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Research on quantum metric
• Measurement of quantum metric from photon modes 

in a planar micro cavity. Nature 578, 381 (2020)

An integral of quantum 
metric and Berry curvature 
over the BZ.

• Superfluidity and quantum metric Nature 
Communications 6, 8944 (2015)

Superfluid weight

• Current noise and quantum metric Physical review B 
87, 245103 (2013)

A combination of quantum 
metric and Berry curvature.

Current noise

• Orbital magnetic susceptibility and quantum metric 
Physical review B 94, 134423 (2016)

Interband 
contribution Depends on quantum metric



Flat band systems

Flat bands might be an ideal platform 

to study the quantum metric and quantum distance.
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Flat band systems

Effective mass ➡ ∞
Group velocity ➡ 0

• Ferromagnetism 

(H. Tasaki, PRL 69 1608)

• Superconductivity 

(G. E. Volovik, Jetp Lett. 107 516)

• Wigner crystal 

(C. Wu et al, PRL 99 070401)
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Flat band systems

flat band

Y. Cao et al, Nature 556 43 (2018)
R. Bistritzer and A. H. MacDonald, Proc. Natl Acad. Sci. USA 108, 12233 (2011)

Twisted bilayer 
graphene



Flat band systems

In many cases, flat bands are topologically trivial

Quantum distance or quantum metric could be crucial in flat bands



Singular flat band

Singular flat band

k* : band crossing point

The unnormalized eigenvector of the flat band becomes zero at k*. 
without any common factor between vector components

J.-W. Rhim and B.-J. Yang PRB 99 045107 (2019)
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Non-contractible loop states (NLSs)

Kagome lattice on a torus 

(periodic boundary condition)

J.-W. Rhim and B.-J. Yang PRB 99 045107 (2019)

Singular flat band
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Robust boundary mode (RBM)

New kind of the bulk-boundary 
correspondence

Singular flat band

J.-W. Rhim and B.-J. Yang PRB 99 045107 (2019)



Singular flat band

Femtosecond 
laser writing

Photonic lattice

The first observation of the real-space topology in flat bands

J. Ma, JWR, et al, PRL 124 183901 (2020)



Quantum distance and singular flat band

Singular flat band with a discontinuity

The normalized eigenvector of the flat band can be discontinuous at k*. 

J.-W. Rhim and B.-J. Yang PRB 99 045107 (2019)



Quantum distance and singular flat band

k k’

• Discontinuous singular flat band is characterized 
by the nonzero dmax. 

• dmax represents the strength of the singularity. 
• dmax quantifies the strength of the inter-band 

coupling. 
• dmax manifests itself as the pseudospin canting 

structure
JWR, K. Kim, and B.-J. Yang, Nature 584 59 (2020)
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Quantum distance and singular flat band

How to measure dmax?
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Landau level spreading characterized by the quantum distance



Quantum distance and singular flat band

JWR, K. Kim, and B.-J. Yang, Nature 584 59 (2020)

Landau level spreading characterized by the quantum distance

L. Onsager, Philos. Mag. 43, 1006 (1952) J.-N. Fuchs et al SciPost Phys. 4, 24 (2018)

Contradicting to the conventional 
semiclassical idea
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Kagome lattice

JWR, K. Kim, and B.-J. Yang, Nature 584 59 (2020)

Quantum distance and singular flat band



Quantum distance and singular flat band

Checkerboard lattice

JWR, K. Kim, and B.-J. Yang, Nature 584 59 (2020)



Quantum distance and singular flat band

LL degeneracy

LL spacing

JWR, K. Kim, and B.-J. Yang, Nature 584 59 (2020)



Quantum distance and singular flat band

~200 meV ~0.2 meV ~0.04 meV
JWR, K. Kim, and B.-J. Yang, Nature 584 59 (2020)



Cross-gap Berry connection and isolated flat band

Biao Lian, Fang Xie, and B. Andrei Bernevig, Phys. Rev. B 102, 041402(R) (2020)

Topological bands can develop in-gap Landau levels



Cross-gap Berry connection and isolated flat band

Cross-gap Berry connection

Yoonseok Hwang, Jun-Won Rhim, and Bohm-Jung Yang, arXiv:2012.15132



Cross-gap Berry connection and isolated flat band

Fidelity

Quantum 
distance

Fidelity tensor

Yoonseok Hwang, Jun-Won Rhim, and Bohm-Jung Yang, arXiv:2012.15132
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Generic system

Yoonseok Hwang, Jun-Won Rhim, and Bohm-Jung Yang, arXiv:2012.15132



Cross-gap Berry connection and isolated flat band

System with chiral symmetry

Yoonseok Hwang, Jun-Won Rhim, and Bohm-Jung Yang, arXiv:2012.15132



Cross-gap Berry connection and isolated flat band

System with space-time-inversion symmetry

Yoonseok Hwang, Jun-Won Rhim, and Bohm-Jung Yang, arXiv:2012.15132
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Summary
• Flat band systems are ideal platform to study various geometric properties of Bloch 

wavefunctions irrelevant to the topology. 

• Band-crossing of a flat band, where the Bloch eigenvector is discontinuous, is 
characterized by dmax. (Graphene’s band-crossing is characterized by the Berry 
phase.) 

• Singular flat band’s dmax manifests as the anomalous Landau level spreading. 

• An isolated flat band can have Landau level spreading even though it is 
topologically trivial. This phenomenon is described by the cross-gap Berry 
connection.
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