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The manuscript is structured as follows. We first introduce
the random quantum comb model in Sec. II. Then, in Sec. III,
we show that all eigenstates of the model are exponentially
localized along the backbone, and look at the implications of
this on the dynamics of the system. We discuss the compact
localized states in Sec. IV and finally, in Sec. V, we add density-
density interactions to the backbone of the comb and show that
the aforementioned CL states form exact many-body scars. We
draw our conclusions and outlook in Sec. VI.

II. MODEL

We consider a single quantum particle hopping on a ran-
dom, comb-like structure (as shown in Fig. 1) defined by the
Hamiltonian

�̂0 = �̂B + �̂O + �̂B–O , (1)

where
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describes hopping along the one-dimensional backbone and
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is the Hamiltonian on the o�shoots, which take the form of one-
dimensional chains of varying lengths. The coupling between
the two Hamiltonians is given by �̂B–O = �C2

Õ
G
(2̂

†

G,02̂G,1 +

H.c.). The index G labels the sites on the backbone, which
satisfy periodic boundary conditions, and the indices {8G} label
the sites on the o�shoots. ! and ✓G are the lengths of the
backbone and the o�shoot on site G, respectively, in units of the
lattice spacing. The randomness in the structure derives from
the lengths of the o�shoots, which are drawn from a probability
distribution ?(✓) with ✓ 2 N. The hopping amplitudes C1 and C2,
corresponding to the backbone and the o�shoots, respectively,
are real and positive. For C1 = C2, Eq. (1) represents the quantum
version of the random comb model studied in Refs. [26, 27, 33].

III. LOCALIZATION PROPERTIES

In this section, we prove analytically that all the eigenstates
of �̂0 in Eq. (1) are exponentially localized along the direction
of the backbone by investigating the localization length bloc (⇢)

at energy ⇢ using transfer matrix techniques. We then study
numerically the e�ects of these localized states on the dynamics
of the system along the backbone.
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FIG. 2. Localization length bloc as a function of energy ⇢ and the
ratio of the hopping parameters C2/C1 for a power-law probability
distribution of lengths ?(✓) ⇠ ✓

�W with W = 2.5, calculated using the
transfer matrix technique, for systems of size ! 2 [2 ⇥ 105

, 2 ⇥ 106
]

sites. The minima in bloc correspond to the discrete energy levels of
the o�shoots, ⇢ 2 {⇢

cl
=
}, which lead to a resonance in the magnitude

of the e�ective disorder. The dashed region, 2C2 < |⇢ | < 2C1 +
1
2 C

2
2/C1,

contains no resonances.

A. Transfer matrix results

Denoting the projection of the wavefunction onto the
sites with indices (G, 8G) by kG,8G

, the discrete form of the
Schrödinger equation according to the nearest neighbour tight-
binding Hamiltonian in Eq. (1) is given by

� C1kG�1,0 � C1kG+1,0 � C2kG,1 = ⇢kG,0 , (4)

for sites belonging to the backbone. Further, for sites belonging
to the o�shoots, we can write down

�C2kG,0 � C2kG,2 = ⇢kG,1 (5a)

.

.

.

�C2kG,✓G�1 = ⇢kG,✓G
, (5b)

where the length of the o�shoot on site G is ✓G . This set of
equations, determining the wavefunction on the o�shoots, can
be solved recursively to give

C2kG,1 = ,n (✓G)kG,0 , (6)

where we defined
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with n ⌘ ⇢/2C2 the energy of the particle in units of half the
bandwidth of the o�shoots. We further define ,n (0) = 0
for consistency of notation. Parametrising the energy as n =
� cos : , we arrive at the more succinct expression

,n (✓) =
C2 sin(✓:)

sin[(✓ + 1):]
. (8)
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In this work we investigate the e↵ects of configurational disorder on the eigenstates and dynamical
properties of a tight-binding model on a quasi-one-dimensional comb lattice, consisting of a backbone
decorated with linear o↵shoots of randomly distributed lengths. We show that all eigenstates are
exponentially localized along the backbone of the comb. Moreover, we demonstrate the presence of an
extensive number of compact localized states with precisely zero localization length. We provide an
analytical understanding of these states and show that they survive in the presence of density-density
interactions along the backbone of the system where, for su�ciently low but finite particle densities,
they form many-body scar states. Finally, we discuss the implications of these compact localized
states on the dynamical properties of systems with configurational disorder, and the corresponding
appearance of long-lived transient behaviour in the time evolution of physically relevant product
states.
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The role of disorder in quantum systems with itinerant
degrees of freedom has been the subject of much interest
over several decades since the pioneering work of An-
derson [1] and collaborators [2]. The field has recently
received renewed interest with a specific focus on the
interplay between disorder and interactions in many-body
localization [3–7], particularly with reference to questions
about ergodicity breaking in closed quantum systems and
the eigenstate thermalisation hypothesis [8–11].

Disorder can take many forms, and in some contexts it
can be due to the structure or configuration of the system
rather than random potential energy or random interac-
tion terms in the Hamiltonian. For example, an imper-
fect (quasi-) one-dimensional system may have dendritic
o↵shoots [12], as in biological systems [13], percolation
clusters [14], and spin chains [15–20]. Another example
is that of quasi-particles in dimer, vertex and ice models
– spin ice materials being a case in point [21]; in these
systems, spin correlations impose local constraints on
the quasi-particles’ dynamics that can result in quasi-1D
structures with a backbone and a distribution of dangling
ends or o↵shoots [22, 23].

Here we take a closer look at this phenomenon by inves-
tigating a model system consisting of a 1D tight-binding

chain with linear o↵shoots whose lengths are distributed
randomly (i.e., a random quantum comb model). Clas-
sical variants of comb models have been introduced as
a stepping stone to understanding di↵usion in percola-
tion clusters and other fractal systems [24]; the o↵shoots
lead to the trapping of particles, which inhibits their mo-
tion along the backbone, and can result in subdi↵usive
behaviour [25–33].

In the quantum model, we demonstrate that integrat-
ing out the o↵shoots of random lengths results in a lo-
calizing disorder for the quasi-particles moving along the
backbone. Remarkably, the configurational nature of the
disorder produces resonances between the total energy
of the particle and the energy levels of the o↵shoots.
These in turn give rise to an extensive number of states
with vanishing localization length along the backbone,
namely compact localized (CL) states [34, 35], see also
Refs. [36–39]. We provide an analytical understanding
of these states and a numerical study of their e↵ect on
the dynamics along the backbone. Furthermore, we give
conditions for their existence in comb-like structures with
generic o↵shoots. Importantly, these states appear also
in specific translationally-invariant configurations of the
comb structure, where they form flat bands.

We demonstrate that these CL states survive the ad-
dition of non-integrable interactions along the backbone.
They correspond to atypical, area law states in an other-
wise thermal spectrum, i.e., quantum many-body scars [40–
49] that give rise to weak ergodicity breaking. We argue
that these scar states have a strong overlap with several
physical states of interest in these systems, and are likely
to give rise to long-lived transients in their dynamical
properties before thermalization eventually sets in, as is
expected asymptotically.

Our results were obtained by studying a model system
in order to achieve an analytical understanding as well
as allowing for numerical simulations of reasonably large
systems and times. However, the key properties that we
uncovered ultimately hinge on a simple phenomenon: Inte-
grating out the o↵shoots gives rise to an energy-dependent
e↵ective disorder that leads to resonances between the
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extensive number of compact localized states with precisely zero localization length. We provide an
analytical understanding of these states and show that they survive in the presence of density-density
interactions along the backbone of the system where, for su�ciently low but finite particle densities,
they form many-body scar states. Finally, we discuss the implications of these compact localized
states on the dynamical properties of systems with configurational disorder, and the corresponding
appearance of long-lived transient behaviour in the time evolution of physically relevant product
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The role of disorder in quantum systems with itinerant
degrees of freedom has been the subject of much interest
over several decades since the pioneering work of An-
derson [1] and collaborators [2]. The field has recently
received renewed interest with a specific focus on the
interplay between disorder and interactions in many-body
localization [3–7], particularly with reference to questions
about ergodicity breaking in closed quantum systems and
the eigenstate thermalisation hypothesis [8–11].

Disorder can take many forms, and in some contexts it
can be due to the structure or configuration of the system
rather than random potential energy or random interac-
tion terms in the Hamiltonian. For example, an imper-
fect (quasi-) one-dimensional system may have dendritic
o↵shoots [12], as in biological systems [13], percolation
clusters [14], and spin chains [15–20]. Another example
is that of quasi-particles in dimer, vertex and ice models
– spin ice materials being a case in point [21]; in these
systems, spin correlations impose local constraints on
the quasi-particles’ dynamics that can result in quasi-1D
structures with a backbone and a distribution of dangling
ends or o↵shoots [22, 23].

Here we take a closer look at this phenomenon by inves-
tigating a model system consisting of a 1D tight-binding

chain with linear o↵shoots whose lengths are distributed
randomly (i.e., a random quantum comb model). Clas-
sical variants of comb models have been introduced as
a stepping stone to understanding di↵usion in percola-
tion clusters and other fractal systems [24]; the o↵shoots
lead to the trapping of particles, which inhibits their mo-
tion along the backbone, and can result in subdi↵usive
behaviour [25–33].

In the quantum model, we demonstrate that integrat-
ing out the o↵shoots of random lengths results in a lo-
calizing disorder for the quasi-particles moving along the
backbone. Remarkably, the configurational nature of the
disorder produces resonances between the total energy
of the particle and the energy levels of the o↵shoots.
These in turn give rise to an extensive number of states
with vanishing localization length along the backbone,
namely compact localized (CL) states [34, 35], see also
Refs. [36–39]. We provide an analytical understanding
of these states and a numerical study of their e↵ect on
the dynamics along the backbone. Furthermore, we give
conditions for their existence in comb-like structures with
generic o↵shoots. Importantly, these states appear also
in specific translationally-invariant configurations of the
comb structure, where they form flat bands.

We demonstrate that these CL states survive the ad-
dition of non-integrable interactions along the backbone.
They correspond to atypical, area law states in an other-
wise thermal spectrum, i.e., quantum many-body scars [40–
49] that give rise to weak ergodicity breaking. We argue
that these scar states have a strong overlap with several
physical states of interest in these systems, and are likely
to give rise to long-lived transients in their dynamical
properties before thermalization eventually sets in, as is
expected asymptotically.

Our results were obtained by studying a model system
in order to achieve an analytical understanding as well
as allowing for numerical simulations of reasonably large
systems and times. However, the key properties that we
uncovered ultimately hinge on a simple phenomenon: Inte-
grating out the o↵shoots gives rise to an energy-dependent
e↵ective disorder that leads to resonances between the
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The role of disorder in quantum systems with itinerant
degrees of freedom has been the subject of much interest
over several decades since the pioneering work of An-
derson [1] and collaborators [2]. The field has recently
received renewed interest with a specific focus on the
interplay between disorder and interactions in many-body
localization [3–7], particularly with reference to questions
about ergodicity breaking in closed quantum systems and
the eigenstate thermalisation hypothesis [8–11].

Disorder can take many forms, and in some contexts it
can be due to the structure or configuration of the system
rather than random potential energy or random interac-
tion terms in the Hamiltonian. For example, an imper-
fect (quasi-) one-dimensional system may have dendritic
o↵shoots [12], as in biological systems [13], percolation
clusters [14], and spin chains [15–20]. Another example
is that of quasi-particles in dimer, vertex and ice models
– spin ice materials being a case in point [21]; in these
systems, spin correlations impose local constraints on
the quasi-particles’ dynamics that can result in quasi-1D
structures with a backbone and a distribution of dangling
ends or o↵shoots [22, 23].

Here we take a closer look at this phenomenon by inves-
tigating a model system consisting of a 1D tight-binding

chain with linear o↵shoots whose lengths are distributed
randomly (i.e., a random quantum comb model). Clas-
sical variants of comb models have been introduced as
a stepping stone to understanding di↵usion in percola-
tion clusters and other fractal systems [24]; the o↵shoots
lead to the trapping of particles, which inhibits their mo-
tion along the backbone, and can result in subdi↵usive
behaviour [25–33].

In the quantum model, we demonstrate that integrat-
ing out the o↵shoots of random lengths results in a lo-
calizing disorder for the quasi-particles moving along the
backbone. Remarkably, the configurational nature of the
disorder produces resonances between the total energy
of the particle and the energy levels of the o↵shoots.
These in turn give rise to an extensive number of states
with vanishing localization length along the backbone,
namely compact localized (CL) states [34, 35], see also
Refs. [36–39]. We provide an analytical understanding
of these states and a numerical study of their e↵ect on
the dynamics along the backbone. Furthermore, we give
conditions for their existence in comb-like structures with
generic o↵shoots. Importantly, these states appear also
in specific translationally-invariant configurations of the
comb structure, where they form flat bands.

We demonstrate that these CL states survive the ad-
dition of non-integrable interactions along the backbone.
They correspond to atypical, area law states in an other-
wise thermal spectrum, i.e., quantum many-body scars [40–
49] that give rise to weak ergodicity breaking. We argue
that these scar states have a strong overlap with several
physical states of interest in these systems, and are likely
to give rise to long-lived transients in their dynamical
properties before thermalization eventually sets in, as is
expected asymptotically.

Our results were obtained by studying a model system
in order to achieve an analytical understanding as well
as allowing for numerical simulations of reasonably large
systems and times. However, the key properties that we
uncovered ultimately hinge on a simple phenomenon: Inte-
grating out the o↵shoots gives rise to an energy-dependent
e↵ective disorder that leads to resonances between the
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of a tight-binding model on a quasi-one-dimensional comb lattice, consisting of a backbone decorated with linear
o�shoots of randomly distributed lengths. We show that all eigenstates are exponentially localized along the
backbone of the comb. Moreover, we demonstrate the presence of an extensive number of compact localized
states with precisely zero localization length. We provide an analytical understanding of these states and show
that they survive in the presence of density-density interactions along the backbone of the system where, for
su�ciently low but finite particle densities, they form many-body scar states. Finally, we discuss the implications
of these compact localized states on the dynamical properties of systems with configurational disorder, and the
corresponding appearance of long-lived transient behaviour in the time evolution of physically relevant product
states.

I. INTRODUCTION

The role of disorder in quantum systems with itinerant de-
grees of freedom has been the subject of much interest over
several decades since the pioneering work of Anderson [1]
and collaborators [2]. The field has recently received renewed
interest with a specific focus on the interplay between disorder
and interactions in many-body localization [3–7], particularly
with reference to questions about ergodicity breaking in closed
quantum systems and the eigenstate thermalisation hypothe-
sis [8–11].

Disorder can take many forms, and in some contexts it can
be due to the structure or configuration of the system rather
than random potential energy or random interaction terms
in the Hamiltonian. For example, an imperfect (quasi-) one-
dimensional system may have dendritic o�shoots [12], as in
biological systems [13], percolation clusters [14], and spin
chains [15–20]. Another example is that of quasi-particles in
dimer, vertex and ice models – spin ice materials being a case
in point [21]; in these systems, spin correlations impose local
constraints on the quasi-particles’ dynamics that can result
in quasi-1D structures with a backbone and a distribution of
dangling ends or o�shoots [22, 23].

Here we take a closer look at this phenomenon by investi-
gating a model system consisting of a 1D tight-binding chain
with linear o�shoots whose lengths are distributed randomly
(i.e., a random quantum comb model). Classical variants of
comb models have been introduced as a stepping stone to
understanding di�usion in percolation clusters and other fractal
systems [24]; the o�shoots lead to the trapping of particles,
which inhibits their motion along the backbone, and can result
in subdi�usive behaviour [25–34].

In the quantum model, we demonstrate that integrating
out the o�shoots of random lengths results in a localizing
disorder for the quasi-particles moving along the backbone.
The configurational nature of the disorder produces resonances
between the total energy of the particle and the energy levels
of the o�shoots. These in turn give rise to an extensive
number of states with vanishing localization length along the
backbone, namely compact localized (CL) states [35, 36], see
also Refs. [37–40]. We provide an analytical understanding

t1

t2
t2

x

`x

FIG. 1. Diagram of a section of the random quantum comb system.
The hopping parameter is C1 in the backbone, and C2 in the o�shoots.
The length ✓G of the linear o�shoot at site G on the backbone is drawn
from the probability distribution ?(✓).

of these states and a numerical study of their e�ect on the
dynamics along the backbone. Furthermore, we give conditions
for their existence in comb-like structures with generic o�shoots.
Importantly, these states appear also in specific translationally-
invariant configurations of the comb structure, where they form
flat bands.

We demonstrate that these CL states survive the addition
of non-integrable interactions along the backbone. They cor-
respond to atypical, area law states in an otherwise thermal
spectrum, i.e., quantum many-body scars [41–50] that give rise
to weak ergodicity breaking. We argue that these scar states
have a strong overlap with several physical states of interest in
these systems, and are likely to give rise to long-lived transients
in their dynamical properties before thermalization eventually
sets in, as is expected asymptotically.

Our results were obtained by studying a model system in
order to achieve an analytical understanding as well as allowing
for numerical simulations of reasonably large systems and times.
However, the key properties that we uncovered ultimately hinge
on a simple phenomenon: Integrating out the o�shoots gives
rise to an energy-dependent e�ective disorder that leads to
resonances between the particle energy and the energy of the
available states at each site. We expect this behaviour to feature
in a broader class of systems. Indeed, we find that the density
of states in our model exhibits sharp features reminiscent of
the ones observed in a recent study of quantum spin ice [22],
alluding to the possibility that such compact localized states
may indeed play a role in the properties of that system.
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FIG. 5. Left/center: Configurations of path length zero and one. The monopole itself (and the region in which it can move)
are indicated in red. Each monopole position has one energetically blocked spin, marked in purple. Potentially flippable spins
(frozen because of the transverse field configuration) are marked in green, while spins that “cage” the monopole by immobilizing
the green spins are themselves marked in brown. Right: Cluster sizes for square ice, compared with the results for random
regular graphs with p = 0.63 and p = 2

3 connectivity. All the models have a finite fraction of very small clusters; this fraction
quantitatively matches for p = 0.63 (which is the appropriate connectivity in square ice, once one incorporates nearest neighbor
correlations).

The algorithm for constructing and analyzing trees is outlined in the main text: briefly, one begins with a randomly
generated spin ice configuration, flips a spin to create a monopole-antimonopole pair, moves the antimonopole to the
edge of the system, and then constructs a graph of paths that the monopole is allowed to traverse. This graph is
treelike, by construction, and we call it the microscopic tree. The microscopic trees and the random regular graphs
have somewhat di↵erent drawbacks. On the one hand, the microscopic tree incorporates local correlations that are
neglected by random regular graphs (RRGs), and thus gives a more accurate picture of the local physics. On the
other hand, the microscopic trees terminate when they hit the edge of the sample, and a finite fraction of the nodes
of the sample are at the edge. The states near the edge generally have lower coordination and are likelier to form
disconnected clusters (or localized wavefunctions on connected clusters). The RRG avoids these spurious edge e↵ects
by terminating the tree with large loops rather than cut edges. Comparing the behavior of the two models, the RRG
consistently seems less localized than the microscopic tree (Fig. 6).

FIG. 6. Comparison of exact diagonalization data on microscopic trees (top) and RRGs (bottom). (a) Density of states of
monopoles on constrained square ice, showing peaks due to disconnected clusters and a pronounced depletion near E = 0.
(b) Probability density of | (x)|; at small x this goes as P (| |) ⇠ | |�0.8. (c) Typical participation ratio of wavefunctions on
a cluster vs. size of cluster: IPRtyp.(L) ⇠ L�0.18. Lower panel: corresponding results on random regular graphs. For this case
one has P (| |) ⇠ | |�0.36 [panel (e)] and IPRtyp.(L) ⇠ L�0.66 [panel (f)].

As Fig. 6 shows, despite these quantitative di↵erences, both models show the main features we are interested in:
for example, both models have wavefunctions that appear multifractal at these scales, filling in only a small fraction
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The role of disorder in quantum systems with itinerant
degrees of freedom has been the subject of much interest
over several decades since the pioneering work of An-
derson [1] and collaborators [2]. The field has recently
received renewed interest with a specific focus on the
interplay between disorder and interactions in many-body
localization [3–7], particularly with reference to questions
about ergodicity breaking in closed quantum systems and
the eigenstate thermalisation hypothesis [8–11].

Disorder can take many forms, and in some contexts it
can be due to the structure or configuration of the system
rather than random potential energy or random interac-
tion terms in the Hamiltonian. For example, an imper-
fect (quasi-) one-dimensional system may have dendritic
o↵shoots [12], as in biological systems [13], percolation
clusters [14], and spin chains [15–20]. Another example
is that of quasi-particles in dimer, vertex and ice models
– spin ice materials being a case in point [21]; in these
systems, spin correlations impose local constraints on
the quasi-particles’ dynamics that can result in quasi-1D
structures with a backbone and a distribution of dangling
ends or o↵shoots [22, 23].

Here we take a closer look at this phenomenon by inves-
tigating a model system consisting of a 1D tight-binding
chain with linear o↵shoots whose lengths are distributed
randomly (i.e., a random quantum comb model). Clas-
sical variants of comb models have been introduced as
a stepping stone to understanding di↵usion in percola-
tion clusters and other fractal systems [24]; the o↵shoots
lead to the trapping of particles, which inhibits their mo-
tion along the backbone, and can result in subdi↵usive
behaviour [25–33].
In the quantum model, we demonstrate that integrat-

ing out the o↵shoots of random lengths results in a lo-
calizing disorder for the quasi-particles moving along the
backbone. Remarkably, the configurational nature of the

t1

t2
t2

x

`x

FIG. 1. Diagram of a section of the random quantum comb
system. The hopping parameter is t1 in the backbone, and t2

in the o↵shoots. The length `x of the linear o↵shoot at site
x on the backbone is drawn from the probability distribution
p(`).

disorder produces resonances between the total energy
of the particle and the energy levels of the o↵shoots.
These in turn give rise to an extensive number of states
with vanishing localization length along the backbone,
namely compact localized (CL) states [34, 35], see also
Refs. [36–39]. We provide an analytical understanding
of these states and a numerical study of their e↵ect on
the dynamics along the backbone. Furthermore, we give
conditions for their existence in comb-like structures with
generic o↵shoots. Importantly, these states appear also
in specific translationally-invariant configurations of the
comb structure, where they form flat bands.
We demonstrate that these CL states survive the ad-

dition of non-integrable interactions along the backbone.
They correspond to atypical, area law states in an other-
wise thermal spectrum, i.e., quantum many-body scars [40–
49] that give rise to weak ergodicity breaking. We argue
that these scar states have a strong overlap with several
physical states of interest in these systems, and are likely
to give rise to long-lived transients in their dynamical
properties before thermalization eventually sets in, as is
expected asymptotically.

Our results were obtained by studying a model system
in order to achieve an analytical understanding as well
as allowing for numerical simulations of reasonably large
systems and times. However, the key properties that we
uncovered ultimately hinge on a simple phenomenon: Inte-
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with ✏ ⌘ E/2t2 the energy of the particle in units of
half the bandwidth of the o↵shoots. We further define
W✏(0) = 0 for consistency of notation.

Equation (8) relates the wave function on the backbone
 x,0 to the o↵shoot  x,1 connected to the same site. Sub-
stituting Eq. (8) into the Schrodinger equation on the
backbone in Eq. (6), we obtain

� t1 x�1,0 � t1 x+1,0 = [E +W✏(`x)] x,0 . (10)

Equation (10) describes an e↵ective one-dimensional An-
derson model with a random on-site potential energy
term

P
x
µxĉ

†

x,0
ĉ
x,0

, with µx = �W✏(`x), the magnitude
of which depends explicitly on the energy E of the parti-
cle. Indeed, this process may be thought of as integrating
out the o↵shoots in order to provide the sites on the
backbone with a random self-energy. The explicit energy-
dependence induced by the o↵shoots can result in curious
dynamics along the backbone. In the case of infinite
o↵shoots attached to each site, the backbone dynamics
can be described by a fractional time Schrodinger equa-
tion [50, 51] (see also Appendix C).
Crucially, the function W✏(`) has ` simple poles. As a

result, the magnitude of the e↵ective disorder diverges at
these resonant energies, leading to a vanishing localiza-
tion length as a function of energy, and the existence of
CL states [52]. Such states are also known to occur in
percolation clusters in higher dimensions [53].
In our case, the poles of W✏(`) are at the energies

of a chain of length ` with open boundary conditions,

which has energy levels E
cl
n
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⌘
, where

n = 1, . . . , `. More generally, in the case of an arbitrary
(non-interacting) o↵shoot with Hamiltonian Ĥx connected
to the backbone at site x, the functionW✏(x) is simply pro-
portional to the diagonal element of the o↵shoot Green’s
function Ĝx(✏) = (Ĥx � ✏)�1 on the site connecting the
o↵shoot to the backbone (see Appendix A for further
details). The Green’s function will then exhibit poles
at the single-particle energies of that o↵shoot, i.e., the
eigenvalues of the o↵shoot Hamiltonian Ĥx.

For E 6= {E
cl
n

}, we introduce the 2⇥2 transfer matrices

Tx(E) =
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1 0

◆
, (11)

which allow the Schrodinger equation on the backbone,
Eq. (10), to be rewritten as
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. (12)

The localization length at energy E is then given by
⇠loc(E) = �

�1(E), where

�(E) = lim
L!1
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ln ||T̃L(E)|| , (13)

FIG. 3. Dynamics of the non-interacting system after starting
with a wave packet initially localized on the site x = 0 on
the backbone. (a): Disorder-averaged return probability R(t)
for several system sizes L 2 {1200, 2400, 3600}. (b): Disorder
averaged mean-square displacement X2(t). (c): Long-time
averaged probability distribution h⇧(x,1)i. In all panels,
the probability distribution for the lengths of the o↵shoots is
p(`) ⇠ `

�� with � = 2.5, and t2/t1 = � with � = (1 +
p
5).

is the largest Lyapunov exponent of the product of transfer
matrices T̃L =

Q
L

x=1
Tx(E) along the chain. The overline

indicates an average over the distribution of lengths of
the o↵shoots. Since detTn = 1, the product of trans-
fer matrices T̃L also has unit determinant and hence its
eigenvalues are reciprocals of one another. For a nontriv-
ial [54] probability distribution of the o↵shoots, p(`), it is
possible to use Furstenberg’s theorem [55] to show that
the Lyapunov exponent is strictly positive and thus the
localization length is finite ⇠loc(E) < 1.

