
states {| i, | i, | i, | i} on the dual kagome lattice.
The |si state is the no-dimer state at the corresponding
local triangle of the kagome lattice while the |t�i state is
the dimer state occupying the �-bond of the local trian-
gle. See Fig. 2(b),(c). This kind of mapping was intro-
duced in a recent study of dimer model [15].

With the dimer mapping, spin operators take the fol-
lowing representations.

�
z = |sihtz|+ |tzihs|� i|txihty|+ i|tyihtx|

= | ih |+ | ih |� i| ih |+ i| ih |. (4)

⌧
z = �|sihtz|� |tzihs|� i|txihty|+ i|tyihtx|

= �| ih |� | ih |� i| ih |+ i| ih |. (5)

Other spin operators are obtained by cyclic permutations
of (x, y, z) in the above. In the dimer picture, �z and ⌧
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do monomer pair-creation/annihilation or monomer hop-
ping at the z-bond of the kagome lattice, and similarly
for other spin operators.

Emergence of resonating valence bonds. The strong cou-
pling limit of H is investigated by a perturbation theory.
In this case, the unperturbed Hamiltonian is the inter-
layer interaction part:
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Remarkably, the four states {|si, |txi, |tyi, |tzi} are the
eigenstates of the composite spin operators (�x

,�
y
,�

z)
as summarized in the table of Fig. 2. The composite
spin operators take simple dimer representations, e.g.,

�
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= �| ih |+ | ih |+ | ih |� | ih |. (8)
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Collecting all the sixth order contributions, we obtain the e↵ective Hamiltonian,
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Ŵp, (S4)
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5.

II. QUANTUM DIMER MODEL

In the dimer representation, the e↵ective Hamiltonian He↵ has the interpretation of dimer resonance motions. The
dimer Hilbert space is provided by the ground states of H0 respecting the hardcore dimer constraint. Acting on the
hardcore dimer states, a plaquette operator Ŵp generates dimer motions along closed paths around the plaquette p.
For example, pinwheel dimers are moved along the path of 12-site David star:
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Notice that the resulting dimer state is accompanied with an extra minus sign. On the other hand, hexagon dimers
are shifted along the path of 6-site hexagon:
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Ŵp
��! �

z
1 |tzi1 ⌦ �

y
2 |si2 ⌦ �

x
3 |txi3 ⌦ �

z
4 |si4 ⌦ �

y
5 |tyi5 ⌦ �

x
6 |si6

= |si1 ⌦ |tyi2 ⌦ |si3 ⌦ |tzi4 ⌦ |si5 ⌦ |txi6 = . (S6)

Dimer motion graph f(D)

1

-1

TABLE SI. Dimer motion graphs of Ŵp and the sign factor f(D). Each graph depicts a dimer configuration (red) and the

closed path (light blue) of the dimer motions by Ŵp. Other cases related by symmetry are dropped for simplicity.
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We introduce quantum dimer models on lattices made of corner-sharing triangles. These lattices include
the kagome lattice and can be defined in arbitrary geometry. They realize fully disordered and gapped
dimer-liquid phase with topological degeneracy and deconfined fractional excitations, as well as solid
phases. Using geometrical properties of the lattice, several results are obtained exactly, including the full
spectrum of a dimer liquid. These models offer a very natural–and maybe the simplest possible–
framework to illustrate general concepts such as fractionalization, topological order, and relation to Z2

gauge theories.
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Quantum dimer models (QDM) were introduced by
Rokhsar and Kivelson [1] in the context of resonating
valence-bond (RVB) theories for the high-temperature
superconductors [2]. Such models are expected to describe
the dynamics of singlet bonds (dimer) in quantum dis-
ordered spin- 12 antiferromagnets. They can describe two
generic phases: spin liquids where the system breaks no
symmetry at all and dimer (or valence-bond) crystals
where long-range dimer-dimer correlations develop.
Recently, a genuine liquid phase with a finite correlation
length was found in a QDM by Moessner and Sondhi on
the triangular lattice [3]. Such liquid states have attracted a
lot of interest because they display both fractional excita-
tions and topological order [4]. While fractionalization
could play an important role in some theories of high-
temperature superconductors [2,5], the topological proper-
ties of these liquid states have been proposed as possible
devices to implement quantum bits for quantum computa-
tions [6,7].

