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Three-olorable latties (onstruted of triangles, H3c ≡ HXXZ [J
z = −1/2])

A speial point in the S = 1/2 XXZ model on a kagome lattie is ∆ = −1/2:
It is proximate to all ompeting g.-s. phases and explains the g.-s. phase diagram

inluding the isotropi ase ∆ = 1

◮
H.J.Changlani et al., Phys.Rev.B 99, 104433 (2019)

◮
S.Pal et al., Phys.Rev.B 103, 144414 (2021)

◮
G.Palle and O.Benton, Phys.Rev.B 103, 214428 (2021)

At the speial point the g.-s. degeneray W(N) ∝ exp(αN), any relation to �at-band business?

O.Derzhko and J.Rihter, Finite low-temperature entropy of some strongly frustrated quantum spin latties in the

viinity of the saturation �eld, Phys.Rev.B 70, 104415 (2004)



1D three-olorable lattie: S = 1/2 XXZ0 sawtooth-hain lattie
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HOW TO COUNT THE LOCALIZED GROUND STATES IN MANY-MAGNON SUBSPACES?



Single triangle eigenstates (a brik for latties built of triangular motifs)

eight eigenstates of the S = 1/2 XXZ0 triangle
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three-oloring states on eah site

|r〉 ≡ | ↑〉 + | ↓〉, |b〉 ≡ | ↑〉 + ω| ↓〉, |g〉 ≡ | ↑〉+ ω2| ↓〉; ω ≡ exp
2πi
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= | ↑↑↑〉 + | ↓↑↑〉 + ω| ↑↓↑〉 + ω2| ↑↑↓〉 + | ↑↓↓〉 + ω2| ↓↑↓〉 + ω| ↓↓↑〉 + | ↓↓↓〉
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8
|r1g2b3〉

three-olorable lattie:

its verties an be olored by three olors with no two onneted verties being assigned the same olor



S = 1/2 XXZ0 sawtooth hain: Flat-band states = loalized magnons � another point of view

open sawtooth hain of N = 2N△ + 1 sites (of N△ triangles)

The six ground states of a triangle (with the energy −3/8):

|1〉 = | ↑↑↑〉, |2〉 = | ↓↑↑〉 − | ↑↓↑〉, |3〉 = | ↓↑↑〉 − | ↑↑↓〉,

|5〉 = | ↑↓↓〉 − | ↓↑↓〉, |6〉 = | ↑↓↓〉 − | ↓↓↑〉, |8〉 = | ↓↓↓〉

The loalized magnons li |0〉 ≡ |li 〉, i = 2, 3, . . . ,N△:

|l2〉 = (| ↓2↑3↑4〉 − | ↑2↓3↑4〉+ | ↑2↑3↓4〉) | . . . ↑ . . .〉;

H|l2〉 =
(
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)
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Two more states are loalized on the left and right boundaries:

|l1〉 = (−| ↓1↑2↑3〉+ | ↑1↓2↑3〉) | . . . ↑ . . .〉;
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(
H123 + H345 + H567 + . . .+ HN−2,N−1,N

)
|l1〉

=

(

−
3

8
−

3

8
−

3

8
− . . .−

3

8

)

|l1〉 = −
3

8
N△|l1〉

Sz = N/2− 1: N△ + 1 loalized magnons are the ground states

gN△
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S = 1/2 XXZ0 sawtooth hain: Sz = N/2− 1. Calulations
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|l3〉 = | ↑1↑2↑3 (↓4↑5↑6 − ↑4↓5↑6 + ↑4↑5↓6) ↑7↑8↑9↑10↑11〉

H = H123 + H345 + H567 + H789 + H9,10,11

H123|l3〉 = |↑1↑2↑3 . . .〉 = −
3

8
|l3〉

| ↑↑↑〉 = |1〉

H345|l3〉 = | ↑1↑2 ↑3 (↓4↑5 ↑6 −↑4↓5 ↑6 +↑4↑5 ↓6) . . .〉 = −
3

8
|l3〉

| ↑↓↑〉 − | ↑↑↓〉 = −|2〉+ |3〉, | ↑↑↑〉 = |1〉

H567|l3〉 = | . . . (↓4 ↑5↑6− ↑4 ↓5↑6+ ↑4 ↑5↓6) ↑7 . . .〉 = −
3

8
|l3〉

| ↑↑↑〉 = |1〉, −| ↓↑↑〉 + | ↑↓↑〉 = −|2〉



S = 1/2 XXZ0 sawtooth hain: Sz = N/2− 2
Ground states in the subspae with Sz = N/2 − 2?
Two independent loalized magnons

AND loalized two-magnon omplexes!
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S = 1/2 XXZ0 sawtooth hain: Sz = N/2− 3. 1

Ground states in the subspae with Sz = N/2 − 3?
Three independent loalized magnons

Loalized magnon + loalized two-magnon omplex

AND two types of loalized three-magnon omplexes!

one-braket type three-magnon omplex:
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S = 1/2 XXZ0 sawtooth hain: Sz = N/2− 3. 2

two-braket type three-magnon omplex:
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S = 1/2 XXZ0 sawtooth hain: Sz = N/2− 3. 3
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S = 1/2 XXZ0 sawtooth hain: Magnetothermodynamis. 1