Figure 2 shows a colour plot of the localization length
⇠loc as a function of the particle energy E and the ratio
t2/t1, where ⇠loc is computed numerically using stan-
dard transfer matrix techniques [56, 57]. We checked
numerically that the behaviour of ⇠loc(E) changes only
quantitatively, but not qualitatively, if we use a di↵erent
probability distribution p(`). As already discussed, for
energies satisfying the resonance condition E 2 {E

cl
n

} the
localization length drops to zero, as one can see from
Fig. 2. It is interesting to note that ⇠loc(E) is largest
at the edges of the energy spectrum, while in a stan-
dard Anderson model the localization length is instead
largest for energies belonging to the middle of the spec-
trum [56]. This behaviour may be understood by noting
that the e↵ective disordered potential W✏(`x) is smallest
at the edges of the spectrum, implying a larger localization
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⇠loc as a function of the particle energy E and the ratio
t2/t1, where ⇠loc is computed numerically using stan-
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In this work we investigate the e�ects of configurational disorder on the eigenstates and dynamical properties
of a tight-binding model on a quasi-one-dimensional comb lattice, consisting of a backbone decorated with linear
o�shoots of randomly distributed lengths. We show that all eigenstates are exponentially localized along the
backbone of the comb. Moreover, we demonstrate the presence of an extensive number of compact localized
states with precisely zero localization length. We provide an analytical understanding of these states and show
that they survive in the presence of density-density interactions along the backbone of the system where, for
su�ciently low but finite particle densities, they form many-body scar states. Finally, we discuss the implications
of these compact localized states on the dynamical properties of systems with configurational disorder, and the
corresponding appearance of long-lived transient behaviour in the time evolution of physically relevant product
states.

I. INTRODUCTION

The role of disorder in quantum systems with itinerant de-
grees of freedom has been the subject of much interest over
several decades since the pioneering work of Anderson [1]
and collaborators [2]. The field has recently received renewed
interest with a specific focus on the interplay between disorder
and interactions in many-body localization [3–7], particularly
with reference to questions about ergodicity breaking in closed
quantum systems and the eigenstate thermalisation hypothe-
sis [8–11].

Disorder can take many forms, and in some contexts it can
be due to the structure or configuration of the system rather
than random potential energy or random interaction terms
in the Hamiltonian. For example, an imperfect (quasi-) one-
dimensional system may have dendritic o�shoots [12], as in
biological systems [13], percolation clusters [14], and spin
chains [15–20]. Another example is that of quasi-particles in
dimer, vertex and ice models – spin ice materials being a case
in point [21]; in these systems, spin correlations impose local
constraints on the quasi-particles’ dynamics that can result
in quasi-1D structures with a backbone and a distribution of
dangling ends or o�shoots [22, 23].

Here we take a closer look at this phenomenon by investi-
gating a model system consisting of a 1D tight-binding chain
with linear o�shoots whose lengths are distributed randomly
(i.e., a random quantum comb model). Classical variants of
comb models have been introduced as a stepping stone to
understanding di�usion in percolation clusters and other fractal
systems [24]; the o�shoots lead to the trapping of particles,
which inhibits their motion along the backbone, and can result
in subdi�usive behaviour [25–34].

In the quantum model, we demonstrate that integrating
out the o�shoots of random lengths results in a localizing
disorder for the quasi-particles moving along the backbone.
The configurational nature of the disorder produces resonances
between the total energy of the particle and the energy levels
of the o�shoots. These in turn give rise to an extensive
number of states with vanishing localization length along the
backbone, namely compact localized (CL) states [35, 36], see
also Refs. [37–40]. We provide an analytical understanding

t1

t2
t2

x

`x

FIG. 1. Diagram of a section of the random quantum comb system.
The hopping parameter is C1 in the backbone, and C2 in the o�shoots.
The length ✓G of the linear o�shoot at site G on the backbone is drawn
from the probability distribution ?(✓).

of these states and a numerical study of their e�ect on the
dynamics along the backbone. Furthermore, we give conditions
for their existence in comb-like structures with generic o�shoots.
Importantly, these states appear also in specific translationally-
invariant configurations of the comb structure, where they form
flat bands.

We demonstrate that these CL states survive the addition
of non-integrable interactions along the backbone. They cor-
respond to atypical, area law states in an otherwise thermal
spectrum, i.e., quantum many-body scars [41–50] that give rise
to weak ergodicity breaking. We argue that these scar states
have a strong overlap with several physical states of interest in
these systems, and are likely to give rise to long-lived transients
in their dynamical properties before thermalization eventually
sets in, as is expected asymptotically.

Our results were obtained by studying a model system in
order to achieve an analytical understanding as well as allowing
for numerical simulations of reasonably large systems and times.
However, the key properties that we uncovered ultimately hinge
on a simple phenomenon: Integrating out the o�shoots gives
rise to an energy-dependent e�ective disorder that leads to
resonances between the particle energy and the energy of the
available states at each site. We expect this behaviour to feature
in a broader class of systems. Indeed, we find that the density
of states in our model exhibits sharp features reminiscent of
the ones observed in a recent study of quantum spin ice [22],
alluding to the possibility that such compact localized states
may indeed play a role in the properties of that system.
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The manuscript is structured as follows. We first introduce
the random quantum comb model in Sec. II. Then, in Sec. III,
we show that all eigenstates of the model are exponentially
localized along the backbone, and look at the implications of
this on the dynamics of the system. We discuss the compact
localized states in Sec. IV and finally, in Sec. V, we add density-
density interactions to the backbone of the comb and show that
the aforementioned CL states form exact many-body scars. We
draw our conclusions and outlook in Sec. VI.

II. MODEL

We consider a single quantum particle hopping on a ran-
dom, comb-like structure (as shown in Fig. 1) defined by the
Hamiltonian

�̂0 = �̂B + �̂O + �̂B–O , (1)

where

�̂B = �C1

!�1’
G=0

⇣
2̂
†

G,02̂G+1,0 + H.c.
⌘
, (2)

describes hopping along the one-dimensional backbone and

�̂O = �C2

!�1’
G=0

✓G�1’
8G=1

⇣
2̂
†

G,8G

2̂
G,8G+1 + H.c.

⌘
, (3)

is the Hamiltonian on the o�shoots, which take the form of one-
dimensional chains of varying lengths. The coupling between
the two Hamiltonians is given by �̂B–O = �C2

Õ
G
(2̂

†

G,02̂G,1 +

H.c.). The index G labels the sites on the backbone, which
satisfy periodic boundary conditions, and the indices {8G} label
the sites on the o�shoots. ! and ✓G are the lengths of the
backbone and the o�shoot on site G, respectively, in units of the
lattice spacing. The randomness in the structure derives from
the lengths of the o�shoots, which are drawn from a probability
distribution ?(✓) with ✓ 2 N. The hopping amplitudes C1 and C2,
corresponding to the backbone and the o�shoots, respectively,
are real and positive. For C1 = C2, Eq. (1) represents the quantum
version of the random comb model studied in Refs. [26, 27, 33].

III. LOCALIZATION PROPERTIES

In this section, we prove analytically that all the eigenstates
of �̂0 in Eq. (1) are exponentially localized along the direction
of the backbone by investigating the localization length bloc (⇢)

at energy ⇢ using transfer matrix techniques. We then study
numerically the e�ects of these localized states on the dynamics
of the system along the backbone.

FIG. 2. Localization length bloc as a function of energy ⇢ and the
ratio of the hopping parameters C2/C1 for a power-law probability
distribution of lengths ?(✓) ⇠ ✓

�W with W = 2.5, calculated using the
transfer matrix technique, for systems of size ! 2 [2 ⇥ 105

, 2 ⇥ 106
]

sites. The minima in bloc correspond to the discrete energy levels of
the o�shoots, ⇢ 2 {⇢

cl
=
}, which lead to a resonance in the magnitude

of the e�ective disorder. The dashed region, 2C2 < |⇢ | < 2C1 +
1
2 C

2
2/C1,

contains no resonances.

A. Transfer matrix results

Denoting the projection of the wavefunction onto the
sites with indices (G, 8G) by kG,8G

, the discrete form of the
Schrödinger equation according to the nearest neighbour tight-
binding Hamiltonian in Eq. (1) is given by

� C1kG�1,0 � C1kG+1,0 � C2kG,1 = ⇢kG,0 , (4)

for sites belonging to the backbone. Further, for sites belonging
to the o�shoots, we can write down

�C2kG,0 � C2kG,2 = ⇢kG,1 (5a)

.

.

.

�C2kG,✓G�1 = ⇢kG,✓G
, (5b)

where the length of the o�shoot on site G is ✓G . This set of
equations, determining the wavefunction on the o�shoots, can
be solved recursively to give

C2kG,1 = ,n (✓G)kG,0 , (6)

where we defined

,n (✓) = �
C2

n +
p
n

2 � 1

"
1 + 2

✓⇣
n +

p

n
2�1

n�

p

n
2�1

⌘
✓

� 1
◆�1

# , (7)

with n ⌘ ⇢/2C2 the energy of the particle in units of half the
bandwidth of the o�shoots. We further define ,n (0) = 0
for consistency of notation. Parametrising the energy as n =
� cos : , we arrive at the more succinct expression

,n (✓) =
C2 sin(✓:)

sin[(✓ + 1):]
. (8)
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density interactions to the backbone of the comb and show that
the aforementioned CL states form exact many-body scars. We
draw our conclusions and outlook in Sec. VI.

II. MODEL

We consider a single quantum particle hopping on a ran-
dom, comb-like structure (as shown in Fig. 1) defined by the
Hamiltonian

�̂0 = �̂B + �̂O + �̂B–O , (1)

where

�̂B = �C1
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⇣
2̂
†

G,02̂G+1,0 + H.c.
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, (2)

describes hopping along the one-dimensional backbone and
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2̂
†

G,8G

2̂
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⌘
, (3)

is the Hamiltonian on the o�shoots, which take the form of one-
dimensional chains of varying lengths. The coupling between
the two Hamiltonians is given by �̂B–O = �C2

Õ
G
(2̂

†

G,02̂G,1 +

H.c.). The index G labels the sites on the backbone, which
satisfy periodic boundary conditions, and the indices {8G} label
the sites on the o�shoots. ! and ✓G are the lengths of the
backbone and the o�shoot on site G, respectively, in units of the
lattice spacing. The randomness in the structure derives from
the lengths of the o�shoots, which are drawn from a probability
distribution ?(✓) with ✓ 2 N. The hopping amplitudes C1 and C2,
corresponding to the backbone and the o�shoots, respectively,
are real and positive. For C1 = C2, Eq. (1) represents the quantum
version of the random comb model studied in Refs. [26, 27, 33].

III. LOCALIZATION PROPERTIES

In this section, we prove analytically that all the eigenstates
of �̂0 in Eq. (1) are exponentially localized along the direction
of the backbone by investigating the localization length bloc (⇢)

at energy ⇢ using transfer matrix techniques. We then study
numerically the e�ects of these localized states on the dynamics
of the system along the backbone.

FIG. 2. Localization length bloc as a function of energy ⇢ and the
ratio of the hopping parameters C2/C1 for a power-law probability
distribution of lengths ?(✓) ⇠ ✓

�W with W = 2.5, calculated using the
transfer matrix technique, for systems of size ! 2 [2 ⇥ 105

, 2 ⇥ 106
]

sites. The minima in bloc correspond to the discrete energy levels of
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}, which lead to a resonance in the magnitude

of the e�ective disorder. The dashed region, 2C2 < |⇢ | < 2C1 +
1
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A. Transfer matrix results

Denoting the projection of the wavefunction onto the
sites with indices (G, 8G) by kG,8G

, the discrete form of the
Schrödinger equation according to the nearest neighbour tight-
binding Hamiltonian in Eq. (1) is given by

� C1kG�1,0 � C1kG+1,0 � C2kG,1 = ⇢kG,0 , (4)

for sites belonging to the backbone. Further, for sites belonging
to the o�shoots, we can write down

�C2kG,0 � C2kG,2 = ⇢kG,1 (5a)

.

.

.

�C2kG,✓G�1 = ⇢kG,✓G
, (5b)

where the length of the o�shoot on site G is ✓G . This set of
equations, determining the wavefunction on the o�shoots, can
be solved recursively to give

C2kG,1 = ,n (✓G)kG,0 , (6)

where we defined
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with n ⌘ ⇢/2C2 the energy of the particle in units of half the
bandwidth of the o�shoots. We further define ,n (0) = 0
for consistency of notation. Parametrising the energy as n =
� cos : , we arrive at the more succinct expression

,n (✓) =
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. (8)
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flow can be neglected here as the distribution P (J ) be-
haves invariant under the full RG-flow [45]. The above
picture of renormalization therefore connects the initial
distribution P�=0(J , x) to the final one (P�!1(x)). The
latter is equivalent to the level-spacing distribution P (s)
in the limit x ! 0.

With this picture in mind, of the RG accumulating
decimations on a circular shell, two phases can be im-
mediately identified: (i) For an initially uniform distri-
bution P�=0(J , x) ⇠ const, one obtains an extended
phase, exhibiting level-repulsion, i.e., P�!1(x) ⇠ x.
This is because the number of accumulated decimations
Ndec within a shell [r � dr, r] is Ndec / 2⇡rdr in this
case [45]. (ii) For any kind of short-ranged distribution,
P�=0(J , x) ⇠ e�J /⇠, where ⇠ ⌧ rmax is a characteris-
tic length scale, the RG leads to a localized phase, since
P�!1(x) ⇠ const (no level-repulsion).

The initial marginal distribution P (J ) in our system
consists of two regimes separated by a critical Jc ⇠ 1

L↵

[45], set by the typical hopping amplitude at maximum
distance L,

P�=0(J ) ⇠
(

1/(J1+1/↵) , J > Jc

L↵ , J < Jc.
(9)

As described above by means of the RG, these two
regimes map to two di↵erent phases: For J < Jc, the dis-
tribution in Eq. (9) is constant, leading to level-repulsion,
while for J > Jc it is concentrated near J = 0 and thus
avoids level-repulsion. At the crucial scale of the mean
level spacing � ⇠ 1

L (bandwidth can roughly be consid-
ered size-independent), the normalized critical jc defined
by jc = Jc/� ⇠ 1

L↵�1 then gives a critical point at ↵ = 1.

1. Dynamical extension

In this section we derive a dynamical extension of
Eqs. (8) that accounts for a periodic driving term �(t) 6= 0
in the Hamiltonian. As a simplification we start with a
harmonic driving ansatz,

H0(t) =
x

2

�
1 + �ei⌦t + h.c.

�
(ni � nj), (10)

where ⌦ denotes a driving frequency and � a dimension-
less driving strength. A time-dependent change of basis
is generally given by H 0(t) = e�S(⌧)H(t)eS(⌧) � i@tS(⌧),
with the Schrie↵er-Wol↵ (SW) generator S(⌧) = �S†(t).
In order to continuously dampen the o↵-diagonal hop-
ping terms of H1, we use the following generator

S(⌧) = J x

✓
c†
i cj +

✓
�

1 � !
c†
jci � �

1 + !
c†
i cj

◆
ei⌦t

◆
�h.c.,

(11)
where ! = ⌦/x represents a normalized driving fre-
quency. For simplicity, this generator is chosen such that
it does not create a time-dependence for the o↵-diagonal
hopping terms during the flow. It can be seen that the

continuous change of basis with S(⌧) can be expressed
in closed form by the following, ”driven” flow equations,
where we omit the explicit �-dependencies

8
><

>:

@
@�

J = �x2J
⇣
1 + 2�2 !

1�!2

⌘
,

@
@�

x = 4xJ 2,
@

@�
(x�) = �4h�J 2 1

1�!2 .

(12)

A few considerations are in order. (i) We neglected
higher-harmonic terms / �4, which naturally arise from
a time-dependent S(⌧). (ii) The driving strength � en-
ters quadratically and therefore explains the need for a
relatively large value of � = 1/2 to see significant e↵ects
from driving in our numerics. (iii) In the infinite fre-
quency limit ! ! 1 the flow equations just reduce to
the static ones, consistent with the universal scaling law
of Eq. (7).

For extraction of the phase structure we are only in-
terested in the behavior at large RG times ⌧�, since they
correspond to small values of x of the level-spacing. This
implies that large RG times also correspond to high val-
ues of ! = ⌦/x. The above set of equations thus can be
further simplified by considering only terms up to leading
order in 1/!,

8
><

>:

@
@�

J = �x2J
⇣
1 � 2�2

!

⌘
,

@
@�

x = 4xJ 2,
@

@�
(x�) = 0.

(13)

Within this approximation we find a first-order correction
of the integral of motion r2 to r̃2 = 4J2(1 + 2�2

! ) + x2.
Hence, a typical level spacing from the static case gets
scaled by 2�2

! . By identifying ⌧� ⇡ 1/x2, the driving
correction becomes manifestly irrelevant in the course of
the RG, 2�2

! ⇡ 1p
⌧�

2�2

⌦
. As a result, the non-interacting

algebraically localized phase is robust against driving.

C. Algebraic MBL

Having established that the non-interacting algebraic
phase is stable under periodic driving, we now turn to the
interacting case by setting V = 1 in Eq. (1). With the
aim to understand the robustness of an algebraic MBL
phase, we fix the parameters ↵ and W of H in Eq. (1)
such that the non-driven system is localized [47, 73, 81].
The numerical results have been computed using exact
diagonalization techniques, thus we will be limited by rel-
atively small systems L 2 [6, 16]. However, by studying
several probes to distinguish an ergodic phase from an
MBL one, even if a↵ected by finite-size e↵ects, we pro-
vide numerical evidence that at any finite frequency, er-
godicity is expected to be restored in the thermodynamic
limit.

As well as for the non-interacting case, we start our
analysis by inspecting the spectrum of the e↵ective
Hamiltonian HF in Eq. 3. Fig. 6 shows the r-value
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is the Hamiltonian on the o�shoots, which take the form of one-
dimensional chains of varying lengths. The coupling between
the two Hamiltonians is given by �̂B–O = �C2

Õ
G
(2̂

†

G,02̂G,1 +

H.c.). The index G labels the sites on the backbone, which
satisfy periodic boundary conditions, and the indices {8G} label
the sites on the o�shoots. ! and ✓G are the lengths of the
backbone and the o�shoot on site G, respectively, in units of the
lattice spacing. The randomness in the structure derives from
the lengths of the o�shoots, which are drawn from a probability
distribution ?(✓) with ✓ 2 N. The hopping amplitudes C1 and C2,
corresponding to the backbone and the o�shoots, respectively,
are real and positive. For C1 = C2, Eq. (1) represents the quantum
version of the random comb model studied in Refs. [26, 27, 33].

III. LOCALIZATION PROPERTIES

In this section, we prove analytically that all the eigenstates
of �̂0 in Eq. (1) are exponentially localized along the direction
of the backbone by investigating the localization length bloc (⇢)

at energy ⇢ using transfer matrix techniques. We then study
numerically the e�ects of these localized states on the dynamics
of the system along the backbone.
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A. Transfer matrix results

Denoting the projection of the wavefunction onto the
sites with indices (G, 8G) by kG,8G

, the discrete form of the
Schrödinger equation according to the nearest neighbour tight-
binding Hamiltonian in Eq. (1) is given by

� C1kG�1,0 � C1kG+1,0 � C2kG,1 = ⇢kG,0 , (4)

for sites belonging to the backbone. Further, for sites belonging
to the o�shoots, we can write down

�C2kG,0 � C2kG,2 = ⇢kG,1 (5a)

.

.

.

�C2kG,✓G�1 = ⇢kG,✓G
, (5b)

where the length of the o�shoot on site G is ✓G . This set of
equations, determining the wavefunction on the o�shoots, can
be solved recursively to give

C2kG,1 = ,n (✓G)kG,0 , (6)

where we defined

,n (✓) = �
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with n ⌘ ⇢/2C2 the energy of the particle in units of half the
bandwidth of the o�shoots. We further define ,n (0) = 0
for consistency of notation. Parametrising the energy as n =
� cos : , we arrive at the more succinct expression

,n (✓) =
C2 sin(✓:)

sin[(✓ + 1):]
. (8)
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where we defined

W✏(`x) = �
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✏+
p
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p
✏2�1

✏�
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(9)
with ✏ ⌘ E/2t2 the energy of the particle in units of
half the bandwidth of the o↵shoots. We further define
W✏(0) = 0 for consistency of notation.

Equation (8) relates the wave function on the backbone
 x,0 to the o↵shoot  x,1 connected to the same site. Sub-
stituting Eq. (8) into the Schrodinger equation on the
backbone in Eq. (6), we obtain

� t1 x�1,0 � t1 x+1,0 = [E +W✏(`x)] x,0 . (10)

Equation (10) describes an e↵ective one-dimensional An-
derson model with a random on-site potential energy
term

P
x
µxĉ

†

x,0
ĉ
x,0

, with µx = �W✏(`x), the magnitude
of which depends explicitly on the energy E of the parti-
cle. Indeed, this process may be thought of as integrating
out the o↵shoots in order to provide the sites on the
backbone with a random self-energy. The explicit energy-
dependence induced by the o↵shoots can result in curious
dynamics along the backbone. In the case of infinite
o↵shoots attached to each site, the backbone dynamics
can be described by a fractional time Schrodinger equa-
tion [50, 51] (see also Appendix C).
Crucially, the function W✏(`) has ` simple poles. As a

result, the magnitude of the e↵ective disorder diverges at
these resonant energies, leading to a vanishing localiza-
tion length as a function of energy, and the existence of
CL states [52]. Such states are also known to occur in
percolation clusters in higher dimensions [53].
In our case, the poles of W✏(`) are at the energies

of a chain of length ` with open boundary conditions,

which has energy levels E
cl
n
(`) = �2t2 cos

⇣
n⇡

`+1

⌘
, where

n = 1, . . . , `. More generally, in the case of an arbitrary
(non-interacting) o↵shoot with Hamiltonian Ĥx connected
to the backbone at site x, the functionW✏(x) is simply pro-
portional to the diagonal element of the o↵shoot Green’s
function Ĝx(✏) = (Ĥx � ✏)�1 on the site connecting the
o↵shoot to the backbone (see Appendix A for further
details). The Green’s function will then exhibit poles
at the single-particle energies of that o↵shoot, i.e., the
eigenvalues of the o↵shoot Hamiltonian Ĥx.

For E 6= {E
cl
n

}, we introduce the 2⇥2 transfer matrices

Tx(E) =

✓
�[E +W✏(`x)]/t1 �1

1 0

◆
, (11)

which allow the Schrodinger equation on the backbone,
Eq. (10), to be rewritten as

✓
 x+1,0

 x,0

◆
= Tx(E)Tx�1(E) · · ·T1(E)

✓
 1,0

 0,0

◆
. (12)

The localization length at energy E is then given by
⇠loc(E) = �

�1(E), where

�(E) = lim
L!1

1

L
ln ||T̃L(E)|| , (13)

FIG. 3. Dynamics of the non-interacting system after starting
with a wave packet initially localized on the site x = 0 on
the backbone. (a): Disorder-averaged return probability R(t)
for several system sizes L 2 {1200, 2400, 3600}. (b): Disorder
averaged mean-square displacement X2(t). (c): Long-time
averaged probability distribution h⇧(x,1)i. In all panels,
the probability distribution for the lengths of the o↵shoots is
p(`) ⇠ `

�� with � = 2.5, and t2/t1 = � with � = (1 +
p
5).

is the largest Lyapunov exponent of the product of transfer
matrices T̃L =

Q
L

x=1
Tx(E) along the chain. The overline

indicates an average over the distribution of lengths of
the o↵shoots. Since detTn = 1, the product of trans-
fer matrices T̃L also has unit determinant and hence its
eigenvalues are reciprocals of one another. For a nontriv-
ial [54] probability distribution of the o↵shoots, p(`), it is
possible to use Furstenberg’s theorem [55] to show that
the Lyapunov exponent is strictly positive and thus the
localization length is finite ⇠loc(E) < 1.