In this Letter we introduce QDM which realizes such a
dimer-liquid phase. Because of the geometric properties of
lattices made of corner-sharing triangles (the simplest two-
dimensional example being the kagome lattice [8]), these
models are solved exactly. As for the solvable point of the
QDM on the square [1] and triangular [3] lattices (see also
Ref. [9,10]), the ground state is the equal-amplitude super-
position of all dimer coverings in a given topological sector
[11]. Such a state has been first considered by Sutherland
[12] (SRK state in the following) and is the prototype of the
resonating valence-bond (RVB) state. However, our model
has several important differences with previous analogs:
(i) Not only the ground state but all excited states wave
functions are known. Elementary excitations are (pairs of)
noninteracting and gapped vortices [13] (called visons in
recent literature [5]). (ii) The model can be solved on any
geometry: torus, discs, or spheres. This allows one to
investigate the interplay between topology, ground-state
degeneracy, and elementary excitations in a very simple
way. (iii) Dimer-dimer correlations are strictly zero above
one lattice spacing. This makes this SRK wave function the

most possible disordered dimer-liquid state. (iv) This state
is inside the liquid phase, it is not lying at the phase
boundary with a crystalline phase. (v) It is known [14]
that QDM can be obtained as special limits of Z2 gauge
theories, the gauge variable being the dimer number on a
bond. Here we show a complete equivalence with a Z2
gauge theory. This allows one to investigate the confine-
ment transition which goes with a dimer crystallization in a
simple QDM which exhibits a liquid to solid transition
accompanied by a vison condensation.

For all these reasons the model we introduce is more
than a toy model, but the simplest RVB liquid. It is a ‘‘free
dimer-liquid’’ point in the short-ranged RVB phase. It
shows the generic properties which characterize that state
of matter, but almost any quantity can be computed exaclty.
It is a natural starting point for perturbative expansions
toward more realistic models.

Medial lattice construction.—The dimer models de-
scribed in this letter can be defined on lattices made of
corner-sharing triangles, constructed in the following way.
Let H be a trivalent lattice (each site has three neighbors).
The lattice K, where the dimers live, is the medial lattice of
H, i.e., the sites of K are the midpoints of the bonds of H
(Fig. 1). If H is the honeycomb lattice, K is the kagome
lattice [Fig. 2(a)]. In the following, unless mentioned oth-
erwise, we use kagome for simplicity, where plaquettes of
H are hexagons. We stress, however, that all results can be
generalized straightforwardly to other lattices (squagome

h’

h

FIG. 1. Medial lattice construction. From a trivalent lattice H
(full lines) we construct a lattice K whose sites (black dots) are
centers of the bonds. The sites of K are linked together (dashed
lines) to form triangular plaquettes. The pseudospin variables
live on the dual of H (h and h0).
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Collecting all the sixth order contributions, we obtain the e↵ective Hamiltonian,
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II. QUANTUM DIMER MODEL

In the dimer representation, the e↵ective Hamiltonian He↵ has the interpretation of dimer resonance motions. The
dimer Hilbert space is provided by the ground states of H0 respecting the hardcore dimer constraint. Acting on the
hardcore dimer states, a plaquette operator Ŵp generates dimer motions along closed paths around the plaquette p.
For example, pinwheel dimers are moved along the path of 12-site David star:
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Notice that the resulting dimer state is accompanied with an extra minus sign. On the other hand, hexagon dimers
are shifted along the path of 6-site hexagon:
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Ŵp
��! �

z
1 |tzi1 ⌦ �

y
2 |si2 ⌦ �

x
3 |txi3 ⌦ �

z
4 |si4 ⌦ �

y
5 |tyi5 ⌦ �

x
6 |si6

= |si1 ⌦ |tyi2 ⌦ |si3 ⌦ |tzi4 ⌦ |si5 ⌦ |txi6 = . (S6)

Dimer motion graph f(D)

1

-1

TABLE SI. Dimer motion graphs of Ŵp and the sign factor f(D). Each graph depicts a dimer configuration (red) and the

closed path (light blue) of the dimer motions by Ŵp. Other cases related by symmetry are dropped for simplicity.
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Ground state: RVB spin liquid!!!

<latexit sha1_base64="Ct1/fNF4JrwkLD93npp/4wErvpE=">AAACCXicbVDLSsNAFJ34rPUVdelmaBEEoSZCq8uiCwU3FewDmjRMJtN26EwSZiZCCN26cetnuHGhiFv/wF3/xuljoa0HBg7nnMude/yYUaksa2QsLa+srq3nNvKbW9s7u+befkNGicCkjiMWiZaPJGE0JHVFFSOtWBDEfUaa/uBq7DcfiJA0Cu9VGhOXo15IuxQjpSXPhA7T4QBBJxZRrCJ46zmS9jjqVOApvO6UPbNolawJ4CKxZ6RYLTgnz6NqWvPMbyeIcMJJqDBDUrZtK1ZuhoSimJFh3kkkiREeoB5paxoiTqSbTS4ZwiOtBLAbCf1CBSfq74kMcSlT7uskR6ov572x+J/XTlT3ws1oGCeKhHi6qJswqC8e1wIDKghWLNUEYUH1XyHuI4Gw0uXldQn2/MmLpHFWsiul8p1u4xJMkQOHoACOgQ3OQRXcgBqoAwwewQt4A+/Gk/FqfBif0+iSMZs5AH9gfP0AkMqb8Q==</latexit>