For the subspae with Sz = N/2− k, k = 0, 1, 2, 3, . . . , (N − 1)/2 we �nd

gN△
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N△
+ C1

N△
+ C2

N△
+ . . .+ Ck

N△

omplete (numeris: up to N△ = 19, k = 0, . . . , 19), linearly independent ground states

S
E

z
N/2N/N/ 2−12−2

S
E

z
N/2N/N/ 2−12−2

J1 = 1/2, J2 = 1, ∆1 = ∆2 = 1 (m.3, left) versus J1 = J2 = 1, ∆1 = ∆2 = −1/2 (m.1, right)



S = 1/2 XXZ0 sawtooth hain: Magnetothermodynamis. 2

The total degeneray:
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∑
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In both ases
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ln 2 = 0.346 573 590 . . .
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3 9

Counting the number of 3-olorings of the verties of the open sawtooth-hain lattie yields

W = 3 · 2N△ → exp (0.346 573 590 . . .N)

Boundary onditions beome irrelevant in the thermodynami limit N → ∞



S = 1/2 XXZ0 sawtooth hain: Magnetothermodynamis. 3

Loalized-states ontribution dominates the partition funtion at low T and small h:
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S = 1/2 XXZ0 sawtooth hain: Universal behavior

the magnetization M
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S = 1/2 XXZ0 sawtooth hain: Comparison to ED and FTL

ob, N = 2N△ + 1, N = 17, 19, . . . , 39
pb, N = 2N , N = 16, 20, . . . , 32

magnetization m, entropy s, suseptibility χ, spei� heat c (per site) versus x = h/T
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illustration of the region of T and h within whih the universal behavior determined by

x = h/T emerges



Flat-band S = 1/2 sawtooth hains: ED and FTL. 1

◮ J1 = J2 = 1, ∆1 = ∆2 = −1/2 [model 1, Eur.Phys.J.B 93, 161 (2020) = this talk℄

◮ J1 = 1/2, J2 = −1, ∆1 = ∆2 = 1 [model 2, Phys.Rev.B 90, 014441 (2014)℄

◮ J1 = 1/2, J2 = 1, ∆1 = ∆2 = 1 [model 3, Eur.Phys.J.B 52, 23 (2006)℄

Sz k G (1)(Sz ) ∆(1)(Sz ) G (2)(Sz ) ∆(2)(Sz )

9 1 10 0.5 10 1.0

8 2 45 0.026 996 110 0 45 0.021 776 745 4

7 3 121 0.011 213 200 0 120 0.000 484 876 3

6 4 220 0.005 858 780 0 210 0.000 013 213 8

5 5 297 0.002 110 250 0 252 0.000 000 197 4

4 6 332 0.002 256 090 0 252 0.000 000 064 1

3 7 341 0.003 116 320 0 252 0.000 000 064 1

2 8 342 0.003 828 620 0 252 0.000 000 035 8

1 9 342 0.003 247 900 0 252 0.000 000 007 5

0 10 343 0.003 792 860 0 253 0.000 000 007 5

Ground-state degeneraies G (i)(Sz ) and exitation gaps ∆(i)(Sz ) ≡ E
(i)
1 (Sz )− E0 for

the periodi sawtooth-hain model 1 (J1 = 1, i = 1) and model 2 (J1 = 1/2, i = 2)

both of N = 20 sites (N = 10) in di�erent subspaes Sz
. E

(i)
1 (Sz ) is the energy of the

lowest exitation in the subspae Sz
and E0 = −3.75 is the ground-state energy (whih

is idential for models 1 and 2). The results in the third and �fth olumns oinide

with the analytial preditions. For (�nite) periodi sawtooth hains of N = 20 sites,

the total number of ground states for model 1 is 4445 and for model 2 it is 3545.



Flat-band S = 1/2 sawtooth hains: ED and FTL. 2
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Density of states (histogram) for the models 1 and 2 at h = 0 (blue and magenta) and for model

3 at h = hsat (red) for periodi hains of N = 20 sites (ED).

Left: Histogram bar width ∆E = 0.02. Right: Histogram bar width ∆E = 0.002, only low-energy

part, where the y -axis is ut at 1400 to improve the visibility.



Flat-band S = 1/2 sawtooth hains: ED and FTL. 3
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Conlusions

S = 1/2 XXZ0 sawtooth hain (antiferro + ferro ⇒ h = 0)

◮
3-olorable lattie but suh an approah still needs further studies

◮
�at-band-spin-system approah an be used for onstruting

low-temperature magnetothermodynamis

◮
more loalized states: loalized magnons and loalized n-magnon

omplexes

◮
ground-state manifold is well understood

(lattie-gas desription loses its powerfulness)

◮
universal behavior (thermodynami quantities depend on h/T only)

emerges at low temperatures and weak �elds

◮
quasi-gap: ground-state manifold dominates the low-temperature

thermodynamis in zero/weak magneti �eld

(ideas for low-lying exitations are in demand)

THANK YOU FOR YOUR ATTENTION