Figure 2 shows a colour plot of the localization length
⇠loc as a function of the particle energy E and the ratio
t2/t1, where ⇠loc is computed numerically using stan-
dard transfer matrix techniques [56, 57]. We checked
numerically that the behaviour of ⇠loc(E) changes only
quantitatively, but not qualitatively, if we use a di↵erent
probability distribution p(`). As already discussed, for
energies satisfying the resonance condition E 2 {E

cl
n

} the
localization length drops to zero, as one can see from
Fig. 2. It is interesting to note that ⇠loc(E) is largest
at the edges of the energy spectrum, while in a stan-
dard Anderson model the localization length is instead
largest for energies belonging to the middle of the spec-
trum [56]. This behaviour may be understood by noting
that the e↵ective disordered potential W✏(`x) is smallest
at the edges of the spectrum, implying a larger localization
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with ✏ ⌘ E/2t2 the energy of the particle in units of
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stituting Eq. (8) into the Schrodinger equation on the
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dependence induced by the o↵shoots can result in curious
dynamics along the backbone. In the case of infinite
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can be described by a fractional time Schrodinger equa-
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Crucially, the function W✏(`) has ` simple poles. As a

result, the magnitude of the e↵ective disorder diverges at
these resonant energies, leading to a vanishing localiza-
tion length as a function of energy, and the existence of
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eigenvalues are reciprocals of one another. For a nontriv-
ial [54] probability distribution of the o↵shoots, p(`), it is
possible to use Furstenberg’s theorem [55] to show that
the Lyapunov exponent is strictly positive and thus the
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⇠loc as a function of the particle energy E and the ratio
t2/t1, where ⇠loc is computed numerically using stan-
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quantitatively, but not qualitatively, if we use a di↵erent
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energies satisfying the resonance condition E 2 {E

cl
n

} the
localization length drops to zero, as one can see from
Fig. 2. It is interesting to note that ⇠loc(E) is largest
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largest for energies belonging to the middle of the spec-
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In this work we investigate the e↵ects of configurational disorder on the eigenstates and dynamical
properties of a tight-binding model on a quasi-one-dimensional comb lattice, consisting of a backbone
decorated with linear o↵shoots of randomly distributed lengths. We show that all eigenstates are
exponentially localized along the backbone of the comb. Moreover, we demonstrate the presence of an
extensive number of compact localized states with precisely zero localization length. We provide an
analytical understanding of these states and show that they survive in the presence of density-density
interactions along the backbone of the system where, for su�ciently low but finite particle densities,
they form many-body scar states. Finally, we discuss the implications of these compact localized
states on the dynamical properties of systems with configurational disorder, and the corresponding
appearance of long-lived transient behaviour in the time evolution of physically relevant product
states.

I. INTRODUCTION

i@
↵

t
 = Ĥ (1)

 x ⇠ e
�x/⇠loc (2)

The role of disorder in quantum systems with itinerant
degrees of freedom has been the subject of much interest
over several decades since the pioneering work of An-
derson [1] and collaborators [2]. The field has recently
received renewed interest with a specific focus on the
interplay between disorder and interactions in many-body
localization [3–7], particularly with reference to questions
about ergodicity breaking in closed quantum systems and
the eigenstate thermalisation hypothesis [8–11].

Disorder can take many forms, and in some contexts it
can be due to the structure or configuration of the system
rather than random potential energy or random interac-
tion terms in the Hamiltonian. For example, an imper-
fect (quasi-) one-dimensional system may have dendritic
o↵shoots [12], as in biological systems [13], percolation
clusters [14], and spin chains [15–20]. Another example
is that of quasi-particles in dimer, vertex and ice models
– spin ice materials being a case in point [21]; in these
systems, spin correlations impose local constraints on
the quasi-particles’ dynamics that can result in quasi-1D
structures with a backbone and a distribution of dangling
ends or o↵shoots [22, 23].

Here we take a closer look at this phenomenon by inves-
tigating a model system consisting of a 1D tight-binding
chain with linear o↵shoots whose lengths are distributed
randomly (i.e., a random quantum comb model). Clas-
sical variants of comb models have been introduced as
a stepping stone to understanding di↵usion in percola-
tion clusters and other fractal systems [24]; the o↵shoots
lead to the trapping of particles, which inhibits their mo-
tion along the backbone, and can result in subdi↵usive
behaviour [25–33].
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FIG. 1. Diagram of a section of the random quantum comb
system. The hopping parameter is t1 in the backbone, and t2

in the o↵shoots. The length `x of the linear o↵shoot at site
x on the backbone is drawn from the probability distribution
p(`).

In the quantum model, we demonstrate that integrat-
ing out the o↵shoots of random lengths results in a lo-
calizing disorder for the quasi-particles moving along the
backbone. Remarkably, the configurational nature of the
disorder produces resonances between the total energy
of the particle and the energy levels of the o↵shoots.
These in turn give rise to an extensive number of states
with vanishing localization length along the backbone,
namely compact localized (CL) states [34, 35], see also
Refs. [36–39]. We provide an analytical understanding
of these states and a numerical study of their e↵ect on
the dynamics along the backbone. Furthermore, we give
conditions for their existence in comb-like structures with
generic o↵shoots. Importantly, these states appear also
in specific translationally-invariant configurations of the
comb structure, where they form flat bands.
We demonstrate that these CL states survive the ad-

dition of non-integrable interactions along the backbone.
They correspond to atypical, area law states in an other-
wise thermal spectrum, i.e., quantum many-body scars [40–
49] that give rise to weak ergodicity breaking. We argue
that these scar states have a strong overlap with several
physical states of interest in these systems, and are likely
to give rise to long-lived transients in their dynamical
properties before thermalization eventually sets in, as is
expected asymptotically.

Our results were obtained by studying a model system
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The manuscript is structured as follows. We first introduce
the random quantum comb model in Sec. II. Then, in Sec. III,
we show that all eigenstates of the model are exponentially
localized along the backbone, and look at the implications of
this on the dynamics of the system. We discuss the compact
localized states in Sec. IV and finally, in Sec. V, we add density-
density interactions to the backbone of the comb and show that
the aforementioned CL states form exact many-body scars. We
draw our conclusions and outlook in Sec. VI.

II. MODEL

We consider a single quantum particle hopping on a ran-
dom, comb-like structure (as shown in Fig. 1) defined by the
Hamiltonian

�̂0 = �̂B + �̂O + �̂B–O , (1)

where

�̂B = �C1

!�1’
G=0

⇣
2̂
†

G,02̂G+1,0 + H.c.
⌘
, (2)

describes hopping along the one-dimensional backbone and

�̂O = �C2

!�1’
G=0

✓G�1’
8G=1

⇣
2̂
†

G,8G

2̂
G,8G+1 + H.c.

⌘
, (3)

is the Hamiltonian on the o�shoots, which take the form of one-
dimensional chains of varying lengths. The coupling between
the two Hamiltonians is given by �̂B–O = �C2

Õ
G
(2̂

†

G,02̂G,1 +

H.c.). The index G labels the sites on the backbone, which
satisfy periodic boundary conditions, and the indices {8G} label
the sites on the o�shoots. ! and ✓G are the lengths of the
backbone and the o�shoot on site G, respectively, in units of the
lattice spacing. The randomness in the structure derives from
the lengths of the o�shoots, which are drawn from a probability
distribution ?(✓) with ✓ 2 N. The hopping amplitudes C1 and C2,
corresponding to the backbone and the o�shoots, respectively,
are real and positive. For C1 = C2, Eq. (1) represents the quantum
version of the random comb model studied in Refs. [26, 27, 33].

III. LOCALIZATION PROPERTIES

In this section, we prove analytically that all the eigenstates
of �̂0 in Eq. (1) are exponentially localized along the direction
of the backbone by investigating the localization length bloc (⇢)

at energy ⇢ using transfer matrix techniques. We then study
numerically the e�ects of these localized states on the dynamics
of the system along the backbone.
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FIG. 2. Localization length bloc as a function of energy ⇢ and the
ratio of the hopping parameters C2/C1 for a power-law probability
distribution of lengths ?(✓) ⇠ ✓

�W with W = 2.5, calculated using the
transfer matrix technique, for systems of size ! 2 [2 ⇥ 105

, 2 ⇥ 106
]

sites. The minima in bloc correspond to the discrete energy levels of
the o�shoots, ⇢ 2 {⇢

cl
=
}, which lead to a resonance in the magnitude

of the e�ective disorder. The dashed region, 2C2 < |⇢ | < 2C1 +
1
2 C

2
2/C1,

contains no resonances.

A. Transfer matrix results

Denoting the projection of the wavefunction onto the
sites with indices (G, 8G) by kG,8G

, the discrete form of the
Schrödinger equation according to the nearest neighbour tight-
binding Hamiltonian in Eq. (1) is given by

� C1kG�1,0 � C1kG+1,0 � C2kG,1 = ⇢kG,0 , (4)

for sites belonging to the backbone. Further, for sites belonging
to the o�shoots, we can write down

�C2kG,0 � C2kG,2 = ⇢kG,1 (5a)

.

.

.

�C2kG,✓G�1 = ⇢kG,✓G
, (5b)

where the length of the o�shoot on site G is ✓G . This set of
equations, determining the wavefunction on the o�shoots, can
be solved recursively to give

C2kG,1 = ,n (✓G)kG,0 , (6)

where we defined

,n (✓) = �
C2

n +
p
n

2 � 1

"
1 + 2

✓⇣
n +

p

n
2�1

n�

p

n
2�1

⌘
✓

� 1
◆�1

# , (7)

with n ⌘ ⇢/2C2 the energy of the particle in units of half the
bandwidth of the o�shoots. We further define ,n (0) = 0
for consistency of notation. Parametrising the energy as n =
� cos : , we arrive at the more succinct expression

,n (✓) =
C2 sin(✓:)

sin[(✓ + 1):]
. (8)
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FIG. 4. Configuration-averaged density of states d(⇢) for several
system sizes ! for the case in which the lengths of the o�shoots are
power law distributed ?(✓) ⇠ ✓

�W with W = 2.5, and C2 = C1. There
exist non-analytic points at energies ⇢ 2 {⇢

cl
=
} that correspond to

the CL states, a subset of which are shown in Eqs. (14)–(15) that
contribute towards the states at ⇢ = 0 and ⇢ = ±C2, respectively. The
inset shows d(⇢) for ⇢/C1 2 [0, 0.6] to highlight the presence of other
non-analytic points.

of |⇢ |. For C2/C1 < 2, there exist states (within the white
dashed region in Fig. 2) that are not in the vicinity of any of
the o�shoot eigenvalues {⇢

cl
=
} (see Appendix C 2). Further,

the o�shoot Green’s function decays with energy outside of
the band �2C2 < ⇢ < 2C2, leading to a suppression of the
disorder: ,n (✓) ' �C24

�:
(1 � 24�2✓:

), where n = cosh : .
The localization length therefore becomes exponentially large
in : within this region.

B. Dynamical properties

We focus on the dynamics of the probability density ⇧(G, C)

starting from a wave packet localized on a single site of the
chain, |k(0)i = 2̂

†

0,0 |0i. In particular, we study the probability
density marginalised over the o�shoot indices

⇧(G, C) =
;G’

8G=0

|hG, 8G |k(C)i |
2
, (13)

that is, the probability of finding the particle on any site of the
comb with backbone index G. To quantify the spread of ⇧(G, C),
we define its return probability by R(C) = ⇧(G = 0, C) and its
mean-square displacement -2

(C) =
Õ

G
G

2⇧(G, C).
As expected, and in agreement with the analysis of bloc (⇢),

both the return probability R(C) and the mean-square displace-
ment -2 (C) exhibit behaviour typical of a localized system.
Figures 3 (a)–(b) show R(C) and -

2 (C) for several system sizes
(i.e., lengths of the backbone !), where the dynamics has been
computed using exact diagonalization. The lengths of the o�-
shoot are power law distributed according to ?(✓) / 1/✓2.5 [61],
and C2/C1 = qwith q = 1+

p
5. Both quantities, after some initial

transient dynamics, saturate to an !-independent value, imply-
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FIG. 5. Translationally-invariant comb structure that hosts flat bands
at ⇢ = ±C2 corresponding to the CL states discussed in Sec. IV. The
support of the CL states is depicted by the blue sites. C1/C2 = 1 is
chosen for the plot of the band structure, although the flat bands persist
irrespective of the value of C1/C2.

ing that the particle cannot propagate through the system beyond
the maximal localization length. Finally, Fig. 3 (c) shows the
density profile averaged over both disorder realisations and time:
h⇧(G,1)i = lim)!1

1
)

Ø
)

0 ⇧(G, C)3C, which relaxes to a sta-
tionary, exponentially decaying function h⇧(G,1)i ⇠ 4

� |G |/b .

Interestingly, for C1 = C2, where the maximum localization
length becomes large, bloc � 1 (see Appendix B), we found a
transient dynamics that is consistent with an algebraic propa-
gation -

2 (C) ⇠ C
U, where U ⇡ 2 � 1/W, with W > 2 the decay

rate of the power law probability distribution of the o�shoots
?(✓) ⇠ 1/✓W .

IV. COMPACT LOCALIZED STATES

Having shown that all the eigenstates of �̂0 are exponentially
localized along the backbone, we now turn our focus to the
eigenstates of �̂0 with bloc (⇢) = 0, referred to previously as
‘compact localized’ (CL) states. As we already discussed,
these states may be found at the zeros of the function ,

�1
n
(✓),

which may be thought of as the inverse of the disordered onsite
potential.

We are able to construct families of exact eigenstates of the
full Hamiltonian, Eq. (1), for all values of C1/C2 at energies
⇢ 2 {⇢

cl
=
} by considering symmetric clusters containing few

sites. For example,
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(14)

where the site labels correspond to their position in the state
vector, and the blue sites correspond to the sites on which the
wavefunction has a nonzero projection. These states are in fact
exact eigenstates of the full Hamiltonian in Eq. (1) by virtue
of having precisely zero projection onto the sites that connect
this cluster to the remainder of the lattice. Further, placing any
chain of even length on the intervening site will give rise to an
eigenvector of the form (C1/C2, 0,�1, 0, C1/C2)� (0, 1, 0,�1, . . .)
with zero energy.

Similarly, we are able to find clusters of sites that give rise
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where we defined

W✏(`x) = �
t2

✏+
p
✏2 � 1

"
1 + 2

✓⇣
✏+

p
✏2�1

✏�
p
✏2�1

⌘`x

� 1

◆�1
# ,

(9)
with ✏ ⌘ E/2t2 the energy of the particle in units of
half the bandwidth of the o↵shoots. We further define
W✏(0) = 0 for consistency of notation.

Equation (8) relates the wave function on the backbone
 x,0 to the o↵shoot  x,1 connected to the same site. Sub-
stituting Eq. (8) into the Schrodinger equation on the
backbone in Eq. (6), we obtain

� t1 x�1,0 � t1 x+1,0 = [E +W✏(`x)] x,0 . (10)

Equation (10) describes an e↵ective one-dimensional An-
derson model with a random on-site potential energy
term

P
x
µxĉ

†

x,0
ĉ
x,0

, with µx = �W✏(`x), the magnitude
of which depends explicitly on the energy E of the parti-
cle. Indeed, this process may be thought of as integrating
out the o↵shoots in order to provide the sites on the
backbone with a random self-energy. The explicit energy-
dependence induced by the o↵shoots can result in curious
dynamics along the backbone. In the case of infinite
o↵shoots attached to each site, the backbone dynamics
can be described by a fractional time Schrodinger equa-
tion [50, 51] (see also Appendix C).
Crucially, the function W✏(`) has ` simple poles. As a

result, the magnitude of the e↵ective disorder diverges at
these resonant energies, leading to a vanishing localiza-
tion length as a function of energy, and the existence of
CL states [52]. Such states are also known to occur in
percolation clusters in higher dimensions [53].
In our case, the poles of W✏(`) are at the energies

of a chain of length ` with open boundary conditions,

which has energy levels E
cl
n
(`) = �2t2 cos

⇣
n⇡

`+1

⌘
, where

n = 1, . . . , `. More generally, in the case of an arbitrary
(non-interacting) o↵shoot with Hamiltonian Ĥx connected
to the backbone at site x, the functionW✏(x) is simply pro-
portional to the diagonal element of the o↵shoot Green’s
function Ĝx(✏) = (Ĥx � ✏)�1 on the site connecting the
o↵shoot to the backbone (see Appendix A for further
details). The Green’s function will then exhibit poles
at the single-particle energies of that o↵shoot, i.e., the
eigenvalues of the o↵shoot Hamiltonian Ĥx.

For E 6= {E
cl
n

}, we introduce the 2⇥2 transfer matrices

Tx(E) =

✓
�[E +W✏(`x)]/t1 �1

1 0

◆
, (11)

which allow the Schrodinger equation on the backbone,
Eq. (10), to be rewritten as

✓
 x+1,0

 x,0

◆
= Tx(E)Tx�1(E) · · ·T1(E)

✓
 1,0

 0,0

◆
. (12)

The localization length at energy E is then given by
⇠loc(E) = �

�1(E), where

�(E) = lim
L!1

1

L
ln ||T̃L(E)|| , (13)

FIG. 3. Dynamics of the non-interacting system after starting
with a wave packet initially localized on the site x = 0 on
the backbone. (a): Disorder-averaged return probability R(t)
for several system sizes L 2 {1200, 2400, 3600}. (b): Disorder
averaged mean-square displacement X2(t). (c): Long-time
averaged probability distribution h⇧(x,1)i. In all panels,
the probability distribution for the lengths of the o↵shoots is
p(`) ⇠ `

�� with � = 2.5, and t2/t1 = � with � = (1 +
p
5).

is the largest Lyapunov exponent of the product of transfer
matrices T̃L =

Q
L

x=1
Tx(E) along the chain. The overline

indicates an average over the distribution of lengths of
the o↵shoots. Since detTn = 1, the product of trans-
fer matrices T̃L also has unit determinant and hence its
eigenvalues are reciprocals of one another. For a nontriv-
ial [54] probability distribution of the o↵shoots, p(`), it is
possible to use Furstenberg’s theorem [55] to show that
the Lyapunov exponent is strictly positive and thus the
localization length is finite ⇠loc(E) < 1.

Figure 2 shows a colour plot of the localization length
⇠loc as a function of the particle energy E and the ratio
t2/t1, where ⇠loc is computed numerically using stan-
dard transfer matrix techniques [56, 57]. We checked
numerically that the behaviour of ⇠loc(E) changes only
quantitatively, but not qualitatively, if we use a di↵erent
probability distribution p(`). As already discussed, for
energies satisfying the resonance condition E 2 {E

cl
n

} the
localization length drops to zero, as one can see from
Fig. 2. It is interesting to note that ⇠loc(E) is largest
at the edges of the energy spectrum, while in a stan-
dard Anderson model the localization length is instead
largest for energies belonging to the middle of the spec-
trum [56]. This behaviour may be understood by noting
that the e↵ective disordered potential W✏(`x) is smallest
at the edges of the spectrum, implying a larger localization

(Weak Disorder)
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with ✏ ⌘ E/2t2 the energy of the particle in units of
half the bandwidth of the o↵shoots. We further define
W✏(0) = 0 for consistency of notation.

Equation (8) relates the wave function on the backbone
 x,0 to the o↵shoot  x,1 connected to the same site. Sub-
stituting Eq. (8) into the Schrodinger equation on the
backbone in Eq. (6), we obtain

� t1 x�1,0 � t1 x+1,0 = [E +W✏(`x)] x,0 . (10)

Equation (10) describes an e↵ective one-dimensional An-
derson model with a random on-site potential energy
term

P
x
µxĉ

†

x,0
ĉ
x,0

, with µx = �W✏(`x), the magnitude
of which depends explicitly on the energy E of the parti-
cle. Indeed, this process may be thought of as integrating
out the o↵shoots in order to provide the sites on the
backbone with a random self-energy. The explicit energy-
dependence induced by the o↵shoots can result in curious
dynamics along the backbone. In the case of infinite
o↵shoots attached to each site, the backbone dynamics
can be described by a fractional time Schrodinger equa-
tion [50, 51] (see also Appendix C).
Crucially, the function W✏(`) has ` simple poles. As a

result, the magnitude of the e↵ective disorder diverges at
these resonant energies, leading to a vanishing localiza-
tion length as a function of energy, and the existence of
CL states [52]. Such states are also known to occur in
percolation clusters in higher dimensions [53].
In our case, the poles of W✏(`) are at the energies

of a chain of length ` with open boundary conditions,

which has energy levels E
cl
n
(`) = �2t2 cos

⇣
n⇡

`+1

⌘
, where

n = 1, . . . , `. More generally, in the case of an arbitrary
(non-interacting) o↵shoot with Hamiltonian Ĥx connected
to the backbone at site x, the functionW✏(x) is simply pro-
portional to the diagonal element of the o↵shoot Green’s
function Ĝx(✏) = (Ĥx � ✏)�1 on the site connecting the
o↵shoot to the backbone (see Appendix A for further
details). The Green’s function will then exhibit poles
at the single-particle energies of that o↵shoot, i.e., the
eigenvalues of the o↵shoot Hamiltonian Ĥx.

For E 6= {E
cl
n

}, we introduce the 2⇥2 transfer matrices

Tx(E) =

✓
�[E +W✏(`x)]/t1 �1

1 0

◆
, (11)

which allow the Schrodinger equation on the backbone,
Eq. (10), to be rewritten as

✓
 x+1,0

 x,0

◆
= Tx(E)Tx�1(E) · · ·T1(E)

✓
 1,0

 0,0

◆
. (12)

The localization length at energy E is then given by
⇠loc(E) = �

�1(E), where

�(E) = lim
L!1

1

L
ln ||T̃L(E)|| , (13)

FIG. 3. Dynamics of the non-interacting system after starting
with a wave packet initially localized on the site x = 0 on
the backbone. (a): Disorder-averaged return probability R(t)
for several system sizes L 2 {1200, 2400, 3600}. (b): Disorder
averaged mean-square displacement X2(t). (c): Long-time
averaged probability distribution h⇧(x,1)i. In all panels,
the probability distribution for the lengths of the o↵shoots is
p(`) ⇠ `

�� with � = 2.5, and t2/t1 = � with � = (1 +
p
5).

is the largest Lyapunov exponent of the product of transfer
matrices T̃L =

Q
L

x=1
Tx(E) along the chain. The overline

indicates an average over the distribution of lengths of
the o↵shoots. Since detTn = 1, the product of trans-
fer matrices T̃L also has unit determinant and hence its
eigenvalues are reciprocals of one another. For a nontriv-
ial [54] probability distribution of the o↵shoots, p(`), it is
possible to use Furstenberg’s theorem [55] to show that
the Lyapunov exponent is strictly positive and thus the
localization length is finite ⇠loc(E) < 1.

Figure 2 shows a colour plot of the localization length
⇠loc as a function of the particle energy E and the ratio
t2/t1, where ⇠loc is computed numerically using stan-
dard transfer matrix techniques [56, 57]. We checked
numerically that the behaviour of ⇠loc(E) changes only
quantitatively, but not qualitatively, if we use a di↵erent
probability distribution p(`). As already discussed, for
energies satisfying the resonance condition E 2 {E

cl
n

} the
localization length drops to zero, as one can see from
Fig. 2. It is interesting to note that ⇠loc(E) is largest
at the edges of the energy spectrum, while in a stan-
dard Anderson model the localization length is instead
largest for energies belonging to the middle of the spec-
trum [56]. This behaviour may be understood by noting
that the e↵ective disordered potential W✏(`x) is smallest
at the edges of the spectrum, implying a larger localization
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with ✏ ⌘ E/2t2 the energy of the particle in units of
half the bandwidth of the o↵shoots. We further define
W✏(0) = 0 for consistency of notation.

Equation (8) relates the wave function on the backbone
 x,0 to the o↵shoot  x,1 connected to the same site. Sub-
stituting Eq. (8) into the Schrodinger equation on the
backbone in Eq. (6), we obtain

� t1 x�1,0 � t1 x+1,0 = [E +W✏(`x)] x,0 . (10)

Equation (10) describes an e↵ective one-dimensional An-
derson model with a random on-site potential energy
term
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, with µx = �W✏(`x), the magnitude
of which depends explicitly on the energy E of the parti-
cle. Indeed, this process may be thought of as integrating
out the o↵shoots in order to provide the sites on the
backbone with a random self-energy. The explicit energy-
dependence induced by the o↵shoots can result in curious
dynamics along the backbone. In the case of infinite
o↵shoots attached to each site, the backbone dynamics
can be described by a fractional time Schrodinger equa-
tion [50, 51] (see also Appendix C).
Crucially, the function W✏(`) has ` simple poles. As a

result, the magnitude of the e↵ective disorder diverges at
these resonant energies, leading to a vanishing localiza-
tion length as a function of energy, and the existence of
CL states [52]. Such states are also known to occur in
percolation clusters in higher dimensions [53].
In our case, the poles of W✏(`) are at the energies
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(non-interacting) o↵shoot with Hamiltonian Ĥx connected
to the backbone at site x, the functionW✏(x) is simply pro-
portional to the diagonal element of the o↵shoot Green’s
function Ĝx(✏) = (Ĥx � ✏)�1 on the site connecting the
o↵shoot to the backbone (see Appendix A for further
details). The Green’s function will then exhibit poles
at the single-particle energies of that o↵shoot, i.e., the
eigenvalues of the o↵shoot Hamiltonian Ĥx.

For E 6= {E
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}, we introduce the 2⇥2 transfer matrices
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FIG. 3. Dynamics of the non-interacting system after starting
with a wave packet initially localized on the site x = 0 on
the backbone. (a): Disorder-averaged return probability R(t)
for several system sizes L 2 {1200, 2400, 3600}. (b): Disorder
averaged mean-square displacement X2(t). (c): Long-time
averaged probability distribution h⇧(x,1)i. In all panels,
the probability distribution for the lengths of the o↵shoots is
p(`) ⇠ `
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is the largest Lyapunov exponent of the product of transfer
matrices T̃L =
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x=1
Tx(E) along the chain. The overline

indicates an average over the distribution of lengths of
the o↵shoots. Since detTn = 1, the product of trans-
fer matrices T̃L also has unit determinant and hence its
eigenvalues are reciprocals of one another. For a nontriv-
ial [54] probability distribution of the o↵shoots, p(`), it is
possible to use Furstenberg’s theorem [55] to show that
the Lyapunov exponent is strictly positive and thus the
localization length is finite ⇠loc(E) < 1.