� / K6
�/G

5



18

Large G limit: RVB spin liquid

<latexit sha1_base64="ppDxvBrPi6vmhlNY36e2l6LPwgg="></latexit>

He↵(G � K) = ��
X

p

Ŵp
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Collecting all the sixth order contributions, we obtain the e↵ective Hamiltonian,
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Ŵp, (S4)
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II. QUANTUM DIMER MODEL

In the dimer representation, the e↵ective Hamiltonian He↵ has the interpretation of dimer resonance motions. The
dimer Hilbert space is provided by the ground states of H0 respecting the hardcore dimer constraint. Acting on the
hardcore dimer states, a plaquette operator Ŵp generates dimer motions along closed paths around the plaquette p.
For example, pinwheel dimers are moved along the path of 12-site David star:
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Notice that the resulting dimer state is accompanied with an extra minus sign. On the other hand, hexagon dimers
are shifted along the path of 6-site hexagon:
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Dimer motion graph f(D)
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TABLE SI. Dimer motion graphs of Ŵp and the sign factor f(D). Each graph depicts a dimer configuration (red) and the

closed path (light blue) of the dimer motions by Ŵp. Other cases related by symmetry are dropped for simplicity.
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Majorana mean-field theory
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Quantum dimer model 

(dual kagome lattice)
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Bilayer product state

Dimer Hilbert space
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�h��
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�
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j ⌧

�
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j �
�
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j ⌧

�
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<latexit sha1_base64="m+0PoId1PDCFfQfh93YcJLs8+xk="></latexit>

�h��
j �

�
k⌧

�
j ⌧

�
k i+ h��

j �
�
k ih⌧

�
j ⌧

�
k i

KSL ✕ KSL

RVB

<latexit sha1_base64="DLDYNamojZcfYAJUuwDok0e3kzU="></latexit>

h��
j �

�
k⌧

�
j ⌧

�
k i ⇡ h��

j �
�
k ih⌧

�
j ⌧

�
k i

<latexit sha1_base64="MDF9hWOhn/flOwDPFdRCpAF4iU0="></latexit>

h��
j �

�
k⌧

�
j ⌧

�
k i ⇡ �1

<latexit sha1_base64="p3MNpXAkzvH+ej+xHuHjcatBK8E="></latexit>

h��
j �

�
k i = �h⌧�j ⌧

�
k i ⇡ 0

Hardcore dimer constraint
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<latexit sha1_base64="PRaYrlO6HVQLfrYYyY3k8i5NQ7o=">AAACBHicbZC7SgNBFIZnvcZ4iwo2aRaDYGPYFbw0gRAbwSYBc4HsspydTJIhsxdmzgohpLDxVWwUFLG18gnsbHwWJ5dCE38Y+PjPOZw5vx8LrtCyvoyFxaXlldXUWnp9Y3NrO7OzW1NRIimr0khEsuGDYoKHrIocBWvEkkHgC1b3e5ejev2WScWj8Ab7MXMD6IS8zSmgtrxM9tpzFO8EUDjWhJAUHBopB7sMwcvkrLw1ljkP9hRyxf3KN38qfZS9zKfTimgSsBCpAKWathWjOwCJnAo2TDuJYjHQHnRYU2MIAVPuYHzE0DzUTstsR1K/EM2x+3tiAIFS/cDXnQFgV83WRuZ/tWaC7Qt3wMM4QRbSyaJ2IkyMzFEiZotLRlH0NQCVXP/VpF2QQFHnltYh2LMnz0PtJG+f5U8rOo0SmShFsuSAHBGbnJMiuSJlUiWU3JEH8kxejHvj0Xg13iatC8Z0Zo/8kfH+Ayfgm4E=</latexit>

K� = �K⌧ = cos ✓
<latexit sha1_base64="0aty8RxE3JrCrBtXEPi4aRj2Izw=">AAAB83icbVDJSgNBEO2JWxy3qEcvjUHwFGYEl0sw6EGPEcwCmSH0dHqSJj09TXeNEEJ+w4sHRb36Hd69iH9jZzlo9EHB470qqupFSnADnvfl5BYWl5ZX8qvu2vrG5lZhe6du0kxTVqOpSHUzIoYJLlkNOAjWVJqRJBKsEfUvx37jjmnDU3kLA8XChHQljzklYKXgqhwYLgPoMSDtQtEreRPgv8SfkeL5u1tWL59utV34CDopzRImgQpiTMv3FIRDooFTwUZukBmmCO2TLmtZKknCTDic3DzCB1bp4DjVtiTgifpzYkgSYwZJZDsTAj0z743F/7xWBvFZOORSZcAknS6KM4EhxeMAcIdrRkEMLCFUc3srpj2iCQUbk2tD8Odf/kvqRyX/pHR84xUrF2iKPNpD++gQ+egUVdA1qqIaokihe/SInpzMeXCenddpa86ZzeyiX3DevgE+GZTV</latexit>