Figure 2 shows a colour plot of the localization length
⇠loc as a function of the particle energy E and the ratio
t2/t1, where ⇠loc is computed numerically using stan-
dard transfer matrix techniques [56, 57]. We checked
numerically that the behaviour of ⇠loc(E) changes only
quantitatively, but not qualitatively, if we use a di↵erent
probability distribution p(`). As already discussed, for
energies satisfying the resonance condition E 2 {E
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} the
localization length drops to zero, as one can see from
Fig. 2. It is interesting to note that ⇠loc(E) is largest
at the edges of the energy spectrum, while in a stan-
dard Anderson model the localization length is instead
largest for energies belonging to the middle of the spec-
trum [56]. This behaviour may be understood by noting
that the e↵ective disordered potential W✏(`x) is smallest
at the edges of the spectrum, implying a larger localization
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FIG. 4. Configuration-averaged density of states d(⇢) for several
system sizes ! for the case in which the lengths of the o�shoots are
power law distributed ?(✓) ⇠ ✓

�W with W = 2.5, and C2 = C1. There
exist non-analytic points at energies ⇢ 2 {⇢

cl
=
} that correspond to

the CL states, a subset of which are shown in Eqs. (14)–(15) that
contribute towards the states at ⇢ = 0 and ⇢ = ±C2, respectively. The
inset shows d(⇢) for ⇢/C1 2 [0, 0.6] to highlight the presence of other
non-analytic points.

of |⇢ |. For C2/C1 < 2, there exist states (within the white
dashed region in Fig. 2) that are not in the vicinity of any of
the o�shoot eigenvalues {⇢

cl
=
} (see Appendix C 2). Further,

the o�shoot Green’s function decays with energy outside of
the band �2C2 < ⇢ < 2C2, leading to a suppression of the
disorder: ,n (✓) ' �C24

�:
(1 � 24�2✓:

), where n = cosh : .
The localization length therefore becomes exponentially large
in : within this region.

B. Dynamical properties

We focus on the dynamics of the probability density ⇧(G, C)

starting from a wave packet localized on a single site of the
chain, |k(0)i = 2̂

†

0,0 |0i. In particular, we study the probability
density marginalised over the o�shoot indices

⇧(G, C) =
;G’

8G=0

|hG, 8G |k(C)i |
2
, (13)

that is, the probability of finding the particle on any site of the
comb with backbone index G. To quantify the spread of ⇧(G, C),
we define its return probability by R(C) = ⇧(G = 0, C) and its
mean-square displacement -2

(C) =
Õ

G
G

2⇧(G, C).
As expected, and in agreement with the analysis of bloc (⇢),

both the return probability R(C) and the mean-square displace-
ment -2 (C) exhibit behaviour typical of a localized system.
Figures 3 (a)–(b) show R(C) and -

2 (C) for several system sizes
(i.e., lengths of the backbone !), where the dynamics has been
computed using exact diagonalization. The lengths of the o�-
shoot are power law distributed according to ?(✓) / 1/✓2.5 [61],
and C2/C1 = qwith q = 1+

p
5. Both quantities, after some initial

transient dynamics, saturate to an !-independent value, imply-

t1

t2
t2

FIG. 5. Translationally-invariant comb structure that hosts flat bands
at ⇢ = ±C2 corresponding to the CL states discussed in Sec. IV. The
support of the CL states is depicted by the blue sites. C1/C2 = 1 is
chosen for the plot of the band structure, although the flat bands persist
irrespective of the value of C1/C2.

ing that the particle cannot propagate through the system beyond
the maximal localization length. Finally, Fig. 3 (c) shows the
density profile averaged over both disorder realisations and time:
h⇧(G,1)i = lim)!1

1
)

Ø
)

0 ⇧(G, C)3C, which relaxes to a sta-
tionary, exponentially decaying function h⇧(G,1)i ⇠ 4

� |G |/b .

Interestingly, for C1 = C2, where the maximum localization
length becomes large, bloc � 1 (see Appendix B), we found a
transient dynamics that is consistent with an algebraic propa-
gation -

2 (C) ⇠ C
U, where U ⇡ 2 � 1/W, with W > 2 the decay

rate of the power law probability distribution of the o�shoots
?(✓) ⇠ 1/✓W .

IV. COMPACT LOCALIZED STATES

Having shown that all the eigenstates of �̂0 are exponentially
localized along the backbone, we now turn our focus to the
eigenstates of �̂0 with bloc (⇢) = 0, referred to previously as
‘compact localized’ (CL) states. As we already discussed,
these states may be found at the zeros of the function ,

�1
n
(✓),

which may be thought of as the inverse of the disordered onsite
potential.

We are able to construct families of exact eigenstates of the
full Hamiltonian, Eq. (1), for all values of C1/C2 at energies
⇢ 2 {⇢

cl
=
} by considering symmetric clusters containing few

sites. For example,

2 3 4
1 5

7
6 has zero mode

✓
C1

C2
, 0,�1, 0,

C1

C2
, 0, 1

◆
)

(14)

where the site labels correspond to their position in the state
vector, and the blue sites correspond to the sites on which the
wavefunction has a nonzero projection. These states are in fact
exact eigenstates of the full Hamiltonian in Eq. (1) by virtue
of having precisely zero projection onto the sites that connect
this cluster to the remainder of the lattice. Further, placing any
chain of even length on the intervening site will give rise to an
eigenvector of the form (C1/C2, 0,�1, 0, C1/C2)� (0, 1, 0,�1, . . .)
with zero energy.

Similarly, we are able to find clusters of sites that give rise

5

t1

t2
t2

FIG. 5. Translationally-invariant comb structure that hosts
flat bands at E = ±t2 corresponding to the CL states discussed
in Sec. IV. The support of the CL states is depicted by the blue
sites. t1/t2 = 1 is chosen for the plot of the band structure,
although the flat bands persist irrespective of the value of
t1/t2.

in Eq. (3) by virtue of having precisely zero projection
onto the sites that connect this cluster to the remainder
of the lattice. Further, placing any chain of even length
on the intervening site will give rise to an eigenvector of
the form (t1/t2, 0,�1, 0, t1/t2)� (0, 1, 0,�1, . . .) with zero
energy.

Similarly, we are able to find clusters of sites that give
rise to ±t2 eigenvalue pairs. For example,

3 4 5

1
2 6

7

6

has two eigenstates with E = ±t2

| ±i =

✓
t1

t2
,⌥

t1

t2
, 0,±1, 0,⌥

t1

t2
,
t1

t2
,�1

◆T

. (17)

Once again, similar eigenstates with energy ±t2 may be
written down for any intervening chain of length ` = 3k�2
with k 2 N.

In the case of generic o↵shoots connected to the back-
bone, the existence of such CL states is not guaranteed.
Indeed, using the above construction, if the two ends of
the cluster at sites x � 1 and x + 1 have an identical
o↵shoot with an eigenstate at energy E

cl
n
, then the inter-

vening o↵shoot at site x must satisfy E
cl
n
+WEcl

n
(`x) = 0

for there to exist a CL state with energy E
cl
n

(i.e., an
eigenstate satisfying  x�1,0 =  x+1,0 = 0, which does
not connect to the remainder of the chain). This general
condition, twinned with the exact expression for W✏(`)
in Eq. (10), can then be used to deduce the rule for the
length of the intervening chain required to give rise to a
CL state at energy E

cl
n
:

`x =
k(`x+1 + 1)

n
� 2 , (18)

with k ⇢ N such that `x 2 N.
It is important to note that these CL states are dis-

tributed with a finite density throughout the bandwidth of
the o↵shoots |E| < 2t2, and the corresponding eigenvalues,

E
cl
n
(`) = �2t2 cos

⇣
n⇡

`+1

⌘
, are extensively degenerate. It is

easy to estimate the average number of such states at E 2

{E
cl
n

} by counting the expected number of occurrences of
the above structures. For example, for a given probabil-
ity distribution p(`), the average number of zero-modes

(E = 0) is simply given by N0 ⇠ Lp(1)2
P

1

k=1
p(2k + 1).

A consequence of these macroscopically degenerate ener-
gies is that the configuration-averaged density of states

⇢(E) =
P

Ẽ

�(E�Ẽ)

dim(H)
, where dim(H) is the dimension of

the Hilbert space, will exhibit non-analytic points at
E 2 {E

cl
n

}, as shown in Fig. 4. These CL states can
also be found in special translationally invariant comb
structures, where they form flat bands. Figure 5 shows a
comb lattice that hosts 2L/3 such CL states at energies
E = ±t2 [see Eq. (17)].

V. MANY-BODY SCARS

We now tackle the question of adding interactions on
the quantum comb model in Eq. (3). We focus specifically
on the fate of the CL states introduced in the previous sec-
tion once density-density interactions are added between
adjacent sites on the backbone.
Specifically, we consider the following deformation of

the free Hamiltonian Ĥ0 defined in Eq. (3)

Ĥ = Ĥ0 + V Ĥint , (19)

where Ĥint =
P

x
n̂x,0n̂x+1,0, with n̂x,0 = ĉ

†

x,0
ĉ
x,0

, corre-
sponds to density-density interactions [59] on the back-
bone of magnitude V [60]. It is easy to see that due
to the spatial structure of the CL states, a Slater de-
terminant of CL states belongs to the kernel of the
interaction operator Ĥint. Specifically, let us define

⌘̂
†

s
(Ecl

n
) =

P
x

P
ix
 
(s)

x,ix
(Ecl

n
)ĉ†

x,ix
as the creation oper-

ator for the single-particle CL state at energy E
cl
n
, where

the index s labels its macroscopic degeneracy. Now, non-
interacting eigenstates of the form | cli =

Q
n,s

⌘̂
†

s
(Ecl

n
)|0i

remain eigenstates of Ĥ since they satisfy Ĥint | cli = 0.
One can only construct such states as long as the total
number of particles does not exceed the total number of
CL states. Importantly, these eigenstates are highly non-
thermal and violate the eigenstate thermalization hypoth-
esis [11], since they are exact eigenstates of a quadratic
Hamiltonian. Moreover, as a result of their strictly lo-
calized nature, they satisfy exact area law scaling of the
entanglement entropy.

It is important to point out that the existence of these
states does not depend on the value of the interaction
strength V or the hopping parameters t1 and t2. Thus,
in general, the integrability of the model is broken (see
Appendix D), and hence these CL states are surrounded
by thermal (volume law entangled) eigenstates. These
special states therefore constitute an example of exact
many-body scar states [45]. Indeed, their construction is
reminiscent of Refs. [47, 62, 63].
As we already discussed for the non-interacting prob-

lem, these special states, located at some of the non-
interacting energies, appear with probability one in ran-
dom comb structures, as well as in special translationally
invariant models. For example, in the comb structure in

Density of states

(proportional to the Green function on the offshoots)
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to ±C2 eigenvalue pairs. For example,
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1
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has two eigenstates with ⇢ = ±C2

|k±i =
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Once again, similar eigenstates with energy ±C2 may be written
down for any intervening chain of length ✓ = 3< � 2 with
< 2 N.

In the case of generic o�shoots connected to the backbone,
the existence of such CL states is not guaranteed. Indeed, using
the above construction, if the two ends of the cluster at sites
G � 1 and G + 1 have an identical o�shoot with an eigenstate at
energy ⇢

cl
=

, then the intervening o�shoot at site G must satisfy
⇢

cl
=
+,

⇢
cl
=

(✓G) = 0 for there to exist a CL state with energy
⇢

cl
=

(i.e., an eigenstate satisfying kG�1,0 = kG+1,0 = 0, which
does not connect to the remainder of the chain). This general
condition, twinned with the exact expression for ,n (✓) in
Eq. (7), can then be used to deduce the rule for the length of the
intervening chain required to give rise to a CL state at energy
⇢

cl
=

:

✓G =
<(✓G+1 + 1)

=

� 2 , (16)

with< ⇢ N such that ✓G 2 N. Such considerations also apply in
higher dimensions (i.e., a clean 3 dimensional hypercubic tight
binding model augmented by linear o�shoots), where analogous
states can be constructed. In this case, a compact localised
state is hosted by an arrangement of o�shoots satisfying (16)
where the central site is connected to an o�shoot of length ✓G ,
and all neighbouring sites are connected to o�shoots of length
✓G+1.

It is important to note that these CL states are distributed
with a finite density throughout the bandwidth of the o�-
shoots |⇢ | < 2C2, and the corresponding eigenvalues, ⇢cl

=
(✓) =

�2C2 cos
�
=c

✓+1

�
, are extensively degenerate. It is easy to es-

timate the average number of such states at ⇢ 2 {⇢
cl
=
} by

counting the expected number of occurrences of the above
structures. A consequence of these macroscopically degenerate
energies is that the configuration-averaged density of states

d(⇢) =
Õ

⇢̃

X (⇢�⇢̃)

dim(H)
, where dim(H) is the dimension of the

Hilbert space, will exhibit non-analytic points at ⇢ 2 {⇢
cl
=
}, as

shown in Fig. 4. These CL states can also be found in special
translationally invariant comb structures, where they form flat
bands. Figure 5 shows a comb lattice that hosts 2!/3 such CL
states at energies ⇢ = ±C2 [see Eq. (15)].

V. MANY-BODY SCARS

We now tackle the question of adding interactions to the
quantum comb model in Eq. (1). We focus specifically on the
fate of the CL states introduced in the previous section once
density-density interactions are added between adjacent sites
on the backbone.

Specifically, we consider the following deformation of the
free Hamiltonian �̂0 defined in Eq. (1)

�̂ = �̂0 ++�̂int , (17)

where �̂int =
Õ

G
=̂G,0=̂G+1,0, with =̂G,0 = 2̂

†

G,02̂G,0, corresponds
to density-density interactions [62] on the backbone of magni-
tude + [63]. It is easy to see that due to the spatial structure
of the CL states, a Slater determinant of CL states belongs
to the kernel of the interaction operator �̂int. Specifically,
let us define [̂

†
B
(⇢

cl
=
) =

Õ
G

Õ
8G
k
(B)

G,8G

(⇢
cl
=
)2̂

†

G,8G

as the creation
operator for the single-particle CL state at energy ⇢

cl
=

, where
the index B labels its macroscopic degeneracy. Now, non-
interacting eigenstates of the form |kcli =

Œ
=,B

[̂
†
B
(⇢

cl
=
) |0i

remain eigenstates of �̂ since they satisfy �̂int |kcli = 0. One
can only construct such states as long as the total number of
particles does not exceed the total number of CL states. Im-
portantly, these eigenstates are highly non-thermal and violate
the eigenstate thermalization hypothesis [11], since they are
exact eigenstates of a quadratic Hamiltonian. Moreover, as a
result of their strictly localized nature, they satisfy exact area
law scaling of the entanglement entropy.

It is important to point out that the existence of these states
does not depend on the value of the interaction strength +

or the hopping parameters C1 and C2. Thus, in general, the
integrability of the model is broken (see Appendix D), and
hence these CL states are surrounded by thermal (volume law
entangled) eigenstates. These special states therefore constitute
an example of exact many-body scar states [41–50]. Indeed,
their construction is reminiscent of Refs. [48, 65, 66], for
example.

As we already discussed for the non-interacting problem,
these special states, located at some of the non-interacting ener-
gies, appear with probability one in random comb structures, as
well as in special translationally invariant models. For example,
in the comb structure in Fig. 5 with # = !/3 particles, we

will have
� 2!

3
!

3

�
⇠ 22!/3

/
p
c!/3 many-body scar states, which

appear at energies ±=C2, with = 2 Z. Since these many-body
scars are Slater determinants of CL states, it is easy to find phys-
ical (product) states in the computational basis,

Œ
G,8G

2̂
†

G,8G

|0i,
that have a large overlap with them. As a result, the dynamics
starting from these special initial conditions will be strongly
dominated by the existence of the many-body scars. Impor-
tantly, such initial conditions are relevant both theoretically as
well as experimentally, e.g., in cold atom setups.

For concreteness, we focus on �̂ defined on the translationally
invariant comb structure shown in Fig. 5. In this case, the
charge density wave state |kNéeli =

Œ
!/3
G=1 2̂

†

3G�2,0 |0i maximises
the overlap with the sub-Hilbert space spanned by the scar states.
Figure 6 (a) shows the overlap |hkNéel |⇢i |

2, between |kNéeli

and energy-resolved eigenstates of �̂ for ! = 12, # = !/3,
C2/C1 = 2 and + = 1. This shows that |kNéeli is predominantly
supported by the scar states, located at energies ⇢ = 0, ±2C2 and
±4C2. It is important to note that |kNéeli belongs to the middle
of the spectrum of �̂. Conversely, starting from a random
product state, i.e., infinite-temperature in the computational
basis, the overlap |hkRandom |⇢i |

2 is homogeneously spread over
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to ±C2 eigenvalue pairs. For example,

3 4 5

1
2 6
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has two eigenstates with ⇢ = ±C2
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C1

C2
, 0,±1, 0,⌥

C1

C2
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C1

C2
,�1

◆
)
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Once again, similar eigenstates with energy ±C2 may be written
down for any intervening chain of length ✓ = 3< � 2 with
< 2 N.

In the case of generic o�shoots connected to the backbone,
the existence of such CL states is not guaranteed. Indeed, using
the above construction, if the two ends of the cluster at sites
G � 1 and G + 1 have an identical o�shoot with an eigenstate at
energy ⇢

cl
=

, then the intervening o�shoot at site G must satisfy
⇢

cl
=
+,

⇢
cl
=

(✓G) = 0 for there to exist a CL state with energy
⇢

cl
=

(i.e., an eigenstate satisfying kG�1,0 = kG+1,0 = 0, which
does not connect to the remainder of the chain). This general
condition, twinned with the exact expression for ,n (✓) in
Eq. (7), can then be used to deduce the rule for the length of the
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cl
=

:

✓G =
<(✓G+1 + 1)

=

� 2 , (16)

with< ⇢ N such that ✓G 2 N. Such considerations also apply in
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and all neighbouring sites are connected to o�shoots of length
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It is important to note that these CL states are distributed
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shoots |⇢ | < 2C2, and the corresponding eigenvalues, ⇢cl
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(✓) =

�2C2 cos
�
=c

✓+1

�
, are extensively degenerate. It is easy to es-

timate the average number of such states at ⇢ 2 {⇢
cl
=
} by

counting the expected number of occurrences of the above
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energies is that the configuration-averaged density of states

d(⇢) =
Õ

⇢̃

X (⇢�⇢̃)

dim(H)
, where dim(H) is the dimension of the

Hilbert space, will exhibit non-analytic points at ⇢ 2 {⇢
cl
=
}, as

shown in Fig. 4. These CL states can also be found in special
translationally invariant comb structures, where they form flat
bands. Figure 5 shows a comb lattice that hosts 2!/3 such CL
states at energies ⇢ = ±C2 [see Eq. (15)].

V. MANY-BODY SCARS

We now tackle the question of adding interactions to the
quantum comb model in Eq. (1). We focus specifically on the
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on the backbone.
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result of their strictly localized nature, they satisfy exact area
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FIG. 4. Configuration-averaged density of states d(⇢) for several
system sizes ! for the case in which the lengths of the o�shoots are
power law distributed ?(✓) ⇠ ✓

�W with W = 2.5, and C2 = C1. There
exist non-analytic points at energies ⇢ 2 {⇢

cl
=
} that correspond to

the CL states, a subset of which are shown in Eqs. (14)–(15) that
contribute towards the states at ⇢ = 0 and ⇢ = ±C2, respectively. The
inset shows d(⇢) for ⇢/C1 2 [0, 0.6] to highlight the presence of other
non-analytic points.

of |⇢ |. For C2/C1 < 2, there exist states (within the white
dashed region in Fig. 2) that are not in the vicinity of any of
the o�shoot eigenvalues {⇢

cl
=
} (see Appendix C 2). Further,

the o�shoot Green’s function decays with energy outside of
the band �2C2 < ⇢ < 2C2, leading to a suppression of the
disorder: ,n (✓) ' �C24

�:
(1 � 24�2✓:

), where n = cosh : .
The localization length therefore becomes exponentially large
in : within this region.

B. Dynamical properties

We focus on the dynamics of the probability density ⇧(G, C)

starting from a wave packet localized on a single site of the
chain, |k(0)i = 2̂

†

0,0 |0i. In particular, we study the probability
density marginalised over the o�shoot indices

⇧(G, C) =
;G’

8G=0

|hG, 8G |k(C)i |
2
, (13)

that is, the probability of finding the particle on any site of the
comb with backbone index G. To quantify the spread of ⇧(G, C),
we define its return probability by R(C) = ⇧(G = 0, C) and its
mean-square displacement -2

(C) =
Õ

G
G

2⇧(G, C).
As expected, and in agreement with the analysis of bloc (⇢),

both the return probability R(C) and the mean-square displace-
ment -2 (C) exhibit behaviour typical of a localized system.
Figures 3 (a)–(b) show R(C) and -

2 (C) for several system sizes
(i.e., lengths of the backbone !), where the dynamics has been
computed using exact diagonalization. The lengths of the o�-
shoot are power law distributed according to ?(✓) / 1/✓2.5 [61],
and C2/C1 = qwith q = 1+

p
5. Both quantities, after some initial

transient dynamics, saturate to an !-independent value, imply-

t1

t2
t2

FIG. 5. Translationally-invariant comb structure that hosts flat bands
at ⇢ = ±C2 corresponding to the CL states discussed in Sec. IV. The
support of the CL states is depicted by the blue sites. C1/C2 = 1 is
chosen for the plot of the band structure, although the flat bands persist
irrespective of the value of C1/C2.

ing that the particle cannot propagate through the system beyond
the maximal localization length. Finally, Fig. 3 (c) shows the
density profile averaged over both disorder realisations and time:
h⇧(G,1)i = lim)!1

1
)

Ø
)

0 ⇧(G, C)3C, which relaxes to a sta-
tionary, exponentially decaying function h⇧(G,1)i ⇠ 4

� |G |/b .

Interestingly, for C1 = C2, where the maximum localization
length becomes large, bloc � 1 (see Appendix B), we found a
transient dynamics that is consistent with an algebraic propa-
gation -

2 (C) ⇠ C
U, where U ⇡ 2 � 1/W, with W > 2 the decay

rate of the power law probability distribution of the o�shoots
?(✓) ⇠ 1/✓W .

IV. COMPACT LOCALIZED STATES

Having shown that all the eigenstates of �̂0 are exponentially
localized along the backbone, we now turn our focus to the
eigenstates of �̂0 with bloc (⇢) = 0, referred to previously as
‘compact localized’ (CL) states. As we already discussed,
these states may be found at the zeros of the function ,

�1
n
(✓),

which may be thought of as the inverse of the disordered onsite
potential.

We are able to construct families of exact eigenstates of the
full Hamiltonian, Eq. (1), for all values of C1/C2 at energies
⇢ 2 {⇢

cl
=
} by considering symmetric clusters containing few

sites. For example,

2 3 4
1 5

7
6 has zero mode

✓
C1

C2
, 0,�1, 0,

C1

C2
, 0, 1

◆
)

(14)

where the site labels correspond to their position in the state
vector, and the blue sites correspond to the sites on which the
wavefunction has a nonzero projection. These states are in fact
exact eigenstates of the full Hamiltonian in Eq. (1) by virtue
of having precisely zero projection onto the sites that connect
this cluster to the remainder of the lattice. Further, placing any
chain of even length on the intervening site will give rise to an
eigenvector of the form (C1/C2, 0,�1, 0, C1/C2)� (0, 1, 0,�1, . . .)
with zero energy.

Similarly, we are able to find clusters of sites that give rise
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with zero energy.

Similarly, we are able to find clusters of sites that give rise
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to be satisfied in order for the CL state at l= to exist. This
equation determines which pairings of o�shoots allow for the
existence of CL states at the eigenvalues of �̂ (1) .

For the case of linear o�shoots, the appropriate diagonal
element of the Green’s function is given by Eq. (7) in the main
text. If the o�shoots on sites G ± 1 have length ✓G+1, and the
central o�shoot has length ✓G , then (7) evaluates to

,n=

C2
=

sin ✓G:=
sin[(✓G + 1):=]

(A4)

for the energy ⇢= = �2C2 cos :=. Solving the consistency
relation (A3) gives rise to the length constraint on the central
o�shoot stated in the main text: ✓G = (✓G+1 + 1)</= � 2, for
< 2 N.

If the o�shoots are instead given, for example, by Bethe
branches with branching ratio I � 1 (i.e., coordination number
I), then the Green’s function defined by (7) is replaced by
⌧ (⇢) ! ⌧ (⇢/

p
I � 1)/

p
I � 1, where ✓ is now interpreted as

the depth of the tree (i.e., the maximum recursion depth). If
we repeat the above analysis to find the required depth of the
interstitial o�shoot, we find in general that the depth required to
satisfy (A3) would be non-integer, ✓G 8 N. The one exception
is for zero modes, ⇢= = 0, in which case the consistency
condition can be trivially satisfied [⌧ (0) = 0] by having no
o�shoot on the intervening site.

These restrictions can be relaxed somewhat if we allow each
site on the backbone to be connected to two (or more) o�shoots.
For example, if two o�shoots with identical Hamiltonians �̂G

are connected to the backbone at site G, then we can construct
a CL state satisfying kG,0 = 0 for each eigenstate of �̂G , which
therefore does not connect to the rest of the backbone. The
CL state is formed by antisymmetrising an eigenstate |ii of
�̂G so that the eigenstate of the full Hamiltonian is of the form
|ii � 0 � |�ii.

Appendix B: O�-resonance states

Here we provide an estimate of the scaling of the localization
length in the region containing no resonances with the energy
levels of the o�shoots, i.e., the region surrounded by the
dashed lines in Fig. 2. Outside of the energy band of the
o�shoots, the Green’s function decays exponentially, leading
to a suppressed disordered potential. Defining n = ⇢/2C2 =
cosh : , the potential in this region equals

,n (✓)

C2
=

1 � 4
2✓:

4
:
4

2✓: � 4
�:

. (B1)

If the energy lies outside of the bandwidth of the o�shoots,
n > 1, then we may approximate ,n (✓) ' �C24

�:
(1 � 4

�2✓:
).