G = sin ✓

3. Fermion-pair condensation (24+24)-site bilayer cluster

<latexit sha1_base64="rSGj56MZYaZBDqLQTJ3Pz9KCA9I="></latexit>
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<latexit sha1_base64="rfflHZXx8S1k71fMEsHGnAvHYQs="></latexit>
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<latexit sha1_base64="VR2+8IRa4zidcWYt8OFOCxFpRFA=">AAACFnicbVDLSgMxFM34rPU16tJNsAgubJkRfCAIRTcuW7APaOtwJ03btMnMkGSEUvoVbvohgrhxoYhbceffmD4EbT1w4dxz7iW5x484U9pxvqy5+YXFpeXESnJ1bX1j097aLqowloQWSMhDWfZBUc4CWtBMc1qOJAXhc1ryO1dDv3RHpWJhcKO7Ea0JaAaswQhoI3l2uqpYU4DXvq02QQjAk77z01/gNGaYeG1THc9OORlnBDxL3AlJZTPnD4+H+UHOsz+r9ZDEggaacFCq4jqRrvVAakY47SersaIRkA40acXQAARVtd7orD7eN0odN0JpKtB4pP7e6IFQqit8MylAt9S0NxT/8yqxbpzVeiyIYk0DMn6oEXOsQzzMCNeZpETzriFAJDN/xaQFEog2SSZNCO70ybOkeJRxTzLHeZPGJRojgXbRHjpALjpFWXSNcqiACLpHT+gFvVoD69l6s97Ho3PWZGcH/YH18Q25T6Fu</latexit>

��
j �

�
k = �icjck

KSL ✕ KSL

RVB

<latexit sha1_base64="rwcQ5+eq/h9wWENcH7Oi4hvfmZc=">AAACD3icbVDLSsNAFJ3UV42vqks3Q4siCCURfCyLbly4qGAf0JRyM520QyeTMDMRS+gfuBH8EjcuFHHr1l3/xknrQlsPXDiccy/33uPHnCntOGMrt7C4tLySX7XX1jc2twrbO3UVJZLQGol4JJs+KMqZoDXNNKfNWFIIfU4b/uAy8xt3VCoWiVs9jGk7hJ5gASOgjdQpHHgcRI9T7IWg+wR4ej3CnpxotgdxLKN77NidQskpOxPgeeL+kFKl6B09jSvDaqfw5XUjkoRUaMJBqZbrxLqdgtSMcDqyvUTRGMgAerRlqICQqnY6+WeE943SxUEkTQmNJ+rviRRCpYahbzqzq9Wsl4n/ea1EB+ftlIk40VSQ6aIg4VhHOAsHd5mkRPOhIUAkM7di0gcJRJsIsxDc2ZfnSf247J6WT25MGhdoijzaQ0V0iFx0hiroClVRDRH0gJ7RK3qzHq0X6936mLbmrJ+ZXfQH1uc3+Yme9A==</latexit>

hLi ⇡ 0

<latexit sha1_base64="u+pYX6b6OA6BtWWfsUi6vhART0s=">AAACDnicbVC7SgNBFJ31GeNr1dJmSAgIQtgVfJRBGwuLCOYB2SXcnUySIbOzy8ysGJZ8gY2FP2JjoYittV3+xtkkhSYeuHA4517uvSeIOVPaccbW0vLK6tp6biO/ubW9s2vv7ddVlEhCayTikWwGoChngtY005w2Y0khDDhtBIOrzG/cU6lYJO70MKZ+CD3BuoyANlLbLnkcRI9T7IWg+wR4ejPCnpxoeQ/iWEYP2G3bRafsTIAXiTsjxUrBO34eV4bVtv3tdSKShFRowkGpluvE2k9BakY4HeW9RNEYyAB6tGWogJAqP528M8Ilo3RwN5KmhMYT9fdECqFSwzAwndnRat7LxP+8VqK7F37KRJxoKsh0UTfhWEc4ywZ3mKRE86EhQCQzt2LSBwlEmwTzJgR3/uVFUj8pu2fl01uTxiWaIocOUQEdIRedowq6RlVUQwQ9ohf0ht6tJ+vV+rA+p61L1mzmAP2B9fUDuOye4Q==</latexit>

hLi ⇡ 1

Fermion excitations cannot 
move across the layers

Fermion excitations can 
move across the layers

Fermion-pair 
condensation!