Within this approximation, we may then evaluate the variance

FIG. 8. Level spacing distribution of the unfolded energy spectrum of
the interacting Hamiltonian (17) defined on the comb lattice shown
in Fig. 5 with ! = 12, and # = !/3 particles, having discarded 20%
of the energy levels at the edges of the spectrum. The distribution is
averaged over momentum sectors, excluding : = 0, c.

of the disordered potential

Var,n = 4
�:

C
4
2

C
2
1

266664
LiW (4�4:

)

Z (W)
�

 
LiW (4�2:

)

Z (W)

!2377775
(B2)

'
1

(2n)5

C
4
2

C
2
1


1

Z (W)
�

1
Z

2 (W)

�
, (B3)

where LiW (G) is the Polylogarithm function, Z (W) = LiW (1)
is the zeta function, and W is the exponent in the power law
distribution of the o�shoots lengths. The approximate equality
in the second line holds for 4�: ⌧ 1. This means that the
system is “most disordered” for the power W ' 1.73.

Appendix C: Infinite o�shoots

1. Backbone dynamics

In the case of infinite o�shoots emanating from the backbone,
the quantum comb still exhibits nontrivial dynamics when
projected onto the backbone. For convenience, let us impose
periodic boundary conditions on the o�shoots of length #

(including the backbone site). Then, for a generic Hamiltonian
⌘̂ with matrix elements ⌘G,G0 along the backbone,

�̂0 =
’
G,:H

⇢ (:H)0̂
†

G,:H

0̂
G,:H

+

’
G,G

0

⌘G,G0 2̂
†

G,02̂G0,0 , (C1)

where the dispersion for the o�shoots is given by ⇢ (:H) =
�2C2 cos :H , and 2̂G, 9 and 0̂G,:H

are related via Fourier trans-
formation: 2̂G, 9 = #

�1/2 Õ
:H

4
8:H 9

0̂G,:H
. Let us denote

the projection of the wavefunction onto the backbone on
site G by kG,0 (C) = hG, 0|ki, then the Schrödinger equation
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�̂0 |ki = 8mC |ki can be written in momentum space as

 ̃G,:H
(B) =

1
p
#

Õ
G
0 ⌘G,G0 G

0
,0 (B) + 8k̃G,:H

(0)

8B + 2C2 cos :H
, (C2)

where  G, 9 (B) ⌘ L[kG, 9 (C)] is the Laplace transform of
kG, 9 (C), and k̃G,:H

denotes the (discrete) Fourier transform
of kG, 9 over the direction of the o�shoots. Substituting this
result back into the Schrödinger equation and taking the sum
over all momenta gives the dynamics of the wavefunction on
the backbone:

1
#

’
:H

8B[
Õ

G
0 ⌘G,G0 G

0
,0 (B) + 8kG,0 (0)]

8B � ⇢ (:H)
= 8B G,0 (B) . (C3)

This equation corresponds to nonunitary dynamics of the pro-
jection of the wavefunction onto the backbone, since probability
density can be lost to the o�shoots. Note that we have assumed
that the particle begins on the backbone.

Intriguingly, in the continuum limit, where ⇢ (:H) = :
2
H
/2<,

performing the integral over momentum and taking the inverse
Laplace transform, one may write the result in terms of a
fractional time Schrödinger equation of the form given in
Ref. [52], i.e., of the form 8

U
m
U

C
k = Hk, where U = 1/2.

2. Bandwidth

In order to bound the bandwidth, we compute the spectrum
of the translationally-invariant model with infinite o�shoots.
We will begin with o�shoots of uniform length # , and take
the # ! 1 limit at the end of the calculation. Taking the
Fourier transform over the backbone direction, we arrive at the
Hamiltonian

�̂0 = �2C1
’
:G

cos :G 0̂
†

:G ,0
0̂
:G ,0

� C2

’
:G , h8, 9 i

0̂
†

:G ,8
0̂
:G , 9

. (C4)

In particular, to find the bandwidth, we seek the extremal
eigenvalues of �̂0 above. Parametrising the energy as ⇢ =

�2C2 cosh [, the quantisation condition for o�shoots of length
# is found to be

2C1 cos :G � C24
[

2C1 cos :G � C24
�[

= 4
�2# [

. (C5)

In the thermodynamic limit # ! 1, the solution of this
equation for real [ is given by 2C1 cos :G = C24

[ . This solution
remains finite for C2 ! 0+, whilst the other # � 1 eigenvalues
vanish. Therefore, in the thermodynamic limit, we find the
extremal eigenvalue for C2 < 2C1:

|⇢ | = 2C1 +
C
2
2

2C1
. (C6)

This result defines the white dashed region in Fig. 2.
Appendix D: Level statistics

To provide evidence that the system is non-integrable, we
analyse the level statistics of the interacting Hamiltonian (17).
In particular, we study the distribution of (unfolded) level
spacings %(B), where B= = ⇢=+1�⇢= [70], and the level spacing
statistics value hA=i = hmin(B=, B=�1)/max(B=, B=�1)i [5]. It is
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We find that the distribution %(B) is in good agreement with the
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FIG. 1: Experimental platform. a, Individual 87Rb atoms
are trapped using optical tweezers (vertical red beams) and
arranged into defect-free arrays. Coherent interactions Vij

between the atoms (arrows) are enabled by exciting them
(horizontal blue and red beams) to a Rydberg state, with
strength ⌦ and detuning � (inset). b, A two-photon process
couples the ground state |gi =

��5S1/2, F = 2,mF = �2
↵
to

the Rydberg state |ri =
��70S1/2, J = 1/2,mJ = �1/2

↵
via an

intermediate state |ei =
��6P3/2, F = 3,mF = �3

↵
with detun-

ing �, using circularly polarized 420 nm and 1013 nm lasers
with single-photon Rabi frequencies of ⌦B and ⌦R, respec-
tively. Typical experimental values are � ⇡ 2⇡ ⇥ 560MHz �

⌦B ,⌦R ⇡ 2⇡⇥60, 36MHz. c, The experimental protocol con-
sists of loading the atoms into a tweezer array (1) and rear-
ranging them into a preprogrammed configuration (2). After
this, the system evolves under U(t) with tunable parameters
�(t),⌦(t) and Vij . This evolution can be implemented in
parallel on several non-interacting sub-systems (3). We then
detect the final state using fluorescence imaging (4). Atoms
in state |gi remain trapped, whereas atoms in state |ri are
ejected from the trap and detected as the absence of fluo-
rescence (indicated with red circles). d, For resonant driving
(� = 0), isolated atoms (blue circles) display Rabi oscillations
between |gi and |ri. Arranging the atoms into fully blockaded
clusters of N = 2 (green circles) and N = 3 (red circles) atoms
results in only one excitation being shared between the atoms
in the cluster, while the Rabi frequency is enhanced by

p
N .

The probability of detecting more than one excitation in the
cluster is  5%. Error bars indicate 68% confidence intervals
(CI) and are smaller than the marker size.

The experimental protocol that we implement is de-
picted in Fig. 1c (see also Extended Data Fig. 1). First,
atoms are loaded from a magneto-optical trap into a
tweezer array created by an acousto-optic deflector. We
then use a measurement and feedback procedure that
eliminates the entropy associated with the probabilis-
tic trap loading and results in the rapid production of
defect-free arrays with more than 50 laser-cooled atoms,
as described previously [26]. These atoms are prepared in
a preprogrammed spatial configuration in a well-defined
internal ground state |gi (Methods). We then turn o↵
the traps and let the system evolve under the unitary
time evolution U(⌦,�, t), which is realized by coupling
the atoms to the Rydberg state |ri =

��70S1/2

↵
with laser

light along the array axis (Fig. 1a). The final states of
individual atoms are detected by turning the traps back
on, and imaging the recaptured ground-state atoms via
atomic fluorescence; the anti-trapped Rydberg atoms are
ejected. The atomic motion in the absence of traps limits
the time window for exploring coherent dynamics. For a
typical sequence duration of about 1µs, the probability
of atom loss is less than 1% (see Extended Data Fig. 2).

The strong, coherent interactions between Rydberg
atoms provide an e↵ective coherent constraint that pre-
vents simultaneous excitation of nearby atoms into Ryd-
berg states. This is the essence of the so-called Rydberg
blockade [15], demonstrated in Fig. 1d. When two atoms
are su�ciently close that their Rydberg-Rydberg interac-
tions Vij exceed the e↵ective Rabi frequency ⌦, multiple
Rydberg excitations are suppressed. This defines the Ry-
dberg blockade radius, Rb, at which Vij = ⌦ (Rb = 9µm
for |ri =

��70S1/2

↵
and ⌦ = 2⇡ ⇥ 2MHz, as used here).

In the case of resonant driving of atoms separated by
a = 23µm, we observe Rabi oscillations associated with
non-interacting atoms (blue curve in Fig. 1d). However,
the dynamics changes substantially as we bring multiple
atoms close to each other (a = 2.87µm < Rb). In this
case, we observe Rabi oscillations between the ground
state and a collective state with exactly one excitation
(W = (1/

p
N)

P
i |g1...ri...gN i) with the characteristic

p
N -scaling of the collective Rabi frequency [24, 28, 29].

These observations enable us to quantify the coherence
properties of our system (see Methods and Extended
Data Fig. 3). In particular, the amplitude of Rabi oscil-
lations in Fig. 1d is limited mostly by the state detection
fidelity (93% for |ri and ⇠ 98% for |gi; Methods). The
individual Rabi frequencies are controlled to better than
3% across the array, whereas the coherence time is lim-
ited ultimately by the small probability of spontaneous
emission from the intermediate state |ei during the laser
pulse (scattering rate 0.022/µs; Methods).
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Figure 3. (a) Scatter plot of the overlap of many-body eigenstates of the Hamiltonian (1) with |Z2i product state reveals
a band of special eigenstates separated from the remaining eigenstates. Crosses denote overlaps with eigenstates from the
FSA approximation, which agree very well with exact results. The density of data points (shown in the middle of the graph)
illustrates the tower structure in the overlaps. (b-c) Squared overlap between the basis vectors of FSA approximation |ni and
exact eigenstates (black) or approximate FSA eigenstates (red). Panel (b) is for the ground state whereas the lower panel is
for the state in the special band adjacent to energy E = 0. (d) Participation ratios of special eigenstates decay parametrically
slower compared to the average participation ratio of all states within the same energy range. Dashed line shows the inverse
Hilbert space dimension. All data is for L = 32 in inversion-symmetric, zero momentum symmetry sector.

�j�1|uj�1i, this implies that |ũj+1i = H+|uji =
�j |uj+1i. In general, backward propagation would take
us far from the vector |uj�1i, but in special cases like
the Hamiltonian

P
i Xi, it can result in the same vector

|uj�1i. To an excellent approximation, this is also true in
our case with the added projectors Pi�1 and Pi+1, pro-
vided that the initial state is |Z2i state. In such cases,
we can label the vectors |uni ⌘ |ni by their Hamming
distance n from the initial state. The major implication
of our modified Lanczos procedure is that there is no in-
tersection between the product state supports of di↵erent
basis vectors |ni, |mi for m 6= n, which implies that the
algorithm must close after exactly L iterations.

To summarize, the Lanczos procedure we follow here
can be understood as a forward scattering approxima-
tion (FSA) on a lattice with sites labelled by the Ham-
ming distance. The basis of the e↵ective tight-binding
model is {|0i, |1i, . . . , |Li}, where |0i ⌘ |Z2i and |ni =
(H+)n|Z2i/||(H+)n|Z2i||. The tridiagonal matrix result-
ing from this procedure is the FSA Hamiltonian,

HFSA =
LX

n=0

�n(|nihn + 1| + h.c.), (4)

where the hopping amplitude is given by

�n = hn + 1|H+|ni = hn|H�|n + 1i. (5)

This is an e↵ective tight-binding model that captures the
band of special states in Fig. 3(a).

In the usual Lanczos procedure, there is no a pri-
ori reason for Eq. (5) to hold, and we can quantify
the error per iteration of the FSA approximation by
err(n) = |hn|H+H�|ni/�2

n � 1|, where err(n) = 0 is

equivalent to H�|ni = �n�1|n � 1i. Numerically we find
that err(n) ⇡ 0.2% for L = 32 and has a decreasing
trend as we increase the system size, which is promis-
ing in terms of scaling the method to the thermody-
namic limit. As an additional error measure, the av-
erage energy di↵erence between the exact eigenstates in
the Z2-band and the eigenstates of HFSA for L = 32 is
�E/E ⇡ 1%, which further supports the accuracy of
this approximation scheme. Additional discussion of the
errors and benchmarks of the method will be presented
elsewhere. [39]

Finally, we compare the eigenstates of HFSA with ex-
act eigenstates from the special band obtained numeri-
cally in L = 32 chain with PBC. In Fig. 3(b) we observe
that the lowest-energy special state has exactly the same
overlaps with the basis states |ni as the FSA eigenstate.
For the special eigenstates in the middle of many-body
band, such as the one shown in Fig. 3(c), the FSA over-
estimates the overlap, yet capturing the oscillations. The
agreement between FSA and exact eigenstates is highly
surprising, and it further supports the unusual nature of
the special eigenstates. Indeed, a basis that has only L+1
states, each concentrated in small parts of the Hilbert
space, would provide an extremely poor approximation
for a generic highly excited eigenstate of a thermalizing
system of size L.

In order to provide the further insights into the struc-
ture of special eigenstates, we study their participation
ratios in the product state basis. The second participa-
tion ratio PR2 of eigenstate | i is defined as a sum of
all wave function coe�cients, PR2 =

P
↵ |h↵| i|4, where

↵ label all distinct product states in the inversion sym-
metric zero-momentum sector. For ergodic states, one
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FIG. 5. Translationally-invariant comb structure that hosts
flat bands at E = ±t2 corresponding to the CL states discussed
in Sec. IV. The support of the CL states is depicted by the blue
sites. t1/t2 = 1 is chosen for the plot of the band structure,
although the flat bands persist irrespective of the value of
t1/t2.

in Eq. (3) by virtue of having precisely zero projection
onto the sites that connect this cluster to the remainder
of the lattice. Further, placing any chain of even length
on the intervening site will give rise to an eigenvector of
the form (t1/t2, 0,�1, 0, t1/t2)� (0, 1, 0,�1, . . .) with zero
energy.

Similarly, we are able to find clusters of sites that give
rise to ±t2 eigenvalue pairs. For example,
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Once again, similar eigenstates with energy ±t2 may be
written down for any intervening chain of length ` = 3k�2
with k 2 N.

In the case of generic o↵shoots connected to the back-
bone, the existence of such CL states is not guaranteed.
Indeed, using the above construction, if the two ends of
the cluster at sites x � 1 and x + 1 have an identical
o↵shoot with an eigenstate at energy E

cl
n
, then the inter-

vening o↵shoot at site x must satisfy E
cl
n
+WEcl

n
(`x) = 0

for there to exist a CL state with energy E
cl
n

(i.e., an
eigenstate satisfying  x�1,0 =  x+1,0 = 0, which does
not connect to the remainder of the chain). This general
condition, twinned with the exact expression for W✏(`)
in Eq. (10), can then be used to deduce the rule for the
length of the intervening chain required to give rise to a
CL state at energy E

cl
n
:

`x =
k(`x+1 + 1)

n
� 2 , (18)

with k ⇢ N such that `x 2 N.
It is important to note that these CL states are dis-

tributed with a finite density throughout the bandwidth of
the o↵shoots |E| < 2t2, and the corresponding eigenvalues,

E
cl
n
(`) = �2t2 cos

⇣
n⇡

`+1

⌘
, are extensively degenerate. It is

easy to estimate the average number of such states at E 2

{E
cl
n

} by counting the expected number of occurrences of
the above structures. For example, for a given probabil-
ity distribution p(`), the average number of zero-modes

(E = 0) is simply given by N0 ⇠ Lp(1)2
P

1

k=1
p(2k + 1).

A consequence of these macroscopically degenerate ener-
gies is that the configuration-averaged density of states

⇢(E) =
P

Ẽ

�(E�Ẽ)

dim(H)
, where dim(H) is the dimension of

the Hilbert space, will exhibit non-analytic points at
E 2 {E

cl
n

}, as shown in Fig. 4. These CL states can
also be found in special translationally invariant comb
structures, where they form flat bands. Figure 5 shows a
comb lattice that hosts 2L/3 such CL states at energies
E = ±t2 [see Eq. (17)].

V. MANY-BODY SCARS

We now tackle the question of adding interactions on
the quantum comb model in Eq. (3). We focus specifically
on the fate of the CL states introduced in the previous sec-
tion once density-density interactions are added between
adjacent sites on the backbone.
Specifically, we consider the following deformation of

the free Hamiltonian Ĥ0 defined in Eq. (3)

Ĥ = Ĥ0 + V Ĥint , (19)

where Ĥint =
P

x
n̂x,0n̂x+1,0, with n̂x,0 = ĉ

†

x,0
ĉ
x,0

, corre-
sponds to density-density interactions [59] on the back-
bone of magnitude V [60]. It is easy to see that due
to the spatial structure of the CL states, a Slater de-
terminant of CL states belongs to the kernel of the
interaction operator Ĥint. Specifically, let us define

⌘̂
†

s
(Ecl

n
) =

P
x

P
ix
 
(s)

x,ix
(Ecl

n
)ĉ†

x,ix
as the creation oper-

ator for the single-particle CL state at energy E
cl
n
, where

the index s labels its macroscopic degeneracy. Now, non-
interacting eigenstates of the form | cli =

Q
n,s

⌘̂
†

s
(Ecl

n
)|0i

remain eigenstates of Ĥ since they satisfy Ĥint | cli = 0.
One can only construct such states as long as the total
number of particles does not exceed the total number of
CL states. Importantly, these eigenstates are highly non-
thermal and violate the eigenstate thermalization hypoth-
esis [11], since they are exact eigenstates of a quadratic
Hamiltonian. Moreover, as a result of their strictly lo-
calized nature, they satisfy exact area law scaling of the
entanglement entropy.

It is important to point out that the existence of these
states does not depend on the value of the interaction
strength V or the hopping parameters t1 and t2. Thus,
in general, the integrability of the model is broken (see
Appendix D), and hence these CL states are surrounded
by thermal (volume law entangled) eigenstates. These
special states therefore constitute an example of exact
many-body scar states [45]. Indeed, their construction is
reminiscent of Refs. [47, 62, 63].
As we already discussed for the non-interacting prob-

lem, these special states, located at some of the non-
interacting energies, appear with probability one in ran-
dom comb structures, as well as in special translationally
invariant models. For example, in the comb structure in
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in Sec. IV. The support of the CL states is depicted by the blue
sites. t1/t2 = 1 is chosen for the plot of the band structure,
although the flat bands persist irrespective of the value of
t1/t2.

in Eq. (3) by virtue of having precisely zero projection
onto the sites that connect this cluster to the remainder
of the lattice. Further, placing any chain of even length
on the intervening site will give rise to an eigenvector of
the form (t1/t2, 0,�1, 0, t1/t2)� (0, 1, 0,�1, . . .) with zero
energy.

Similarly, we are able to find clusters of sites that give
rise to ±t2 eigenvalue pairs. For example,
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Once again, similar eigenstates with energy ±t2 may be
written down for any intervening chain of length ` = 3k�2
with k 2 N.

In the case of generic o↵shoots connected to the back-
bone, the existence of such CL states is not guaranteed.
Indeed, using the above construction, if the two ends of
the cluster at sites x � 1 and x + 1 have an identical
o↵shoot with an eigenstate at energy E

cl
n
, then the inter-

vening o↵shoot at site x must satisfy E
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n
+WEcl
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(`x) = 0

for there to exist a CL state with energy E
cl
n

(i.e., an
eigenstate satisfying  x�1,0 =  x+1,0 = 0, which does
not connect to the remainder of the chain). This general
condition, twinned with the exact expression for W✏(`)
in Eq. (10), can then be used to deduce the rule for the
length of the intervening chain required to give rise to a
CL state at energy E

cl
n
:

`x =
k(`x+1 + 1)

n
� 2 , (18)

with k ⇢ N such that `x 2 N.
It is important to note that these CL states are dis-

tributed with a finite density throughout the bandwidth of
the o↵shoots |E| < 2t2, and the corresponding eigenvalues,

E
cl
n
(`) = �2t2 cos

⇣
n⇡

`+1

⌘
, are extensively degenerate. It is

easy to estimate the average number of such states at E 2

{E
cl
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} by counting the expected number of occurrences of
the above structures. For example, for a given probabil-
ity distribution p(`), the average number of zero-modes

(E = 0) is simply given by N0 ⇠ Lp(1)2
P

1

k=1
p(2k + 1).

A consequence of these macroscopically degenerate ener-
gies is that the configuration-averaged density of states

⇢(E) =
P

Ẽ

�(E�Ẽ)

dim(H)
, where dim(H) is the dimension of

the Hilbert space, will exhibit non-analytic points at
E 2 {E

cl
n

}, as shown in Fig. 4. These CL states can
also be found in special translationally invariant comb
structures, where they form flat bands. Figure 5 shows a
comb lattice that hosts 2L/3 such CL states at energies
E = ±t2 [see Eq. (17)].

V. MANY-BODY SCARS

We now tackle the question of adding interactions on
the quantum comb model in Eq. (3). We focus specifically
on the fate of the CL states introduced in the previous sec-
tion once density-density interactions are added between
adjacent sites on the backbone.
Specifically, we consider the following deformation of

the free Hamiltonian Ĥ0 defined in Eq. (3)

Ĥ = Ĥ0 + V Ĥint , (19)

where Ĥint =
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ĉ
x,0
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sponds to density-density interactions [59] on the back-
bone of magnitude V [60]. It is easy to see that due
to the spatial structure of the CL states, a Slater de-
terminant of CL states belongs to the kernel of the
interaction operator Ĥint. Specifically, let us define
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)ĉ†

x,ix
as the creation oper-

ator for the single-particle CL state at energy E
cl
n
, where

the index s labels its macroscopic degeneracy. Now, non-
interacting eigenstates of the form | cli =
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remain eigenstates of Ĥ since they satisfy Ĥint | cli = 0.
One can only construct such states as long as the total
number of particles does not exceed the total number of
CL states. Importantly, these eigenstates are highly non-
thermal and violate the eigenstate thermalization hypoth-
esis [11], since they are exact eigenstates of a quadratic
Hamiltonian. Moreover, as a result of their strictly lo-
calized nature, they satisfy exact area law scaling of the
entanglement entropy.

It is important to point out that the existence of these
states does not depend on the value of the interaction
strength V or the hopping parameters t1 and t2. Thus,
in general, the integrability of the model is broken (see
Appendix D), and hence these CL states are surrounded
by thermal (volume law entangled) eigenstates. These
special states therefore constitute an example of exact
many-body scar states [45]. Indeed, their construction is
reminiscent of Refs. [47, 62, 63].
As we already discussed for the non-interacting prob-

lem, these special states, located at some of the non-
interacting energies, appear with probability one in ran-
dom comb structures, as well as in special translationally
invariant models. For example, in the comb structure in
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in Eq. (3) by virtue of having precisely zero projection
onto the sites that connect this cluster to the remainder
of the lattice. Further, placing any chain of even length
on the intervening site will give rise to an eigenvector of
the form (t1/t2, 0,�1, 0, t1/t2)� (0, 1, 0,�1, . . .) with zero
energy.
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Once again, similar eigenstates with energy ±t2 may be
written down for any intervening chain of length ` = 3k�2
with k 2 N.

In the case of generic o↵shoots connected to the back-
bone, the existence of such CL states is not guaranteed.
Indeed, using the above construction, if the two ends of
the cluster at sites x � 1 and x + 1 have an identical
o↵shoot with an eigenstate at energy E
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, then the inter-

vening o↵shoot at site x must satisfy E
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for there to exist a CL state with energy E
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(i.e., an
eigenstate satisfying  x�1,0 =  x+1,0 = 0, which does
not connect to the remainder of the chain). This general
condition, twinned with the exact expression for W✏(`)
in Eq. (10), can then be used to deduce the rule for the
length of the intervening chain required to give rise to a
CL state at energy E
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with k ⇢ N such that `x 2 N.
It is important to note that these CL states are dis-

tributed with a finite density throughout the bandwidth of
the o↵shoots |E| < 2t2, and the corresponding eigenvalues,
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gies is that the configuration-averaged density of states
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the Hilbert space, will exhibit non-analytic points at
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}, as shown in Fig. 4. These CL states can
also be found in special translationally invariant comb
structures, where they form flat bands. Figure 5 shows a
comb lattice that hosts 2L/3 such CL states at energies
E = ±t2 [see Eq. (17)].
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We now tackle the question of adding interactions on
the quantum comb model in Eq. (3). We focus specifically
on the fate of the CL states introduced in the previous sec-
tion once density-density interactions are added between
adjacent sites on the backbone.
Specifically, we consider the following deformation of

the free Hamiltonian Ĥ0 defined in Eq. (3)
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remain eigenstates of Ĥ since they satisfy Ĥint | cli = 0.
One can only construct such states as long as the total
number of particles does not exceed the total number of
CL states. Importantly, these eigenstates are highly non-
thermal and violate the eigenstate thermalization hypoth-
esis [11], since they are exact eigenstates of a quadratic
Hamiltonian. Moreover, as a result of their strictly lo-
calized nature, they satisfy exact area law scaling of the
entanglement entropy.