<latexit sha1_base64="EOjcImH6BxOjlUhw+t3yKQJGMR0=">AAACDHicbVDLSgMxFM3UV62vqks3wSIIQpkp+FgW3bisYB/QGUomvdOGZjJDkhGGoR/gxpX/4caFIm79AHf9G9NOF9p6IORwzrkk9/gxZ0rb9sQqrKyurW8UN0tb2zu7e+X9g5aKEkmhSSMeyY5PFHAmoKmZ5tCJJZDQ59D2RzdTv/0AUrFI3Os0Bi8kA8ECRok2Uq9ccTkRAw7YjRXrOflVw66cqwKwbVJ21Z4BLxNnTir1Y/fseVJPG73yt9uPaBKC0JQTpbqOHWsvI1IzymFcchMFMaEjMoCuoYKEoLxstswYnxilj4NImiM0nqm/JzISKpWGvkmGRA/VojcV//O6iQ6uvIyJONEgaP5QkHCsIzxtBveZBKp5agihkpm/YjokklBt+iuZEpzFlZdJq1Z1Lqrnd6aNa5SjiI7QMTpFDrpEdXSLGqiJKHpEL+gNvVtP1qv1YX3m0YI1nzlEf2B9/QDYw50y</latexit>

h 1 2i 6= 0
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<latexit sha1_base64="PRaYrlO6HVQLfrYYyY3k8i5NQ7o=">AAACBHicbZC7SgNBFIZnvcZ4iwo2aRaDYGPYFbw0gRAbwSYBc4HsspydTJIhsxdmzgohpLDxVWwUFLG18gnsbHwWJ5dCE38Y+PjPOZw5vx8LrtCyvoyFxaXlldXUWnp9Y3NrO7OzW1NRIimr0khEsuGDYoKHrIocBWvEkkHgC1b3e5ejev2WScWj8Ab7MXMD6IS8zSmgtrxM9tpzFO8EUDjWhJAUHBopB7sMwcvkrLw1ljkP9hRyxf3KN38qfZS9zKfTimgSsBCpAKWathWjOwCJnAo2TDuJYjHQHnRYU2MIAVPuYHzE0DzUTstsR1K/EM2x+3tiAIFS/cDXnQFgV83WRuZ/tWaC7Qt3wMM4QRbSyaJ2IkyMzFEiZotLRlH0NQCVXP/VpF2QQFHnltYh2LMnz0PtJG+f5U8rOo0SmShFsuSAHBGbnJMiuSJlUiWU3JEH8kxejHvj0Xg13iatC8Z0Zo/8kfH+Ayfgm4E=</latexit>

K� = �K⌧ = cos ✓
<latexit sha1_base64="0aty8RxE3JrCrBtXEPi4aRj2Izw=">AAAB83icbVDJSgNBEO2JWxy3qEcvjUHwFGYEl0sw6EGPEcwCmSH0dHqSJj09TXeNEEJ+w4sHRb36Hd69iH9jZzlo9EHB470qqupFSnADnvfl5BYWl5ZX8qvu2vrG5lZhe6du0kxTVqOpSHUzIoYJLlkNOAjWVJqRJBKsEfUvx37jjmnDU3kLA8XChHQljzklYKXgqhwYLgPoMSDtQtEreRPgv8SfkeL5u1tWL59utV34CDopzRImgQpiTMv3FIRDooFTwUZukBmmCO2TLmtZKknCTDic3DzCB1bp4DjVtiTgifpzYkgSYwZJZDsTAj0z743F/7xWBvFZOORSZcAknS6KM4EhxeMAcIdrRkEMLCFUc3srpj2iCQUbk2tD8Odf/kvqRyX/pHR84xUrF2iKPNpD++gQ+egUVdA1qqIaokihe/SInpzMeXCenddpa86ZzeyiX3DevgE+GZTV</latexit>

G = sin ✓

3. Fermion-pair condensation (24+24)-site bilayer cluster

<latexit sha1_base64="xk1AZ99h5Iu6KSKWRvhMCPrUc80=">AAACCHicbZA7SwNBFIVn4yuur1VLCweDYBV2BR+NGLSxsIhgHphdwuxkNhkyuzvMzIphSWnj37C0sVDE1sbeRvw3ziZBNPHAwMe59zL3Hp8zKpVtfxm5qemZ2bn8vLmwuLS8Yq2uVWWcCEwqOGaxqPtIEkYjUlFUMVLngqDQZ6Tmd0+zeu2aCEnj6FL1OPFC1I5oQDFS2mpam26IVAcjlp73oYs4F/ENrP3QVdMq2EV7IDgJzggKx+/mEb//NMtN68NtxTgJSaQwQ1I2HJsrL0VCUcxI33QTSTjCXdQmDY0RCon00sEhfbitnRYMYqFfpODA/T2RolDKXujrzmxtOV7LzP9qjUQFh15KI54oEuHhR0HCoIphlgpsUUGwYj0NCAuqd4W4gwTCSmdn6hCc8ZMnobpbdPaLexd2oXQChsqDDbAFdoADDkAJnIEyqAAMbsEDeALPxp3xaLwYr8PWnDGaWQd/ZLx9A6dknL8=</latexit>