It is important to point out that the existence of these
states does not depend on the value of the interaction
strength V or the hopping parameters t1 and t2. Thus,
in general, the integrability of the model is broken (see
Appendix D), and hence these CL states are surrounded
by thermal (volume law entangled) eigenstates. These
special states therefore constitute an example of exact
many-body scar states [45]. Indeed, their construction is
reminiscent of Refs. [47, 62, 63].
As we already discussed for the non-interacting prob-

lem, these special states, located at some of the non-
interacting energies, appear with probability one in ran-
dom comb structures, as well as in special translationally
invariant models. For example, in the comb structure in

9

on site x by  x,0(t) = hx, 0| i, then the Schrodinger equa-

tion Ĥ0 | i = i@t | i can be written in momentum space
as

 ̃x,ky (s) =

1
p
N

P
x0 hx,x0 x0,0(s) + i ̃x,ky (0)

is+ 2t2 cos ky
, (C2)

where  x,j(s) ⌘ L[ x,j(t)] is the Laplace transform of
 x,j(t), and  ̃x,ky denotes the (discrete) Fourier transform
of  x,j over the direction of the o↵shoots. Substituting
this result back into the Schrodinger equation and taking
the sum over all momenta gives the dynamics of the
wavefunction on the backbone:

1

N

X

ky

is[
P

x0 hx,x0 x0,0(s) + i x,0(0)]

is � E(ky)
= is x,0(s) .

(C3)
This equation corresponds to nonunitary dynamics of the
projection of the wavefunction onto the backbone, since
probability density can be lost to the o↵shoots.
Intriguingly, in the continuum limit, where E(ky) =

k
2
y
/2m, performing the integral over momentum and tak-

ing the inverse Laplace transform, one may write the result
in terms of a fractional time Schrodinger equation of the
form given in Ref. [50], i.e., of the form i

↵
@
↵

t
 = H ,

where ↵ = 1/2.
In the lattice model, and in the thermodynamic limit

(in the o↵shoot direction, N ! 1), one may convert the
sum in Eq. (C3) to an integral and hence arrive at the
expression [for Re(s) > 0]

P
x0 hx,x0 x0,0(s) + i x,0(0)p

s2 + 4t2
2

= i x,0(s) , (C4)

which has the formal solution

 x,0(t) = L
�1


�iGx,x0

✓
i

q
s2 + 4t2

2

◆
 x0,0(0)

�
, (C5)

where the summation over x0 is implicit, and the Green’s
function on the backbone is defined as Gx,x0(✏) = [(ĥ �

E)�1]x,x0 .

2. Bandwidth

In order to bound the bandwidth, we compute the spec-
trum of the translationally-invariant model with infinite
o↵shoots. We will begin with o↵shoots of uniform length
N , and take the N ! 1 limit at the end of the calcu-
lation. Taking the Fourier transform over the backbone
direction, we arrive at the Hamiltonian

Ĥ0 = �2t1
X

kx

cos kxâ
†

kx,0
â
kx,0

� t2

X

kx,hi,ji

â
†

kx,i
â
kx,j

.

(C6)
In particular, to find the bandwidth, we seek the extremal
eigenvalues of Ĥ0 above. Parametrising the energy as
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FIG. 8. Level spacing distribution of the unfolded energy
spectrum of the interacting Hamiltonian (19) defined on the
comb lattice shown in Fig. 5 with L = 12, and N = L/3
particles, having discarded 20% of the energy levels at the
edges of the spectrum. The distribution is averaged over
momentum sectors, excluding k = 0,⇡.

E = �2t2 cosh ⌘, the quantisation condition for o↵shoots
of length N is found to be

2t1 cos kx � t2e
⌘

2t1 cos kx � t2e
�⌘

= e
�2N⌘

. (C7)

In the thermodynamic limit N ! 1, the solution of this
equation for real ⌘ is given by 2t1 cos kx = t2e

⌘. This
solution remains finite for t2 ! 0+, whilst the other N �1
eigenvalues vanish. Therefore, in the thermodynamic
limit, we find the extremal eigenvalue for t2 < 2t1:

|E| = 2t1 +
t
2
2

2t1
. (C8)

This result defines the white dashed region in Fig. 2.

Appendix D: Level statistics

To provide evidence that the system is non-integrable,
we analyse the level statistics of the interacting Hamil-
tonian (19). In particular, we study the distribution
of (unfolded) level spacings P (s), where sn = En+1 �

En [68], and the level spacing statistics value hrni =
hmin(sn, sn�1)/max(sn, sn�1)i [69]. It is crucial to re-
solve all symmetries of the system and calculate the
statistics within each symmetry sector separately. For the
system shown in Fig. 5, the Hamiltonian possesses both
translational invariance and inversion symmetry. In Fig. 8,
we plot the level statistics for a system of size L = 12,
with N = L/3 particles averaged over momentum sec-
tors (excluding k = 0,⇡). We find that the distribution
P (s) is in good agreement with the Gaussian Orthog-
onal Ensemble (GOE) from random matrix theory, as
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FIG. 5. Translationally-invariant comb structure that hosts
flat bands at E = ±t2 corresponding to the CL states discussed
in Sec. IV. The support of the CL states is depicted by the blue
sites. t1/t2 = 1 is chosen for the plot of the band structure,
although the flat bands persist irrespective of the value of
t1/t2.

in Eq. (3) by virtue of having precisely zero projection
onto the sites that connect this cluster to the remainder
of the lattice. Further, placing any chain of even length
on the intervening site will give rise to an eigenvector of
the form (t1/t2, 0,�1, 0, t1/t2)� (0, 1, 0,�1, . . .) with zero
energy.

Similarly, we are able to find clusters of sites that give
rise to ±t2 eigenvalue pairs. For example,

3 4 5

1
2 6

7

6

has two eigenstates with E = ±t2

| ±i =

✓
t1

t2
,⌥

t1

t2
, 0,±1, 0,⌥

t1

t2
,
t1

t2
,�1

◆T

. (17)

Once again, similar eigenstates with energy ±t2 may be
written down for any intervening chain of length ` = 3k�2
with k 2 N.

In the case of generic o↵shoots connected to the back-
bone, the existence of such CL states is not guaranteed.
Indeed, using the above construction, if the two ends of
the cluster at sites x � 1 and x + 1 have an identical
o↵shoot with an eigenstate at energy E

cl
n
, then the inter-

vening o↵shoot at site x must satisfy E
cl
n
+WEcl

n
(`x) = 0

for there to exist a CL state with energy E
cl
n

(i.e., an
eigenstate satisfying  x�1,0 =  x+1,0 = 0, which does
not connect to the remainder of the chain). This general
condition, twinned with the exact expression for W✏(`)
in Eq. (10), can then be used to deduce the rule for the
length of the intervening chain required to give rise to a
CL state at energy E

cl
n
:

`x =
k(`x+1 + 1)

n
� 2 , (18)

with k ⇢ N such that `x 2 N.
It is important to note that these CL states are dis-

tributed with a finite density throughout the bandwidth of
the o↵shoots |E| < 2t2, and the corresponding eigenvalues,

E
cl
n
(`) = �2t2 cos

⇣
n⇡

`+1

⌘
, are extensively degenerate. It is

easy to estimate the average number of such states at E 2

{E
cl
n

} by counting the expected number of occurrences of
the above structures. For example, for a given probabil-
ity distribution p(`), the average number of zero-modes

(E = 0) is simply given by N0 ⇠ Lp(1)2
P

1

k=1
p(2k + 1).

A consequence of these macroscopically degenerate ener-
gies is that the configuration-averaged density of states

⇢(E) =
P

Ẽ

�(E�Ẽ)

dim(H)
, where dim(H) is the dimension of

the Hilbert space, will exhibit non-analytic points at
E 2 {E

cl
n

}, as shown in Fig. 4. These CL states can
also be found in special translationally invariant comb
structures, where they form flat bands. Figure 5 shows a
comb lattice that hosts 2L/3 such CL states at energies
E = ±t2 [see Eq. (17)].

V. MANY-BODY SCARS

We now tackle the question of adding interactions on
the quantum comb model in Eq. (3). We focus specifically
on the fate of the CL states introduced in the previous sec-
tion once density-density interactions are added between
adjacent sites on the backbone.
Specifically, we consider the following deformation of

the free Hamiltonian Ĥ0 defined in Eq. (3)

Ĥ = Ĥ0 + V Ĥint , (19)

where Ĥint =
P

x
n̂x,0n̂x+1,0, with n̂x,0 = ĉ

†

x,0
ĉ
x,0

, corre-
sponds to density-density interactions [59] on the back-
bone of magnitude V [60]. It is easy to see that due
to the spatial structure of the CL states, a Slater de-
terminant of CL states belongs to the kernel of the
interaction operator Ĥint. Specifically, let us define

⌘̂
†

s
(Ecl

n
) =

P
x

P
ix
 
(s)

x,ix
(Ecl

n
)ĉ†

x,ix
as the creation oper-

ator for the single-particle CL state at energy E
cl
n
, where

the index s labels its macroscopic degeneracy. Now, non-
interacting eigenstates of the form | cli =

Q
n,s

⌘̂
†

s
(Ecl

n
)|0i

remain eigenstates of Ĥ since they satisfy Ĥint | cli = 0.
One can only construct such states as long as the total
number of particles does not exceed the total number of
CL states. Importantly, these eigenstates are highly non-
thermal and violate the eigenstate thermalization hypoth-
esis [11], since they are exact eigenstates of a quadratic
Hamiltonian. Moreover, as a result of their strictly lo-
calized nature, they satisfy exact area law scaling of the
entanglement entropy.

It is important to point out that the existence of these
states does not depend on the value of the interaction
strength V or the hopping parameters t1 and t2. Thus,
in general, the integrability of the model is broken (see
Appendix D), and hence these CL states are surrounded
by thermal (volume law entangled) eigenstates. These
special states therefore constitute an example of exact
many-body scar states [45]. Indeed, their construction is
reminiscent of Refs. [47, 62, 63].
As we already discussed for the non-interacting prob-

lem, these special states, located at some of the non-
interacting energies, appear with probability one in ran-
dom comb structures, as well as in special translationally
invariant models. For example, in the comb structure in

Level Spacing Statistics

Non-Integrable

4

FIG. 4. Configuration-averaged density of states d(⇢) for several
system sizes ! for the case in which the lengths of the o�shoots are
power law distributed ?(✓) ⇠ ✓

�W with W = 2.5, and C2 = C1. There
exist non-analytic points at energies ⇢ 2 {⇢

cl
=
} that correspond to

the CL states, a subset of which are shown in Eqs. (14)–(15) that
contribute towards the states at ⇢ = 0 and ⇢ = ±C2, respectively. The
inset shows d(⇢) for ⇢/C1 2 [0, 0.6] to highlight the presence of other
non-analytic points.

of |⇢ |. For C2/C1 < 2, there exist states (within the white
dashed region in Fig. 2) that are not in the vicinity of any of
the o�shoot eigenvalues {⇢

cl
=
} (see Appendix C 2). Further,

the o�shoot Green’s function decays with energy outside of
the band �2C2 < ⇢ < 2C2, leading to a suppression of the
disorder: ,n (✓) ' �C24

�:
(1 � 24�2✓:

), where n = cosh : .
The localization length therefore becomes exponentially large
in : within this region.

B. Dynamical properties

We focus on the dynamics of the probability density ⇧(G, C)

starting from a wave packet localized on a single site of the
chain, |k(0)i = 2̂

†

0,0 |0i. In particular, we study the probability
density marginalised over the o�shoot indices

⇧(G, C) =
;G’

8G=0

|hG, 8G |k(C)i |
2
, (13)

that is, the probability of finding the particle on any site of the
comb with backbone index G. To quantify the spread of ⇧(G, C),
we define its return probability by R(C) = ⇧(G = 0, C) and its
mean-square displacement -2

(C) =
Õ

G
G

2⇧(G, C).
As expected, and in agreement with the analysis of bloc (⇢),

both the return probability R(C) and the mean-square displace-
ment -2 (C) exhibit behaviour typical of a localized system.
Figures 3 (a)–(b) show R(C) and -

2 (C) for several system sizes
(i.e., lengths of the backbone !), where the dynamics has been
computed using exact diagonalization. The lengths of the o�-
shoot are power law distributed according to ?(✓) / 1/✓2.5 [61],
and C2/C1 = qwith q = 1+

p
5. Both quantities, after some initial

transient dynamics, saturate to an !-independent value, imply-
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(
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/
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FIG. 5. Translationally-invariant comb structure that hosts flat bands
at ⇢ = ±C2 corresponding to the CL states discussed in Sec. IV. The
support of the CL states is depicted by the blue sites. C1/C2 = 1 is
chosen for the plot of the band structure, although the flat bands persist
irrespective of the value of C1/C2.

ing that the particle cannot propagate through the system beyond
the maximal localization length. Finally, Fig. 3 (c) shows the
density profile averaged over both disorder realisations and time:
h⇧(G,1)i = lim)!1

1
)

Ø
)

0 ⇧(G, C)3C, which relaxes to a sta-
tionary, exponentially decaying function h⇧(G,1)i ⇠ 4

� |G |/b .

Interestingly, for C1 = C2, where the maximum localization
length becomes large, bloc � 1 (see Appendix B), we found a
transient dynamics that is consistent with an algebraic propa-
gation -

2 (C) ⇠ C
U, where U ⇡ 2 � 1/W, with W > 2 the decay

rate of the power law probability distribution of the o�shoots
?(✓) ⇠ 1/✓W .

IV. COMPACT LOCALIZED STATES

Having shown that all the eigenstates of �̂0 are exponentially
localized along the backbone, we now turn our focus to the
eigenstates of �̂0 with bloc (⇢) = 0, referred to previously as
‘compact localized’ (CL) states. As we already discussed,
these states may be found at the zeros of the function ,

�1
n
(✓),

which may be thought of as the inverse of the disordered onsite
potential.

We are able to construct families of exact eigenstates of the
full Hamiltonian, Eq. (1), for all values of C1/C2 at energies
⇢ 2 {⇢

cl
=
} by considering symmetric clusters containing few

sites. For example,

2 3 4
1 5

7
6 has zero mode

✓
C1

C2
, 0,�1, 0,

C1

C2
, 0, 1

◆
)

(14)

where the site labels correspond to their position in the state
vector, and the blue sites correspond to the sites on which the
wavefunction has a nonzero projection. These states are in fact
exact eigenstates of the full Hamiltonian in Eq. (1) by virtue
of having precisely zero projection onto the sites that connect
this cluster to the remainder of the lattice. Further, placing any
chain of even length on the intervening site will give rise to an
eigenvector of the form (C1/C2, 0,�1, 0, C1/C2)� (0, 1, 0,�1, . . .)
with zero energy.

Similarly, we are able to find clusters of sites that give rise
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FIG. 5. Translationally-invariant comb structure that hosts
flat bands at E = ±t2 corresponding to the CL states discussed
in Sec. IV. The support of the CL states is depicted by the blue
sites. t1/t2 = 1 is chosen for the plot of the band structure,
although the flat bands persist irrespective of the value of
t1/t2.

in Eq. (3) by virtue of having precisely zero projection
onto the sites that connect this cluster to the remainder
of the lattice. Further, placing any chain of even length
on the intervening site will give rise to an eigenvector of
the form (t1/t2, 0,�1, 0, t1/t2)� (0, 1, 0,�1, . . .) with zero
energy.

Similarly, we are able to find clusters of sites that give
rise to ±t2 eigenvalue pairs. For example,
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6

has two eigenstates with E = ±t2

| ±i =

✓
t1

t2
,⌥

t1

t2
, 0,±1, 0,⌥

t1

t2
,
t1

t2
,�1

◆T

. (17)

Once again, similar eigenstates with energy ±t2 may be
written down for any intervening chain of length ` = 3k�2
with k 2 N.

In the case of generic o↵shoots connected to the back-
bone, the existence of such CL states is not guaranteed.
Indeed, using the above construction, if the two ends of
the cluster at sites x � 1 and x + 1 have an identical
o↵shoot with an eigenstate at energy E

cl
n
, then the inter-

vening o↵shoot at site x must satisfy E
cl
n
+WEcl

n
(`x) = 0

for there to exist a CL state with energy E
cl
n

(i.e., an
eigenstate satisfying  x�1,0 =  x+1,0 = 0, which does
not connect to the remainder of the chain). This general
condition, twinned with the exact expression for W✏(`)
in Eq. (10), can then be used to deduce the rule for the
length of the intervening chain required to give rise to a
CL state at energy E

cl
n
:

`x =
k(`x+1 + 1)

n
� 2 , (18)

with k ⇢ N such that `x 2 N.
It is important to note that these CL states are dis-

tributed with a finite density throughout the bandwidth of
the o↵shoots |E| < 2t2, and the corresponding eigenvalues,

E
cl
n
(`) = �2t2 cos

⇣
n⇡

`+1

⌘
, are extensively degenerate. It is

easy to estimate the average number of such states at E 2

{E
cl
n

} by counting the expected number of occurrences of
the above structures. For example, for a given probabil-
ity distribution p(`), the average number of zero-modes

(E = 0) is simply given by N0 ⇠ Lp(1)2
P

1

k=1
p(2k + 1).

A consequence of these macroscopically degenerate ener-
gies is that the configuration-averaged density of states

⇢(E) =
P

Ẽ

�(E�Ẽ)

dim(H)
, where dim(H) is the dimension of

the Hilbert space, will exhibit non-analytic points at
E 2 {E

cl
n

}, as shown in Fig. 4. These CL states can
also be found in special translationally invariant comb
structures, where they form flat bands. Figure 5 shows a
comb lattice that hosts 2L/3 such CL states at energies
E = ±t2 [see Eq. (17)].

V. MANY-BODY SCARS

We now tackle the question of adding interactions on
the quantum comb model in Eq. (3). We focus specifically
on the fate of the CL states introduced in the previous sec-
tion once density-density interactions are added between
adjacent sites on the backbone.
Specifically, we consider the following deformation of

the free Hamiltonian Ĥ0 defined in Eq. (3)

Ĥ = Ĥ0 + V Ĥint , (19)

where Ĥint =
P

x
n̂x,0n̂x+1,0, with n̂x,0 = ĉ

†

x,0
ĉ
x,0

, corre-
sponds to density-density interactions [59] on the back-
bone of magnitude V [60]. It is easy to see that due
to the spatial structure of the CL states, a Slater de-
terminant of CL states belongs to the kernel of the
interaction operator Ĥint. Specifically, let us define

⌘̂
†

s
(Ecl

n
) =

P
x

P
ix
 
(s)

x,ix
(Ecl

n
)ĉ†

x,ix
as the creation oper-

ator for the single-particle CL state at energy E
cl
n
, where

the index s labels its macroscopic degeneracy. Now, non-
interacting eigenstates of the form | cli =

Q
n,s

⌘̂
†

s
(Ecl

n
)|0i

remain eigenstates of Ĥ since they satisfy Ĥint | cli = 0.
One can only construct such states as long as the total
number of particles does not exceed the total number of
CL states. Importantly, these eigenstates are highly non-
thermal and violate the eigenstate thermalization hypoth-
esis [11], since they are exact eigenstates of a quadratic
Hamiltonian. Moreover, as a result of their strictly lo-
calized nature, they satisfy exact area law scaling of the
entanglement entropy.

It is important to point out that the existence of these
states does not depend on the value of the interaction
strength V or the hopping parameters t1 and t2. Thus,
in general, the integrability of the model is broken (see
Appendix D), and hence these CL states are surrounded
by thermal (volume law entangled) eigenstates. These
special states therefore constitute an example of exact
many-body scar states [45]. Indeed, their construction is
reminiscent of Refs. [47, 62, 63].
As we already discussed for the non-interacting prob-

lem, these special states, located at some of the non-
interacting energies, appear with probability one in ran-
dom comb structures, as well as in special translationally
invariant models. For example, in the comb structure in
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FIG. 5. Translationally-invariant comb structure that hosts
flat bands at E = ±t2 corresponding to the CL states discussed
in Sec. IV. The support of the CL states is depicted by the blue
sites. t1/t2 = 1 is chosen for the plot of the band structure,
although the flat bands persist irrespective of the value of
t1/t2.

in Eq. (3) by virtue of having precisely zero projection
onto the sites that connect this cluster to the remainder
of the lattice. Further, placing any chain of even length
on the intervening site will give rise to an eigenvector of
the form (t1/t2, 0,�1, 0, t1/t2)� (0, 1, 0,�1, . . .) with zero
energy.

Similarly, we are able to find clusters of sites that give
rise to ±t2 eigenvalue pairs. For example,
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has two eigenstates with E = ±t2

| ±i =

✓
t1

t2
,⌥

t1

t2
, 0,±1, 0,⌥
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Once again, similar eigenstates with energy ±t2 may be
written down for any intervening chain of length ` = 3k�2
with k 2 N.

In the case of generic o↵shoots connected to the back-
bone, the existence of such CL states is not guaranteed.
Indeed, using the above construction, if the two ends of
the cluster at sites x � 1 and x + 1 have an identical
o↵shoot with an eigenstate at energy E

cl
n
, then the inter-

vening o↵shoot at site x must satisfy E
cl
n
+WEcl

n
(`x) = 0

for there to exist a CL state with energy E
cl
n

(i.e., an
eigenstate satisfying  x�1,0 =  x+1,0 = 0, which does
not connect to the remainder of the chain). This general
condition, twinned with the exact expression for W✏(`)
in Eq. (10), can then be used to deduce the rule for the
length of the intervening chain required to give rise to a
CL state at energy E

cl
n
:

`x =
k(`x+1 + 1)

n
� 2 , (18)

with k ⇢ N such that `x 2 N.
It is important to note that these CL states are dis-

tributed with a finite density throughout the bandwidth of
the o↵shoots |E| < 2t2, and the corresponding eigenvalues,

E
cl
n
(`) = �2t2 cos

⇣
n⇡

`+1

⌘
, are extensively degenerate. It is

easy to estimate the average number of such states at E 2

{E
cl
n

} by counting the expected number of occurrences of
the above structures. For example, for a given probabil-
ity distribution p(`), the average number of zero-modes

(E = 0) is simply given by N0 ⇠ Lp(1)2
P

1

k=1
p(2k + 1).

A consequence of these macroscopically degenerate ener-
gies is that the configuration-averaged density of states

⇢(E) =
P

Ẽ

�(E�Ẽ)

dim(H)
, where dim(H) is the dimension of

the Hilbert space, will exhibit non-analytic points at
E 2 {E

cl
n

}, as shown in Fig. 4. These CL states can
also be found in special translationally invariant comb
structures, where they form flat bands. Figure 5 shows a
comb lattice that hosts 2L/3 such CL states at energies
E = ±t2 [see Eq. (17)].

V. MANY-BODY SCARS

We now tackle the question of adding interactions on
the quantum comb model in Eq. (3). We focus specifically
on the fate of the CL states introduced in the previous sec-
tion once density-density interactions are added between
adjacent sites on the backbone.
Specifically, we consider the following deformation of

the free Hamiltonian Ĥ0 defined in Eq. (3)

Ĥ = Ĥ0 + V Ĥint , (19)

where Ĥint =
P

x
n̂x,0n̂x+1,0, with n̂x,0 = ĉ

†

x,0
ĉ
x,0

, corre-
sponds to density-density interactions [59] on the back-
bone of magnitude V [60]. It is easy to see that due
to the spatial structure of the CL states, a Slater de-
terminant of CL states belongs to the kernel of the
interaction operator Ĥint. Specifically, let us define
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) =

P
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(s)

x,ix
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)ĉ†

x,ix
as the creation oper-

ator for the single-particle CL state at energy E
cl
n
, where

the index s labels its macroscopic degeneracy. Now, non-
interacting eigenstates of the form | cli =

Q
n,s

⌘̂
†

s
(Ecl

n
)|0i

remain eigenstates of Ĥ since they satisfy Ĥint | cli = 0.
One can only construct such states as long as the total
number of particles does not exceed the total number of
CL states. Importantly, these eigenstates are highly non-
thermal and violate the eigenstate thermalization hypoth-
esis [11], since they are exact eigenstates of a quadratic
Hamiltonian. Moreover, as a result of their strictly lo-
calized nature, they satisfy exact area law scaling of the
entanglement entropy.

It is important to point out that the existence of these
states does not depend on the value of the interaction
strength V or the hopping parameters t1 and t2. Thus,
in general, the integrability of the model is broken (see
Appendix D), and hence these CL states are surrounded
by thermal (volume law entangled) eigenstates. These
special states therefore constitute an example of exact
many-body scar states [45]. Indeed, their construction is
reminiscent of Refs. [47, 62, 63].
As we already discussed for the non-interacting prob-

lem, these special states, located at some of the non-
interacting energies, appear with probability one in ran-
dom comb structures, as well as in special translationally
invariant models. For example, in the comb structure in
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flat bands at E = ±t2 corresponding to the CL states discussed
in Sec. IV. The support of the CL states is depicted by the blue
sites. t1/t2 = 1 is chosen for the plot of the band structure,
although the flat bands persist irrespective of the value of
t1/t2.

in Eq. (3) by virtue of having precisely zero projection
onto the sites that connect this cluster to the remainder
of the lattice. Further, placing any chain of even length
on the intervening site will give rise to an eigenvector of
the form (t1/t2, 0,�1, 0, t1/t2)� (0, 1, 0,�1, . . .) with zero
energy.

Similarly, we are able to find clusters of sites that give
rise to ±t2 eigenvalue pairs. For example,
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Once again, similar eigenstates with energy ±t2 may be
written down for any intervening chain of length ` = 3k�2
with k 2 N.

In the case of generic o↵shoots connected to the back-
bone, the existence of such CL states is not guaranteed.
Indeed, using the above construction, if the two ends of
the cluster at sites x � 1 and x + 1 have an identical
o↵shoot with an eigenstate at energy E
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, then the inter-

vening o↵shoot at site x must satisfy E
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+WEcl

n
(`x) = 0

for there to exist a CL state with energy E
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n

(i.e., an
eigenstate satisfying  x�1,0 =  x+1,0 = 0, which does
not connect to the remainder of the chain). This general
condition, twinned with the exact expression for W✏(`)
in Eq. (10), can then be used to deduce the rule for the
length of the intervening chain required to give rise to a
CL state at energy E
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:
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with k ⇢ N such that `x 2 N.
It is important to note that these CL states are dis-

tributed with a finite density throughout the bandwidth of
the o↵shoots |E| < 2t2, and the corresponding eigenvalues,
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, are extensively degenerate. It is

easy to estimate the average number of such states at E 2
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the above structures. For example, for a given probabil-
ity distribution p(`), the average number of zero-modes
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A consequence of these macroscopically degenerate ener-
gies is that the configuration-averaged density of states
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, where dim(H) is the dimension of

the Hilbert space, will exhibit non-analytic points at
E 2 {E
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n

}, as shown in Fig. 4. These CL states can
also be found in special translationally invariant comb
structures, where they form flat bands. Figure 5 shows a
comb lattice that hosts 2L/3 such CL states at energies
E = ±t2 [see Eq. (17)].