L ⇡ W ⇡ Z

<latexit sha1_base64="rSGj56MZYaZBDqLQTJ3Pz9KCA9I="></latexit>
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<latexit sha1_base64="rfflHZXx8S1k71fMEsHGnAvHYQs="></latexit>
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<latexit sha1_base64="VR2+8IRa4zidcWYt8OFOCxFpRFA=">AAACFnicbVDLSgMxFM34rPU16tJNsAgubJkRfCAIRTcuW7APaOtwJ03btMnMkGSEUvoVbvohgrhxoYhbceffmD4EbT1w4dxz7iW5x484U9pxvqy5+YXFpeXESnJ1bX1j097aLqowloQWSMhDWfZBUc4CWtBMc1qOJAXhc1ryO1dDv3RHpWJhcKO7Ea0JaAaswQhoI3l2uqpYU4DXvq02QQjAk77z01/gNGaYeG1THc9OORlnBDxL3AlJZTPnD4+H+UHOsz+r9ZDEggaacFCq4jqRrvVAakY47SersaIRkA40acXQAARVtd7orD7eN0odN0JpKtB4pP7e6IFQqit8MylAt9S0NxT/8yqxbpzVeiyIYk0DMn6oEXOsQzzMCNeZpETzriFAJDN/xaQFEog2SSZNCO70ybOkeJRxTzLHeZPGJRojgXbRHjpALjpFWXSNcqiACLpHT+gFvVoD69l6s97Ho3PWZGcH/YH18Q25T6Fu</latexit>
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�
k = �icjck

Hardcore dimer 
constraint

<latexit sha1_base64="DvCJ6M53nTKP4ROuhU8JzD/aeH8="></latexit>
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No distinction 
b/w ψ1 & ψ2



Anyon condensation topological transition
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<latexit sha1_base64="VgplAlv7QV6wMZx35ub1IuCV0bs="></latexit>
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hjki�
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�
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�
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<latexit sha1_base64="XWhLGeWwxImxeEt8EwwTXn/sQL0=">AAACDnicbVDLSgMxFM3UV62vUZeKBEvBVZkRfCyLbnTXgn1AZyiZNG1Dk8yQZIQydOnKjb/iRooibl278xv8CTNtF7X1QuBwzrn35p4gYlRpx/m2MkvLK6tr2fXcxubW9o69u1dTYSwxqeKQhbIRIEUYFaSqqWakEUmCeMBIPehfp3r9nkhFQ3GnBxHxOeoK2qEYaUO17ELiSQ5vFRXdoacpJ8oLjT8dN6O07LxTdMYFF4E7BfnS4ajy83A0KrfsL68d4pgToTFDSjVdJ9J+gqSmmJFhzosViRDuoy5pGiiQWewn43OGsGCYNuyE0jyh4Zid7UgQV2rAA+PkSPfUvJaS/2nNWHcu/YSKKNZE4MmiTsygDmGaDWxTSbBmAwMQltT8FeIekghrk2DOhODOn7wIaqdF97x4VjFpXIFJZcEBOAYnwAUXoARuQBlUAQaP4Bm8gjfryXqx3q2PiTVjTXv2wZ+yPn8BWxCgpg==</latexit>

Ising ⇥ Ising
<latexit sha1_base64="C2mMLqEJGHZrrE0gemZJBiMkgqs=">AAAB+3icbVDLSsNAFJ3UV62vWJduQosgWEoi+FgW3bisYB/QhDKZ3rRDJ5MwMxFDyF+4duNCEbf+iLv+jdPHQlsPXDiccy/33uPHjEpl2xOjsLa+sblV3C7t7O7tH5iH5baMEkGgRSIWia6PJTDKoaWoYtCNBeDQZ9Dxx7dTv/MIQtKIP6g0Bi/EQ04DSrDSUt8su5lTg1pYcyGWlEXczftm1a7bM1irxFmQaqPinj1PGmmzb367g4gkIXBFGJay59ix8jIsFCUM8pKbSIgxGeMh9DTlOATpZbPbc+tEKwMriIQurqyZ+nsiw6GUaejrzhCrkVz2puJ/Xi9RwbWXUR4nCjiZLwoSZqnImgZhDagAoliqCSaC6lstMsICE6XjKukQnOWXV0n7vO5c1i/udRo3aI4iOkYVdIocdIUa6A41UQsR9IRe0Bt6N3Lj1fgwPuetBWMxc4T+wPj6AVwSlwE=</latexit>