V. MANY-BODY SCARS

We now tackle the question of adding interactions on
the quantum comb model in Eq. (3). We focus specifically
on the fate of the CL states introduced in the previous sec-
tion once density-density interactions are added between
adjacent sites on the backbone.
Specifically, we consider the following deformation of

the free Hamiltonian Ĥ0 defined in Eq. (3)

Ĥ = Ĥ0 + V Ĥint , (19)

where Ĥint =
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, corre-
sponds to density-density interactions [59] on the back-
bone of magnitude V [60]. It is easy to see that due
to the spatial structure of the CL states, a Slater de-
terminant of CL states belongs to the kernel of the
interaction operator Ĥint. Specifically, let us define
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remain eigenstates of Ĥ since they satisfy Ĥint | cli = 0.
One can only construct such states as long as the total
number of particles does not exceed the total number of
CL states. Importantly, these eigenstates are highly non-
thermal and violate the eigenstate thermalization hypoth-
esis [11], since they are exact eigenstates of a quadratic
Hamiltonian. Moreover, as a result of their strictly lo-
calized nature, they satisfy exact area law scaling of the
entanglement entropy.

It is important to point out that the existence of these
states does not depend on the value of the interaction
strength V or the hopping parameters t1 and t2. Thus,
in general, the integrability of the model is broken (see
Appendix D), and hence these CL states are surrounded
by thermal (volume law entangled) eigenstates. These
special states therefore constitute an example of exact
many-body scar states [45]. Indeed, their construction is
reminiscent of Refs. [47, 62, 63].
As we already discussed for the non-interacting prob-

lem, these special states, located at some of the non-
interacting energies, appear with probability one in ran-
dom comb structures, as well as in special translationally
invariant models. For example, in the comb structure in
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flat bands at E = ±t2 corresponding to the CL states discussed
in Sec. IV. The support of the CL states is depicted by the blue
sites. t1/t2 = 1 is chosen for the plot of the band structure,
although the flat bands persist irrespective of the value of
t1/t2.

in Eq. (3) by virtue of having precisely zero projection
onto the sites that connect this cluster to the remainder
of the lattice. Further, placing any chain of even length
on the intervening site will give rise to an eigenvector of
the form (t1/t2, 0,�1, 0, t1/t2)� (0, 1, 0,�1, . . .) with zero
energy.

Similarly, we are able to find clusters of sites that give
rise to ±t2 eigenvalue pairs. For example,
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Once again, similar eigenstates with energy ±t2 may be
written down for any intervening chain of length ` = 3k�2
with k 2 N.

In the case of generic o↵shoots connected to the back-
bone, the existence of such CL states is not guaranteed.
Indeed, using the above construction, if the two ends of
the cluster at sites x � 1 and x + 1 have an identical
o↵shoot with an eigenstate at energy E
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, then the inter-
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for there to exist a CL state with energy E
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(i.e., an
eigenstate satisfying  x�1,0 =  x+1,0 = 0, which does
not connect to the remainder of the chain). This general
condition, twinned with the exact expression for W✏(`)
in Eq. (10), can then be used to deduce the rule for the
length of the intervening chain required to give rise to a
CL state at energy E
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:
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k(`x+1 + 1)

n
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with k ⇢ N such that `x 2 N.
It is important to note that these CL states are dis-

tributed with a finite density throughout the bandwidth of
the o↵shoots |E| < 2t2, and the corresponding eigenvalues,
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, are extensively degenerate. It is

easy to estimate the average number of such states at E 2
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} by counting the expected number of occurrences of
the above structures. For example, for a given probabil-
ity distribution p(`), the average number of zero-modes
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A consequence of these macroscopically degenerate ener-
gies is that the configuration-averaged density of states
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, where dim(H) is the dimension of

the Hilbert space, will exhibit non-analytic points at
E 2 {E
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}, as shown in Fig. 4. These CL states can
also be found in special translationally invariant comb
structures, where they form flat bands. Figure 5 shows a
comb lattice that hosts 2L/3 such CL states at energies
E = ±t2 [see Eq. (17)].

V. MANY-BODY SCARS

We now tackle the question of adding interactions on
the quantum comb model in Eq. (3). We focus specifically
on the fate of the CL states introduced in the previous sec-
tion once density-density interactions are added between
adjacent sites on the backbone.
Specifically, we consider the following deformation of

the free Hamiltonian Ĥ0 defined in Eq. (3)
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sponds to density-density interactions [59] on the back-
bone of magnitude V [60]. It is easy to see that due
to the spatial structure of the CL states, a Slater de-
terminant of CL states belongs to the kernel of the
interaction operator Ĥint. Specifically, let us define
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)ĉ†

x,ix
as the creation oper-

ator for the single-particle CL state at energy E
cl
n
, where

the index s labels its macroscopic degeneracy. Now, non-
interacting eigenstates of the form | cli =
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remain eigenstates of Ĥ since they satisfy Ĥint | cli = 0.
One can only construct such states as long as the total
number of particles does not exceed the total number of
CL states. Importantly, these eigenstates are highly non-
thermal and violate the eigenstate thermalization hypoth-
esis [11], since they are exact eigenstates of a quadratic
Hamiltonian. Moreover, as a result of their strictly lo-
calized nature, they satisfy exact area law scaling of the
entanglement entropy.

It is important to point out that the existence of these
states does not depend on the value of the interaction
strength V or the hopping parameters t1 and t2. Thus,
in general, the integrability of the model is broken (see
Appendix D), and hence these CL states are surrounded
by thermal (volume law entangled) eigenstates. These
special states therefore constitute an example of exact
many-body scar states [45]. Indeed, their construction is
reminiscent of Refs. [47, 62, 63].
As we already discussed for the non-interacting prob-

lem, these special states, located at some of the non-
interacting energies, appear with probability one in ran-
dom comb structures, as well as in special translationally
invariant models. For example, in the comb structure in
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flat bands at E = ±t2 corresponding to the CL states discussed
in Sec. IV. The support of the CL states is depicted by the blue
sites. t1/t2 = 1 is chosen for the plot of the band structure,
although the flat bands persist irrespective of the value of
t1/t2.

in Eq. (3) by virtue of having precisely zero projection
onto the sites that connect this cluster to the remainder
of the lattice. Further, placing any chain of even length
on the intervening site will give rise to an eigenvector of
the form (t1/t2, 0,�1, 0, t1/t2)� (0, 1, 0,�1, . . .) with zero
energy.

Similarly, we are able to find clusters of sites that give
rise to ±t2 eigenvalue pairs. For example,
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Once again, similar eigenstates with energy ±t2 may be
written down for any intervening chain of length ` = 3k�2
with k 2 N.

In the case of generic o↵shoots connected to the back-
bone, the existence of such CL states is not guaranteed.
Indeed, using the above construction, if the two ends of
the cluster at sites x � 1 and x + 1 have an identical
o↵shoot with an eigenstate at energy E

cl
n
, then the inter-

vening o↵shoot at site x must satisfy E
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+WEcl

n
(`x) = 0

for there to exist a CL state with energy E
cl
n

(i.e., an
eigenstate satisfying  x�1,0 =  x+1,0 = 0, which does
not connect to the remainder of the chain). This general
condition, twinned with the exact expression for W✏(`)
in Eq. (10), can then be used to deduce the rule for the
length of the intervening chain required to give rise to a
CL state at energy E
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:

`x =
k(`x+1 + 1)
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� 2 , (18)

with k ⇢ N such that `x 2 N.
It is important to note that these CL states are dis-

tributed with a finite density throughout the bandwidth of
the o↵shoots |E| < 2t2, and the corresponding eigenvalues,
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, are extensively degenerate. It is

easy to estimate the average number of such states at E 2
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} by counting the expected number of occurrences of
the above structures. For example, for a given probabil-
ity distribution p(`), the average number of zero-modes

(E = 0) is simply given by N0 ⇠ Lp(1)2
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A consequence of these macroscopically degenerate ener-
gies is that the configuration-averaged density of states
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dim(H)
, where dim(H) is the dimension of

the Hilbert space, will exhibit non-analytic points at
E 2 {E

cl
n

}, as shown in Fig. 4. These CL states can
also be found in special translationally invariant comb
structures, where they form flat bands. Figure 5 shows a
comb lattice that hosts 2L/3 such CL states at energies
E = ±t2 [see Eq. (17)].

V. MANY-BODY SCARS

We now tackle the question of adding interactions on
the quantum comb model in Eq. (3). We focus specifically
on the fate of the CL states introduced in the previous sec-
tion once density-density interactions are added between
adjacent sites on the backbone.
Specifically, we consider the following deformation of

the free Hamiltonian Ĥ0 defined in Eq. (3)
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, corre-
sponds to density-density interactions [59] on the back-
bone of magnitude V [60]. It is easy to see that due
to the spatial structure of the CL states, a Slater de-
terminant of CL states belongs to the kernel of the
interaction operator Ĥint. Specifically, let us define
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remain eigenstates of Ĥ since they satisfy Ĥint | cli = 0.
One can only construct such states as long as the total
number of particles does not exceed the total number of
CL states. Importantly, these eigenstates are highly non-
thermal and violate the eigenstate thermalization hypoth-
esis [11], since they are exact eigenstates of a quadratic
Hamiltonian. Moreover, as a result of their strictly lo-
calized nature, they satisfy exact area law scaling of the
entanglement entropy.

It is important to point out that the existence of these
states does not depend on the value of the interaction
strength V or the hopping parameters t1 and t2. Thus,
in general, the integrability of the model is broken (see
Appendix D), and hence these CL states are surrounded
by thermal (volume law entangled) eigenstates. These
special states therefore constitute an example of exact
many-body scar states [45]. Indeed, their construction is
reminiscent of Refs. [47, 62, 63].
As we already discussed for the non-interacting prob-

lem, these special states, located at some of the non-
interacting energies, appear with probability one in ran-
dom comb structures, as well as in special translationally
invariant models. For example, in the comb structure in
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flat bands at E = ±t2 corresponding to the CL states discussed
in Sec. IV. The support of the CL states is depicted by the blue
sites. t1/t2 = 1 is chosen for the plot of the band structure,
although the flat bands persist irrespective of the value of
t1/t2.

In the case of generic o↵shoots connected to the back-
bone, the existence of such CL states is not guaranteed.
Indeed, using the above construction, if the two ends of
the cluster at sites x � 1 and x + 1 have an identical
o↵shoot with an eigenstate at energy E

cl
n
, then the inter-

vening o↵shoot at site x must satisfy E
cl
n
+WEcl

n
(`x) = 0

for there to exist a CL state with energy E
cl
n

(i.e., an
eigenstate satisfying  x�1,0 =  x+1,0 = 0, which does
not connect to the remainder of the chain). This general
condition, twinned with the exact expression for W✏(`)
in Eq. (8), can then be used to deduce the rule for the
length of the intervening chain required to give rise to a
CL state at energy E

cl
n
:

`x =
k(`x+1 + 1)

n
� 2 , (16)

with k ⇢ N such that `x 2 N.
It is important to note that these CL states are dis-

tributed with a finite density throughout the bandwidth of
the o↵shoots |E| < 2t2, and the corresponding eigenvalues,
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, are extensively degenerate. It is

easy to estimate the average number of such states at E 2
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the above structures. For example, for a given probabil-
ity distribution p(`), the average number of zero-modes
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A consequence of these macroscopically degenerate ener-
gies is that the configuration-averaged density of states
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, where dim(H) is the dimension of

the Hilbert space, will exhibit non-analytic points at
E 2 {E
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}, as shown in Fig. 4. These CL states can
also be found in special translationally invariant comb
structures, where they form flat bands. Figure 5 shows a
comb lattice that hosts 2L/3 such CL states at energies
E = ±t2 [see Eq. (15)].

V. MANY-BODY SCARS

We now tackle the question of adding interactions on
the quantum comb model in Eq. (1). We focus specifically

on the fate of the CL states introduced in the previous sec-
tion once density-density interactions are added between
adjacent sites on the backbone.
Specifically, we consider the following deformation of

the free Hamiltonian Ĥ0 defined in Eq. (1)
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where Ĥint =
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sponds to density-density interactions [59] on the back-
bone of magnitude V [60]. It is easy to see that due
to the spatial structure of the CL states, a Slater de-
terminant of CL states belongs to the kernel of the
interaction operator Ĥint. Specifically, let us define
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remain eigenstates of Ĥ since they satisfy Ĥint | cli = 0.
One can only construct such states as long as the total
number of particles does not exceed the total number of
CL states. Importantly, these eigenstates are highly non-
thermal and violate the eigenstate thermalization hypoth-
esis [11], since they are exact eigenstates of a quadratic
Hamiltonian. Moreover, as a result of their strictly lo-
calized nature, they satisfy exact area law scaling of the
entanglement entropy.

It is important to point out that the existence of these
states does not depend on the value of the interaction
strength V or the hopping parameters t1 and t2. Thus,
in general, the integrability of the model is broken (see
Appendix D), and hence these CL states are surrounded
by thermal (volume law entangled) eigenstates. These
special states therefore constitute an example of exact
many-body scar states [45]. Indeed, their construction is
reminiscent of Refs. [47, 62, 63].
As we already discussed for the non-interacting prob-

lem, these special states, located at some of the non-
interacting energies, appear with probability one in ran-
dom comb structures, as well as in special translationally
invariant models. For example, in the comb structure in
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in Sec. IV. The support of the CL states is depicted by the blue
sites. t1/t2 = 1 is chosen for the plot of the band structure,
although the flat bands persist irrespective of the value of
t1/t2.

In the case of generic o↵shoots connected to the back-
bone, the existence of such CL states is not guaranteed.
Indeed, using the above construction, if the two ends of
the cluster at sites x � 1 and x + 1 have an identical
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in Eq. (8), can then be used to deduce the rule for the
length of the intervening chain required to give rise to a
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cl
n
:

`x =
k(`x+1 + 1)

n
� 2 , (16)

with k ⇢ N such that `x 2 N.
It is important to note that these CL states are dis-

tributed with a finite density throughout the bandwidth of
the o↵shoots |E| < 2t2, and the corresponding eigenvalues,

E
cl
n
(`) = �2t2 cos

⇣
n⇡

`+1

⌘
, are extensively degenerate. It is

easy to estimate the average number of such states at E 2

{E
cl
n

} by counting the expected number of occurrences of
the above structures. For example, for a given probabil-
ity distribution p(`), the average number of zero-modes
(E = 0) is simply given by N0 ⇠ Lp(1)2

P
1

k=1
p(2k + 1).

A consequence of these macroscopically degenerate ener-
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}, as shown in Fig. 4. These CL states can
also be found in special translationally invariant comb
structures, where they form flat bands. Figure 5 shows a
comb lattice that hosts 2L/3 such CL states at energies
E = ±t2 [see Eq. (15)].
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We now tackle the question of adding interactions on
the quantum comb model in Eq. (1). We focus specifically

on the fate of the CL states introduced in the previous sec-
tion once density-density interactions are added between
adjacent sites on the backbone.
Specifically, we consider the following deformation of

the free Hamiltonian Ĥ0 defined in Eq. (1)
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interaction operator Ĥint. Specifically, let us define

⌘̂
†

s
(Ecl

n
) =

P
x

P
ix
 
(s)

x,ix
(Ecl

n
)ĉ†
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remain eigenstates of Ĥ since they satisfy Ĥint | cli = 0.
One can only construct such states as long as the total
number of particles does not exceed the total number of
CL states. Importantly, these eigenstates are highly non-
thermal and violate the eigenstate thermalization hypoth-
esis [11], since they are exact eigenstates of a quadratic
Hamiltonian. Moreover, as a result of their strictly lo-
calized nature, they satisfy exact area law scaling of the
entanglement entropy.

It is important to point out that the existence of these
states does not depend on the value of the interaction
strength V or the hopping parameters t1 and t2. Thus,
in general, the integrability of the model is broken (see
Appendix D), and hence these CL states are surrounded
by thermal (volume law entangled) eigenstates. These
special states therefore constitute an example of exact
many-body scar states [45]. Indeed, their construction is
reminiscent of Refs. [47, 62, 63].
As we already discussed for the non-interacting prob-

lem, these special states, located at some of the non-
interacting energies, appear with probability one in ran-
dom comb structures, as well as in special translationally
invariant models. For example, in the comb structure in
Fig. 5 with N = L/3 number of particles, we will have� 2L

3
L
3

�
⇠ 22L/3

/

p
⇡L/3 many-body scar states, which ap-

pear at energies ±nt2, with n 2 Z. Since these many-body
scars are Slater determinants of CL states, it is easy to
find physical (product) states in the computational basis,Q

x,ix
ĉ
†

x,ix
|0i, that have a large overlap with them. As

a result, the dynamics starting from these special initial
conditions will be strongly dominated by the existence of
the many-body scars. Importantly, such initial conditions
are relevant both theoretically as well as experimentally,
e.g., in cold atom setups.
For concreteness, we focus on Ĥ defined on the trans-

lationally invariant comb structure shown in Fig. 5.
In this case, the charge density wave state | Néeli =Q

L/3

x=1
ĉ
†

3x�2,0
|0i maximises the overlap with the sub-

Hilbert space spanned by the scar states. Figure 6 (a)
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flat bands at E = ±t2 corresponding to the CL states discussed
in Sec. IV. The support of the CL states is depicted by the blue
sites. t1/t2 = 1 is chosen for the plot of the band structure,
although the flat bands persist irrespective of the value of
t1/t2.

In the case of generic o↵shoots connected to the back-
bone, the existence of such CL states is not guaranteed.
Indeed, using the above construction, if the two ends of
the cluster at sites x � 1 and x + 1 have an identical
o↵shoot with an eigenstate at energy E

cl
n
, then the inter-

vening o↵shoot at site x must satisfy E
cl
n
+WEcl

n
(`x) = 0

for there to exist a CL state with energy E
cl
n

(i.e., an
eigenstate satisfying  x�1,0 =  x+1,0 = 0, which does
not connect to the remainder of the chain). This general
condition, twinned with the exact expression for W✏(`)
in Eq. (8), can then be used to deduce the rule for the
length of the intervening chain required to give rise to a
CL state at energy E

cl
n
:

`x =
k(`x+1 + 1)

n
� 2 , (16)

with k ⇢ N such that `x 2 N.
It is important to note that these CL states are dis-

tributed with a finite density throughout the bandwidth of
the o↵shoots |E| < 2t2, and the corresponding eigenvalues,
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⇣
n⇡

`+1

⌘
, are extensively degenerate. It is

easy to estimate the average number of such states at E 2

{E
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n

} by counting the expected number of occurrences of
the above structures. For example, for a given probabil-
ity distribution p(`), the average number of zero-modes
(E = 0) is simply given by N0 ⇠ Lp(1)2

P
1

k=1
p(2k + 1).

A consequence of these macroscopically degenerate ener-
gies is that the configuration-averaged density of states

⇢(E) =
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�(E�Ẽ)

dim(H)
, where dim(H) is the dimension of

the Hilbert space, will exhibit non-analytic points at
E 2 {E
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n

}, as shown in Fig. 4. These CL states can
also be found in special translationally invariant comb
structures, where they form flat bands. Figure 5 shows a
comb lattice that hosts 2L/3 such CL states at energies
E = ±t2 [see Eq. (15)].

V. MANY-BODY SCARS

We now tackle the question of adding interactions on
the quantum comb model in Eq. (1). We focus specifically

on the fate of the CL states introduced in the previous sec-
tion once density-density interactions are added between
adjacent sites on the backbone.
Specifically, we consider the following deformation of

the free Hamiltonian Ĥ0 defined in Eq. (1)

Ĥ = Ĥ0 + V Ĥint , (17)

where Ĥint =
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, corre-
sponds to density-density interactions [59] on the back-
bone of magnitude V [60]. It is easy to see that due
to the spatial structure of the CL states, a Slater de-
terminant of CL states belongs to the kernel of the
interaction operator Ĥint. Specifically, let us define

⌘̂
†

s
(Ecl

n
) =

P
x

P
ix
 
(s)

x,ix
(Ecl

n
)ĉ†
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the index s labels its macroscopic degeneracy. Now, non-
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remain eigenstates of Ĥ since they satisfy Ĥint | cli = 0.
One can only construct such states as long as the total
number of particles does not exceed the total number of
CL states. Importantly, these eigenstates are highly non-
thermal and violate the eigenstate thermalization hypoth-
esis [11], since they are exact eigenstates of a quadratic
Hamiltonian. Moreover, as a result of their strictly lo-
calized nature, they satisfy exact area law scaling of the
entanglement entropy.

It is important to point out that the existence of these
states does not depend on the value of the interaction
strength V or the hopping parameters t1 and t2. Thus,
in general, the integrability of the model is broken (see
Appendix D), and hence these CL states are surrounded
by thermal (volume law entangled) eigenstates. These
special states therefore constitute an example of exact
many-body scar states [45]. Indeed, their construction is
reminiscent of Refs. [47, 62, 63].
As we already discussed for the non-interacting prob-

lem, these special states, located at some of the non-
interacting energies, appear with probability one in ran-
dom comb structures, as well as in special translationally
invariant models. For example, in the comb structure in
Fig. 5 with N = L/3 number of particles, we will have� 2L
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pear at energies ±nt2, with n 2 Z. Since these many-body
scars are Slater determinants of CL states, it is easy to
find physical (product) states in the computational basis,Q

x,ix
ĉ
†

x,ix
|0i, that have a large overlap with them. As

a result, the dynamics starting from these special initial
conditions will be strongly dominated by the existence of
the many-body scars. Importantly, such initial conditions
are relevant both theoretically as well as experimentally,
e.g., in cold atom setups.
For concreteness, we focus on Ĥ defined on the trans-

lationally invariant comb structure shown in Fig. 5.
In this case, the charge density wave state | Néeli =Q

L/3

x=1
ĉ
†

3x�2,0
|0i maximises the overlap with the sub-

Hilbert space spanned by the scar states. Figure 6 (a)
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FIG. 6. (a): Projection of the Néel product state |kNéeli =Œ
!/3
G=1 2̂

†

3G�2,0 |0i onto energy ⇢ of the interacting Hamiltonian �̂

in Eq. (17) on the comb lattice in Fig. 5 with ! = 12. The scar
states can be seen at energies ⇢ = 0,±2C2,±4C2 (indicated by the
crosses) [64] (b): Projection of a random product state |kRandomi in
the computational basis

Œ
G,8G

2̂
†

G,8G

|0i onto energy ⇢ of �̂. In both
panels, the horizontal dashed lines represent the case of a state that

is spread homogeneously over the Hilbert space ⇠
�8!/3
!/3

��1
(fully-

ergodic), and the heatmap corresponds to the local density of points.
(c): The return probability R(C) = |hkNéel |4

�8�̂ C
|kNéeli |

2 for three
system sizes ! = {9, 12, 15} and interaction strength + = 1. In all
panels the number of particles is # = !/3 and C2/C1 = 2.

the entire energy spectrum of �̂, as shown in Fig. 6 (b).

The presence of the scar states can be probed dynamically by
studying the return probability R(C) = |hkNéel |4

�8�̂ C
|kNéeli |

2.
We compute the time evolution of R(C) using Chebyshev poly-
nomial techniques [67], which is shown in Fig. 6 (c). The
return probability R(C) exhibits coherent oscillations, implying
that the time-evolved state of the system is confined within the
subspace spanned by the scar states, whose energies are com-
mensurate. Although the number of scar states is exponential
in !, they occupy an exponentially small fraction of the total
number of states in the thermodynamic limit. The contribution
to the time evolution of R(C) from the scar subspace may be
calculated exactly:

logR(C)

!

'
1
3

log cos2
✓
C

g2

◆
�

2
3

log

"
2C21 + C

2
2

C
2
2

#
, (18)

where g2 = C
�1
2 . Since the CL states are exact eigenstates of

the interacting Hamiltonian, the oscillations in (18) will persist
indefinitely.

VI. CONCLUSIONS

In this work we studied tight-binding Hamiltonians on comb-
like structures as a model system to investigate the e�ects of
configurational disorder on localization and transport proper-
ties. The model is composed of a one-dimensional backbone
decorated with o�shoots attached to each site of the back-
bone. These models are experimentally accessible in quantum
synthetic platforms, such as cold atoms and other artificial
systems. Moreover, we argue that it may be relevant to the
motion of quasi-particles in dimer and vertex models, quantum
spin liquids and fractonic systems, supported by recent results
on quantum spin ice [21, 22].

We focused primarily on the case in which the o�shoots
assume the form of one-dimensional chains whose lengths
are randomly distributed. Pictorially, this model represents a
quasi-one-dimensional system in which a particle is able to
escape from the main chain (backbone) due to the presence of
the o�shoots (see Fig. 1).

We considered first the non-interacting limit of the model.
We showed analytically and numerically that all the eigenstates
are exponentially localized along the direction of the backbone
for any amount of disorder in the lengths of the o�shoots.
Using transfer matrix techniques, we mapped the problem
onto a one-dimensional Anderson model with an e�ective,
energy-dependent, onsite disorder. Analysing the behaviour of
this e�ective onsite disorder, we identified special energies for
which the onsite disorder diverges. As a result, at these energies,
which coincide with the energy levels of the Hamiltonian of
the o�shoots, the eigenstates are compact localized (CL),
characterised by a vanishing localization length. Moreover,
the energy degeneracy of these states is extensive, leading to
non-analytic points in the density of states. These CL states are
also present in translationally-invariant comb structures, where
they form flat bands.

Finally, we considered the interacting case, where the in-
teractions act between adjacent sites on the backbone only.
Analytically, we proved that Slater determinants of CL states
are exact eigenstates of the interacting model, as long as the
particle number is less than the number of such single-particle
states. These states, which are highly non-thermal, have area
law entanglement scaling while belonging to the bulk of the
energy spectrum, providing an example of exactly solvable
many-body scars.

Importantly, these states have a large overlap with experi-
mentally relevant states. Therefore, we argue that for a range
of physical initialisations of the system, the compact localized
states alter dramatically the real-time evolution for experi-
mentally accessible time scales. As a result, we were able
to provide a quench protocol to probe dynamically the exis-
tence of scar states in the system. Numerically, we tested it
by investigating the dynamics of the interacting model in a
translationally-invariant comb structure, which hosts perfect
quantum many-body scars.

Interesting directions for future work include investigating
the possibility of a many-body localization [6] transition in the
interacting random comb model, or testing the robustness of
the many-body scars uncovered in this work with respect to
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FIG. 5. Translationally-invariant comb structure that hosts
flat bands at E = ±t2 corresponding to the CL states discussed
in Sec. IV. The support of the CL states is depicted by the blue
sites. t1/t2 = 1 is chosen for the plot of the band structure,
although the flat bands persist irrespective of the value of
t1/t2.

in Eq. (3) by virtue of having precisely zero projection
onto the sites that connect this cluster to the remainder
of the lattice. Further, placing any chain of even length
on the intervening site will give rise to an eigenvector of
the form (t1/t2, 0,�1, 0, t1/t2)� (0, 1, 0,�1, . . .) with zero
energy.

Similarly, we are able to find clusters of sites that give
rise to ±t2 eigenvalue pairs. For example,

3 4 5

1
2 6

7

6

has two eigenstates with E = ±t2

| ±i =

✓
t1

t2
,⌥

t1

t2
, 0,±1, 0,⌥

t1

t2
,
t1

t2
,�1

◆T

. (17)

Once again, similar eigenstates with energy ±t2 may be
written down for any intervening chain of length ` = 3k�2
with k 2 N.

In the case of generic o↵shoots connected to the back-
bone, the existence of such CL states is not guaranteed.
Indeed, using the above construction, if the two ends of
the cluster at sites x � 1 and x + 1 have an identical
o↵shoot with an eigenstate at energy E

cl
n
, then the inter-

vening o↵shoot at site x must satisfy E
cl
n
+WEcl

n
(`x) = 0

for there to exist a CL state with energy E
cl
n

(i.e., an
eigenstate satisfying  x�1,0 =  x+1,0 = 0, which does
not connect to the remainder of the chain). This general
condition, twinned with the exact expression for W✏(`)
in Eq. (10), can then be used to deduce the rule for the
length of the intervening chain required to give rise to a
CL state at energy E

cl
n
:

`x =
k(`x+1 + 1)

n
� 2 , (18)

with k ⇢ N such that `x 2 N.
It is important to note that these CL states are dis-

tributed with a finite density throughout the bandwidth of
the o↵shoots |E| < 2t2, and the corresponding eigenvalues,

E
cl
n
(`) = �2t2 cos

⇣
n⇡

`+1

⌘
, are extensively degenerate. It is

easy to estimate the average number of such states at E 2

{E
cl
n

} by counting the expected number of occurrences of
the above structures. For example, for a given probabil-
ity distribution p(`), the average number of zero-modes

(E = 0) is simply given by N0 ⇠ Lp(1)2
P

1

k=1
p(2k + 1).

A consequence of these macroscopically degenerate ener-
gies is that the configuration-averaged density of states

⇢(E) =
P

Ẽ

�(E�Ẽ)

dim(H)
, where dim(H) is the dimension of

the Hilbert space, will exhibit non-analytic points at
E 2 {E

cl
n

}, as shown in Fig. 4. These CL states can
also be found in special translationally invariant comb
structures, where they form flat bands. Figure 5 shows a
comb lattice that hosts 2L/3 such CL states at energies
E = ±t2 [see Eq. (17)].

V. MANY-BODY SCARS

We now tackle the question of adding interactions on
the quantum comb model in Eq. (3). We focus specifically
on the fate of the CL states introduced in the previous sec-
tion once density-density interactions are added between
adjacent sites on the backbone.
Specifically, we consider the following deformation of

the free Hamiltonian Ĥ0 defined in Eq. (3)

Ĥ = Ĥ0 + V Ĥint , (19)

where Ĥint =
P

x
n̂x,0n̂x+1,0, with n̂x,0 = ĉ

†

x,0
ĉ
x,0

, corre-
sponds to density-density interactions [59] on the back-
bone of magnitude V [60]. It is easy to see that due
to the spatial structure of the CL states, a Slater de-
terminant of CL states belongs to the kernel of the
interaction operator Ĥint. Specifically, let us define

⌘̂
†

s
(Ecl

n
) =

P
x

P
ix
 
(s)

x,ix
(Ecl

n
)ĉ†

x,ix
as the creation oper-

ator for the single-particle CL state at energy E
cl
n
, where

the index s labels its macroscopic degeneracy. Now, non-
interacting eigenstates of the form | cli =

Q
n,s

⌘̂
†

s
(Ecl

n
)|0i

remain eigenstates of Ĥ since they satisfy Ĥint | cli = 0.
One can only construct such states as long as the total
number of particles does not exceed the total number of
CL states. Importantly, these eigenstates are highly non-
thermal and violate the eigenstate thermalization hypoth-
esis [11], since they are exact eigenstates of a quadratic
Hamiltonian. Moreover, as a result of their strictly lo-
calized nature, they satisfy exact area law scaling of the
entanglement entropy.

It is important to point out that the existence of these
states does not depend on the value of the interaction
strength V or the hopping parameters t1 and t2. Thus,
in general, the integrability of the model is broken (see
Appendix D), and hence these CL states are surrounded
by thermal (volume law entangled) eigenstates. These
special states therefore constitute an example of exact
many-body scar states [45]. Indeed, their construction is
reminiscent of Refs. [47, 62, 63].
As we already discussed for the non-interacting prob-

lem, these special states, located at some of the non-
interacting energies, appear with probability one in ran-
dom comb structures, as well as in special translationally
invariant models. For example, in the comb structure in
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FIG. 5. Translationally-invariant comb structure that hosts
flat bands at E = ±t2 corresponding to the CL states discussed
in Sec. IV. The support of the CL states is depicted by the blue
sites. t1/t2 = 1 is chosen for the plot of the band structure,
although the flat bands persist irrespective of the value of
t1/t2.

In the case of generic o↵shoots connected to the back-
bone, the existence of such CL states is not guaranteed.
Indeed, using the above construction, if the two ends of
the cluster at sites x � 1 and x + 1 have an identical
o↵shoot with an eigenstate at energy E

cl
n
, then the inter-

vening o↵shoot at site x must satisfy E
cl
n
+WEcl

n
(`x) = 0

for there to exist a CL state with energy E
cl
n

(i.e., an
eigenstate satisfying  x�1,0 =  x+1,0 = 0, which does
not connect to the remainder of the chain). This general
condition, twinned with the exact expression for W✏(`)
in Eq. (9), can then be used to deduce the rule for the
length of the intervening chain required to give rise to a
CL state at energy E

cl
n
:

`x =
k(`x+1 + 1)

n
� 2 , (17)

with k ⇢ N such that `x 2 N.
It is important to note that these CL states are dis-

tributed with a finite density throughout the bandwidth of
the o↵shoots |E| < 2t2, and the corresponding eigenvalues,

E
cl
n
(`) = �2t2 cos

⇣
n⇡

`+1

⌘
, are extensively degenerate. It is

easy to estimate the average number of such states at E 2

{E
cl
n

} by counting the expected number of occurrences of
the above structures. For example, for a given probabil-
ity distribution p(`), the average number of zero-modes
(E = 0) is simply given by N0 ⇠ Lp(1)2

P
1

k=1
p(2k + 1).

A consequence of these macroscopically degenerate ener-
gies is that the configuration-averaged density of states

⇢(E) =
P

Ẽ

�(E�Ẽ)

dim(H)
, where dim(H) is the dimension of

the Hilbert space, will exhibit non-analytic points at
E 2 {E

cl
n

}, as shown in Fig. 4. These CL states can
also be found in special translationally invariant comb
structures, where they form flat bands. Figure 5 shows a
comb lattice that hosts 2L/3 such CL states at energies
E = ±t2 [see Eq. (16)].

V. MANY-BODY SCARS

We now tackle the question of adding interactions on
the quantum comb model in Eq. (2). We focus specifically

on the fate of the CL states introduced in the previous sec-
tion once density-density interactions are added between
adjacent sites on the backbone.
Specifically, we consider the following deformation of

the free Hamiltonian Ĥ0 defined in Eq. (2)

Ĥ = Ĥ0 + V Ĥint , (18)

where Ĥint =
P
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n̂x,0n̂x+1,0, with n̂x,0 = ĉ

†

x,0
ĉ
x,0

, corre-
sponds to density-density interactions [59] on the back-
bone of magnitude V [60]. It is easy to see that due
to the spatial structure of the CL states, a Slater de-
terminant of CL states belongs to the kernel of the
interaction operator Ĥint. Specifically, let us define
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, where

the index s labels its macroscopic degeneracy. Now, non-
interacting eigenstates of the form | cli =
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remain eigenstates of Ĥ since they satisfy Ĥint | cli = 0.
One can only construct such states as long as the total
number of particles does not exceed the total number of
CL states. Importantly, these eigenstates are highly non-
thermal and violate the eigenstate thermalization hypoth-
esis [11], since they are exact eigenstates of a quadratic
Hamiltonian. Moreover, as a result of their strictly lo-
calized nature, they satisfy exact area law scaling of the
entanglement entropy.

It is important to point out that the existence of these
states does not depend on the value of the interaction
strength V or the hopping parameters t1 and t2. Thus,
in general, the integrability of the model is broken (see
Appendix D), and hence these CL states are surrounded
by thermal (volume law entangled) eigenstates. These
special states therefore constitute an example of exact
many-body scar states [45]. Indeed, their construction is
reminiscent of Refs. [47, 62, 63].
As we already discussed for the non-interacting prob-

lem, these special states, located at some of the non-
interacting energies, appear with probability one in ran-
dom comb structures, as well as in special translationally
invariant models. For example, in the comb structure in
Fig. 5 with N = L/3 number of particles, we will have� 2L

3
L
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⇠ 22L/3
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p
⇡L/3 many-body scar states, which ap-

pear at energies ±nt2, with n 2 Z. Since these many-body
scars are Slater determinants of CL states, it is easy to
find physical (product) states in the computational basis,Q

x,ix
ĉ
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x,ix
|0i, that have a large overlap with them. As

a result, the dynamics starting from these special initial
conditions will be strongly dominated by the existence of
the many-body scars. Importantly, such initial conditions
are relevant both theoretically as well as experimentally,
e.g., in cold atom setups.
For concreteness, we focus on Ĥ defined on the trans-

lationally invariant comb structure shown in Fig. 5.
In this case, the charge density wave state | Néeli =Q

L/3

x=1
ĉ
†

3x�2,0
|0i maximises the overlap with the sub-

Hilbert space spanned by the scar states. Figure 6 (a)
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flat bands at E = ±t2 corresponding to the CL states discussed
in Sec. IV. The support of the CL states is depicted by the blue
sites. t1/t2 = 1 is chosen for the plot of the band structure,
although the flat bands persist irrespective of the value of
t1/t2.

In the case of generic o↵shoots connected to the back-
bone, the existence of such CL states is not guaranteed.
Indeed, using the above construction, if the two ends of
the cluster at sites x � 1 and x + 1 have an identical
o↵shoot with an eigenstate at energy E

cl
n
, then the inter-

vening o↵shoot at site x must satisfy E
cl
n
+WEcl

n
(`x) = 0

for there to exist a CL state with energy E
cl
n

(i.e., an
eigenstate satisfying  x�1,0 =  x+1,0 = 0, which does
not connect to the remainder of the chain). This general
condition, twinned with the exact expression for W✏(`)
in Eq. (9), can then be used to deduce the rule for the
length of the intervening chain required to give rise to a
CL state at energy E

cl
n
:

`x =
k(`x+1 + 1)

n
� 2 , (17)

with k ⇢ N such that `x 2 N.
It is important to note that these CL states are dis-

tributed with a finite density throughout the bandwidth of
the o↵shoots |E| < 2t2, and the corresponding eigenvalues,
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, are extensively degenerate. It is

easy to estimate the average number of such states at E 2
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} by counting the expected number of occurrences of
the above structures. For example, for a given probabil-
ity distribution p(`), the average number of zero-modes
(E = 0) is simply given by N0 ⇠ Lp(1)2
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A consequence of these macroscopically degenerate ener-
gies is that the configuration-averaged density of states
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the Hilbert space, will exhibit non-analytic points at
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}, as shown in Fig. 4. These CL states can
also be found in special translationally invariant comb
structures, where they form flat bands. Figure 5 shows a
comb lattice that hosts 2L/3 such CL states at energies
E = ±t2 [see Eq. (16)].

V. MANY-BODY SCARS

We now tackle the question of adding interactions on
the quantum comb model in Eq. (2). We focus specifically

on the fate of the CL states introduced in the previous sec-
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adjacent sites on the backbone.
Specifically, we consider the following deformation of

the free Hamiltonian Ĥ0 defined in Eq. (2)
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entanglement entropy.

It is important to point out that the existence of these
states does not depend on the value of the interaction
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in general, the integrability of the model is broken (see
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studying the return probability R(C) = |hkNéel |4
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2.
We compute the time evolution of R(C) using Chebyshev poly-
nomial techniques [67], which is shown in Fig. 6 (c). The
return probability R(C) exhibits coherent oscillations, implying
that the time-evolved state of the system is confined within the
subspace spanned by the scar states, whose energies are com-
mensurate. Although the number of scar states is exponential
in !, they occupy an exponentially small fraction of the total
number of states in the thermodynamic limit. The contribution
to the time evolution of R(C) from the scar subspace may be
calculated exactly:
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where g2 = C
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2 . Since the CL states are exact eigenstates of

the interacting Hamiltonian, the oscillations in (18) will persist
indefinitely.
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In this work we studied tight-binding Hamiltonians on comb-
like structures as a model system to investigate the e�ects of
configurational disorder on localization and transport proper-
ties. The model is composed of a one-dimensional backbone
decorated with o�shoots attached to each site of the back-
bone. These models are experimentally accessible in quantum
synthetic platforms, such as cold atoms and other artificial
systems. Moreover, we argue that it may be relevant to the
motion of quasi-particles in dimer and vertex models, quantum
spin liquids and fractonic systems, supported by recent results
on quantum spin ice [21, 22].

We focused primarily on the case in which the o�shoots
assume the form of one-dimensional chains whose lengths
are randomly distributed. Pictorially, this model represents a
quasi-one-dimensional system in which a particle is able to
escape from the main chain (backbone) due to the presence of
the o�shoots (see Fig. 1).

We considered first the non-interacting limit of the model.
We showed analytically and numerically that all the eigenstates
are exponentially localized along the direction of the backbone
for any amount of disorder in the lengths of the o�shoots.
Using transfer matrix techniques, we mapped the problem
onto a one-dimensional Anderson model with an e�ective,
energy-dependent, onsite disorder. Analysing the behaviour of
this e�ective onsite disorder, we identified special energies for
which the onsite disorder diverges. As a result, at these energies,
which coincide with the energy levels of the Hamiltonian of
the o�shoots, the eigenstates are compact localized (CL),
characterised by a vanishing localization length. Moreover,
the energy degeneracy of these states is extensive, leading to
non-analytic points in the density of states. These CL states are
also present in translationally-invariant comb structures, where
they form flat bands.

Finally, we considered the interacting case, where the in-
teractions act between adjacent sites on the backbone only.
Analytically, we proved that Slater determinants of CL states
are exact eigenstates of the interacting model, as long as the
particle number is less than the number of such single-particle
states. These states, which are highly non-thermal, have area
law entanglement scaling while belonging to the bulk of the
energy spectrum, providing an example of exactly solvable
many-body scars.

Importantly, these states have a large overlap with experi-
mentally relevant states. Therefore, we argue that for a range
of physical initialisations of the system, the compact localized
states alter dramatically the real-time evolution for experi-
mentally accessible time scales. As a result, we were able
to provide a quench protocol to probe dynamically the exis-
tence of scar states in the system. Numerically, we tested it
by investigating the dynamics of the interacting model in a
translationally-invariant comb structure, which hosts perfect
quantum many-body scars.

Interesting directions for future work include investigating
the possibility of a many-body localization [6] transition in the
interacting random comb model, or testing the robustness of
the many-body scars uncovered in this work with respect to
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Conclusion 2

The manuscript is structured as follows. We first introduce
the random quantum comb model in Sec. II. Then, in Sec. III,
we show that all eigenstates of the model are exponentially
localized along the backbone, and look at the implications of
this on the dynamics of the system. We discuss the compact
localized states in Sec. IV and finally, in Sec. V, we add density-
density interactions to the backbone of the comb and show that
the aforementioned CL states form exact many-body scars. We
draw our conclusions and outlook in Sec. VI.

II. MODEL

We consider a single quantum particle hopping on a ran-
dom, comb-like structure (as shown in Fig. 1) defined by the
Hamiltonian

�̂0 = �̂B + �̂O + �̂B–O , (1)

where

�̂B = �C1

!�1’
G=0

⇣
2̂
†

G,02̂G+1,0 + H.c.
⌘
, (2)

describes hopping along the one-dimensional backbone and

�̂O = �C2

!�1’
G=0

✓G�1’
8G=1

⇣
2̂
†

G,8G

2̂
G,8G+1 + H.c.

⌘
, (3)

is the Hamiltonian on the o�shoots, which take the form of one-
dimensional chains of varying lengths. The coupling between
the two Hamiltonians is given by �̂B–O = �C2

Õ
G
(2̂

†

G,02̂G,1 +

H.c.). The index G labels the sites on the backbone, which
satisfy periodic boundary conditions, and the indices {8G} label
the sites on the o�shoots. ! and ✓G are the lengths of the
backbone and the o�shoot on site G, respectively, in units of the
lattice spacing. The randomness in the structure derives from
the lengths of the o�shoots, which are drawn from a probability
distribution ?(✓) with ✓ 2 N. The hopping amplitudes C1 and C2,
corresponding to the backbone and the o�shoots, respectively,
are real and positive. For C1 = C2, Eq. (1) represents the quantum
version of the random comb model studied in Refs. [26, 27, 33].

III. LOCALIZATION PROPERTIES

In this section, we prove analytically that all the eigenstates
of �̂0 in Eq. (1) are exponentially localized along the direction
of the backbone by investigating the localization length bloc (⇢)

at energy ⇢ using transfer matrix techniques. We then study
numerically the e�ects of these localized states on the dynamics
of the system along the backbone.
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FIG. 2. Localization length bloc as a function of energy ⇢ and the
ratio of the hopping parameters C2/C1 for a power-law probability
distribution of lengths ?(✓) ⇠ ✓

�W with W = 2.5, calculated using the
transfer matrix technique, for systems of size ! 2 [2 ⇥ 105

, 2 ⇥ 106
]

sites. The minima in bloc correspond to the discrete energy levels of
the o�shoots, ⇢ 2 {⇢

cl
=
}, which lead to a resonance in the magnitude

of the e�ective disorder. The dashed region, 2C2 < |⇢ | < 2C1 +
1
2 C

2
2/C1,

contains no resonances.

A. Transfer matrix results

Denoting the projection of the wavefunction onto the
sites with indices (G, 8G) by kG,8G

, the discrete form of the
Schrödinger equation according to the nearest neighbour tight-
binding Hamiltonian in Eq. (1) is given by

� C1kG�1,0 � C1kG+1,0 � C2kG,1 = ⇢kG,0 , (4)

for sites belonging to the backbone. Further, for sites belonging
to the o�shoots, we can write down

�C2kG,0 � C2kG,2 = ⇢kG,1 (5a)

.

.

.

�C2kG,✓G�1 = ⇢kG,✓G
, (5b)

where the length of the o�shoot on site G is ✓G . This set of
equations, determining the wavefunction on the o�shoots, can
be solved recursively to give

C2kG,1 = ,n (✓G)kG,0 , (6)

where we defined

,n (✓) = �
C2

n +
p
n

2 � 1

"
1 + 2

✓⇣
n +

p

n
2�1

n�

p

n
2�1

⌘
✓

� 1
◆�1

# , (7)

with n ⌘ ⇢/2C2 the energy of the particle in units of half the
bandwidth of the o�shoots. We further define ,n (0) = 0
for consistency of notation. Parametrising the energy as n =
� cos : , we arrive at the more succinct expression

,n (✓) =
C2 sin(✓:)

sin[(✓ + 1):]
. (8)

6

�10 0 10
E

10�6

10�5

10�4

10�3

10�2

10�1

jh
 

N
ée

ljE
ij
2

(a)

�10 0 10
E

10�6

10�5

10�4

10�3

10�2

10�1

jh
 

R
an

do
m
jE
ij
2

(b)

0 5 10 15 20 25 30
t

�2:0

�1:5

�1:0

�0:5

0:0

lo
g

R
.t
/=
L

(c)

L D 9 12 15

FIG. 6. (a): Projection of the Néel product state |kNéeli =Œ
!/3
G=1 2̂

†

3G�2,0 |0i onto energy ⇢ of the interacting Hamiltonian �̂

in Eq. (17) on the comb lattice in Fig. 5 with ! = 12. The scar
states can be seen at energies ⇢ = 0,±2C2,±4C2 (indicated by the
crosses) [64] (b): Projection of a random product state |kRandomi in
the computational basis

Œ
G,8G

2̂
†

G,8G

|0i onto energy ⇢ of �̂. In both
panels, the horizontal dashed lines represent the case of a state that

is spread homogeneously over the Hilbert space ⇠
�8!/3
!/3

��1
(fully-

ergodic), and the heatmap corresponds to the local density of points.
(c): The return probability R(C) = |hkNéel |4

�8�̂ C
|kNéeli |

2 for three
system sizes ! = {9, 12, 15} and interaction strength + = 1. In all
panels the number of particles is # = !/3 and C2/C1 = 2.

the entire energy spectrum of �̂, as shown in Fig. 6 (b).

The presence of the scar states can be probed dynamically by
studying the return probability R(C) = |hkNéel |4
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2.
We compute the time evolution of R(C) using Chebyshev poly-
nomial techniques [67], which is shown in Fig. 6 (c). The
return probability R(C) exhibits coherent oscillations, implying
that the time-evolved state of the system is confined within the
subspace spanned by the scar states, whose energies are com-
mensurate. Although the number of scar states is exponential
in !, they occupy an exponentially small fraction of the total
number of states in the thermodynamic limit. The contribution
to the time evolution of R(C) from the scar subspace may be
calculated exactly:
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where g2 = C
�1
2 . Since the CL states are exact eigenstates of

the interacting Hamiltonian, the oscillations in (18) will persist
indefinitely.

VI. CONCLUSIONS

In this work we studied tight-binding Hamiltonians on comb-
like structures as a model system to investigate the e�ects of
configurational disorder on localization and transport proper-
ties. The model is composed of a one-dimensional backbone
decorated with o�shoots attached to each site of the back-
bone. These models are experimentally accessible in quantum
synthetic platforms, such as cold atoms and other artificial
systems. Moreover, we argue that it may be relevant to the
motion of quasi-particles in dimer and vertex models, quantum
spin liquids and fractonic systems, supported by recent results
on quantum spin ice [21, 22].

We focused primarily on the case in which the o�shoots
assume the form of one-dimensional chains whose lengths
are randomly distributed. Pictorially, this model represents a
quasi-one-dimensional system in which a particle is able to
escape from the main chain (backbone) due to the presence of
the o�shoots (see Fig. 1).

We considered first the non-interacting limit of the model.
We showed analytically and numerically that all the eigenstates
are exponentially localized along the direction of the backbone
for any amount of disorder in the lengths of the o�shoots.
Using transfer matrix techniques, we mapped the problem
onto a one-dimensional Anderson model with an e�ective,
energy-dependent, onsite disorder. Analysing the behaviour of
this e�ective onsite disorder, we identified special energies for
which the onsite disorder diverges. As a result, at these energies,
which coincide with the energy levels of the Hamiltonian of
the o�shoots, the eigenstates are compact localized (CL),
characterised by a vanishing localization length. Moreover,
the energy degeneracy of these states is extensive, leading to
non-analytic points in the density of states. These CL states are
also present in translationally-invariant comb structures, where
they form flat bands.

Finally, we considered the interacting case, where the in-
teractions act between adjacent sites on the backbone only.
Analytically, we proved that Slater determinants of CL states
are exact eigenstates of the interacting model, as long as the
particle number is less than the number of such single-particle
states. These states, which are highly non-thermal, have area
law entanglement scaling while belonging to the bulk of the
energy spectrum, providing an example of exactly solvable
many-body scars.

Importantly, these states have a large overlap with experi-
mentally relevant states. Therefore, we argue that for a range
of physical initialisations of the system, the compact localized
states alter dramatically the real-time evolution for experi-
mentally accessible time scales. As a result, we were able
to provide a quench protocol to probe dynamically the exis-
tence of scar states in the system. Numerically, we tested it
by investigating the dynamics of the interacting model in a
translationally-invariant comb structure, which hosts perfect
quantum many-body scars.

Interesting directions for future work include investigating
the possibility of a many-body localization [6] transition in the
interacting random comb model, or testing the robustness of
the many-body scars uncovered in this work with respect to
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