{1, e,m, ✏}

<latexit sha1_base64="//GVNWGOhfvX507ZiToj7cTBytw=">AAACBnicbVDLSsNAFJ34rPUVFdyIECyCq5IUfCxL3bhswT6wCWEymbRDJ5kwMxFKSDdu/BUXulDErQu/wJ0bv8VJ24W2Hhg4nHMvc8/xYkqENM0vbWFxaXlltbBWXN/Y3NrWd3ZbgiUc4SZilPGOBwWmJMJNSSTFnZhjGHoUt73BZe63bzEXhEXXchhjJ4S9iAQEQakkVz+0Qyj7npfeZG5llNo8NCTjBI0Q83Hm6iWzbI5hzBNrSkrV/cY3eax91F390/YZSkIcSUShEF3LjKWTQi4Jojgr2onAMUQD2MNdRSMYYuGk4xiZcawU3wgYVy+Sxlj9vZHCUIhh6KnJ/Ggx6+Xif143kcGFk5IoTiSO0OSjIKEqqZF3YviEYyTpUBGIOFG3GqgPOURSNVdUJVizkedJq1K2zsqnDdVGDUxQAAfgCJwAC5yDKrgCddAECNyBB/AMXrR77Ul71d4mowvadGcP/IH2/gP94p0s</latexit>

Z2 toric code

arXiv:2301.05721
<latexit sha1_base64="ASx2z1Ur1/n6Rf97eIDkmUUj2uA=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCF0uioh6LXjxWsB/QhDLZbtqlu0nY3Ygl5K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5QcKZ0o7zbZVWVtfWN8qbla3tnd09e7/aVnEqCW2RmMeyG4CinEW0pZnmtJtICiLgtBOMb6d+55FKxeLoQU8S6gsYRixkBLSR+nbVU2wo4DTzpMAcJlTmfbvm1J0Z8DJxC1JDBZp9+8sbxCQVNNKEg1I910m0n4HUjHCaV7xU0QTIGIa0Z2gEgio/m92e42OjDHAYS1ORxjP190QGQqmJCEynAD1Si95U/M/rpTq89jMWJammEZkvClOOdYynQeABk5RoPjEEiGTmVkxGIIFoE1fFhOAuvrxM2md197J+fn9Ra9wUcZTRITpCJ8hFV6iB7lATtRBBT+gZvaI3K7derHfrY95asoqZA/QH1ucPBeqUcQ==</latexit>

� � layer

<latexit sha1_base64="PKhyG21eqeR3O59HaT4YFtUsvGw=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSJ4sSQq6rHoxWMF+wFNKJvtpl26uwm7m0IJ/SdePCji1X/izX/jts1BWx8MPN6bYWZelHKmjed9Oyura+sbm6Wt8vbO7t6+e3DY1EmmCG2QhCeqHWFNOZO0YZjhtJ0qikXEaSsa3k/91ogqzRL5ZMYpDQXuSxYzgo2Vuq4bGJyd54ESiOMxVZOuW/Gq3gxomfgFqUCBetf9CnoJyQSVhnCsdcf3UhPmWBlGOJ2Ug0zTFJMh7tOOpRILqsN8dvkEnVqlh+JE2ZIGzdTfEzkWWo9FZDsFNgO96E3F/7xOZuLbMGcyzQyVZL4ozjgyCZrGgHpMUWL42BJMFLO3IjLAChNjwyrbEPzFl5dJ86LqX1cvH68qtbsijhIcwwmcgQ83UIMHqEMDCIzgGV7hzcmdF+fd+Zi3rjjFzBH8gfP5A4Dnk5Y=</latexit>

⌧ � layer

<latexit sha1_base64="vwYjLn18ckHe4LZwgdzGv4gGtqY=">AAAB6HicdVBNS8NAEN3Ur1q/qh69LBbBU0jaNJpb0YvHFqwttKFstpt27WYTdjdiCf0FXjwo4tWf5M1/46atoKIPBh7vzTAzL0gYlcqyPozCyura+kZxs7S1vbO7V94/uJFxKjBp45jFohsgSRjlpK2oYqSbCIKigJFOMLnM/c4dEZLG/FpNE+JHaMRpSDFSWmrdD8oVy/Q8q+o40DLrjut61ZzUPdutQdu05qiAJZqD8nt/GOM0IlxhhqTs2Vai/AwJRTEjs1I/lSRBeIJGpKcpRxGRfjY/dAZPtDKEYSx0cQXn6veJDEVSTqNAd0ZIjeVvLxf/8nqpCs/9jPIkVYTjxaIwZVDFMP8aDqkgWLGpJggLqm+FeIwEwkpnU9IhfH0K/yc3VdN2zVrLqTQulnEUwRE4BqfABmegAa5AE7QBBgQ8gCfwbNwaj8aL8bpoLRjLmUPwA8bbJ2nEjV0=</latexit>x
<latexit sha1_base64="tGQw+GOKSB1lFDvDugKe76yMEzk=">AAAB6HicdZDLSgMxFIbP1Futt6pLN8EiuBpmWntZFt24bMFeoB1KJk3b2ExmSDLCMPQJ3LhQxK2P5M63Mb1QVPSHwOH7zyHn/H7EmdKO82llNja3tneyu7m9/YPDo/zxSVuFsSS0RUIeyq6PFeVM0JZmmtNuJCkOfE47/vRm7nceqFQsFHc6iagX4LFgI0awNqiZDPIFxy7ViqVyEbm2sxAypFxxKtU1KcBKjUH+oz8MSRxQoQnHSvVcJ9JeiqVmhNNZrh8rGmEyxWPaM6XAAVVeulh0hi4MGaJRKM0TGi3o94kUB0olgW86A6wn6rc3h395vViPal7KRBRrKsjyo1HMkQ7R/Go0ZJISzRNTYCKZ2RWRCZaYaJNNzoSwvv3/ol203Ypdal4V6terOLJwBudwCS5UoQ630IAWEKDwCM/wYt1bT9ar9bZszVirmVP4Iev9CzQWjTg=</latexit>y

<latexit sha1_base64="gTGRUoPUMQ4mMU0C2gfEeQnwUIk=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmYyIZncgl48JmAWSIbQ0+lJWnsWunuEOOQLvHhQxKuf5M2/sbMIKvqg4PFeFVX1/IQzqSzrw8itrW9sbuW3Czu7e/sHxcOjjoxTQWibxDwWPR9LyllE24opTnuJoDj0Oe36t5dzv3tHhWRxdK2mCfVCPI5YwAhWWmrdD4sly6yUy67tIMt06lWnVtGkXnerro1s01qgBCs0h8X3wSgmaUgjRTiWsm9bifIyLBQjnM4Kg1TSBJNbPKZ9TSMcUulli0Nn6EwrIxTEQlek0EL9PpHhUMpp6OvOEKuJ/O3Nxb+8fqoC18tYlKSKRmS5KEg5UjGaf41GTFCi+FQTTATTtyIywQITpbMp6BC+PkX/k07ZtKum06qUGherOPJwAqdwDjbUoAFX0IQ2EKDwAE/wbNwYj8aL8bpszRmrmWP4AePtE3HhjWM=</latexit>z
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<latexit sha1_base64="/mDR44sGda04xrYHACUg3JxwGmw=">AAACHXicbZDLSsNAFIYn9VbrLerSTWgRBKVkgrdl0Y3LCvYCTQiT6bQdOrkwMxFCyFu4cuOruHGhiAs30rdx0lTQ1gMDH/9/DmfO70WMCmmaE620tLyyulZer2xsbm3v6Lt7bRHGHJMWDlnIux4ShNGAtCSVjHQjTpDvMdLxxte537knXNAwuJNJRBwfDQM6oBhJJbn6qZ1CF57Ygg59lEMkqAvtzJbUJyI3rR/TKkzLzly9ZtbNaRmLAGdQa1Tt44dJI2m6+qfdD3Hsk0BihoToQTOSToq4pJiRrGLHgkQIj9GQ9BQGSO120ul1mXGolL4xCLl6gTSm6u+JFPlCJL6nOn0kR2Ley8X/vF4sB5dOSoMoliTAxaJBzAwZGnlURp9ygiVLFCDMqfqrgUeIIyxVoBUVApw/eRHaVh2e189uVRpXoKgyOABVcAQguAANcAOaoAUweATP4BW8aU/ai/aufRStJW02sw/+lPb1DQglpEU=</latexit>
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KSL ✕ KSL RVB<latexit sha1_base64="EOjcImH6BxOjlUhw+t3yKQJGMR0=">AAACDHicbVDLSgMxFM3UV62vqks3wSIIQpkp+FgW3bisYB/QGUomvdOGZjJDkhGGoR/gxpX/4caFIm79AHf9G9NOF9p6IORwzrkk9/gxZ0rb9sQqrKyurW8UN0tb2zu7e+X9g5aKEkmhSSMeyY5PFHAmoKmZ5tCJJZDQ59D2RzdTv/0AUrFI3Os0Bi8kA8ECRok2Uq9ccTkRAw7YjRXrOflVw66cqwKwbVJ21Z4BLxNnTir1Y/fseVJPG73yt9uPaBKC0JQTpbqOHWsvI1IzymFcchMFMaEjMoCuoYKEoLxstswYnxilj4NImiM0nqm/JzISKpWGvkmGRA/VojcV//O6iQ6uvIyJONEgaP5QkHCsIzxtBveZBKp5agihkpm/YjokklBt+iuZEpzFlZdJq1Z1Lqrnd6aNa5SjiI7QMTpFDrpEdXSLGqiJKHpEL+gNvVtP1qv1YX3m0YI1nzlEf2B9/QDYw50y</latexit>
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