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• Flat bands and superconductivity

• Stacked graphene -based flat band

• Strained graphene -based flat band

• Flat bands from twisted graphene bilayers 
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Superconductivity: 
mean field

<latexit sha1_base64="e+KytoGZczTbO29ggAUxkT3HcsA=">AAACJHicbVDLSgMxFM34rPVVdekm2IquykwXKohQ1IXLCvYBnVLupLdtaCYzJBmhlH6MG3/FjQsfuHDjt5g+FrX1QsjhPEjuCWLBtXHdb2dpeWV1bT21kd7c2t7ZzeztV3SUKIZlFolI1QLQKLjEsuFGYC1WCGEgsBr0bkZ69RGV5pF8MP0YGyF0JG9zBsZSzcxlzr9FYYBeUV/YWAtGt+wIpH6sedPXvBPCLD6hvhobcs1M1s2746GLwJuCLJlOqZn58FsRS0KUhgnQuu65sWkMQBnOBA7TfqIxBtaDDtYtlBCibgzGSw7psWVatB0pe6ShY3Y2MYBQ634YWGcIpqvntRH5n1ZPTPuiMeAyTgxKNnmonQhqIjpqjLa4QmZE3wJgitu/UtYFBczYXtO2BG9+5UVQKeS9s7x3X8gWr6d1pMghOSKnxCPnpEjuSImUCSNP5IW8kXfn2Xl1Pp2viXXJmWYOyJ9xfn4BOe2j+A==</latexit>

� = �h � 0
�iOrder parameter:

<latexit sha1_base64="G1xjff/LyfSCyRjFuAY+wlCnP8w="></latexit>

Supercurrent: � = |�|ei�(r) ) j = Dsr�

Picture sources: Phys. org, Wikimedia Commons

<latexit sha1_base64="c2uLSBkTd8h78XgaA8N5fyNoY1A="></latexit>

BCS mean field theory: kBTC ⇠ � depends on the competition
between

• Attractive interaction mediated by a coupling to a spectrum
of bosonic modes, strength �

• Conduction electron dispersion, bandwidth �E and density
of states ⌫F at E = EF

• Boson characteristic frequency !c



Conventional metals

<latexit sha1_base64="nrMZHYtxLikpyvqu0nWcvPfJWUw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNRFI8V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSATXxnW/nMLS8srqWnG9tLG5tb1T3t1r6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0NfVbj6g0j+WDGSfoR3QgecgZNVa6v+7d9MoVt+rOQP4SLycVyFHvlT+7/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZAjq/RJGCtb0pCZ+nMio5HW4yiwnRE1Q73oTcX/vE5qwgs/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/Hlv6R5UvXOqt7daaV2mcdRhAM4hGPw4BxqcAt1aACDATzBC7w6wnl23pz3eWvByWf24Recj2/fu42I</latexit>

EF

<latexit sha1_base64="OffH4yPGzL625RGb/C95WCZs0PA=">AAAB8XicdVDJSgNBEO2JW4xb1KOXxkTwFGZyUI9BLx4jmAWTIfR0apImvQzdPUIY8hdePCji1b/x5t/YWYS4PSh4vFdFVb0o4cxY3//wciura+sb+c3C1vbO7l5x/6BpVKopNKjiSrcjYoAzCQ3LLId2ooGIiEMrGl1N/dY9aMOUvLXjBEJBBpLFjBLrpLtyVwkYkB4t94qloOLPgP1f5MsqoQXqveJ7t69oKkBayokxncBPbJgRbRnlMCl0UwMJoSMygI6jkggwYTa7eIJPnNLHsdKupMUzdXkiI8KYsYhcpyB2aH56U/Evr5Pa+CLMmExSC5LOF8Upx1bh6fu4zzRQy8eOEKqZuxXTIdGEWhdSYTmE/0mzWgnOKsFNtVS7XMSRR0foGJ2iAJ2jGrpGddRAFEn0gJ7Qs2e8R+/Fe5235rzFzCH6Bu/tE8OnkFI=</latexit>!c
<latexit sha1_base64="CRRqkNTEbyEtSNWIdw1eWHO1mMg=">AAAB73icbVDLSgNBEOz1GeMr6tHLYCJ4Crs5qMegHjxGMA9IljA7mU2GzM6uM71CWPITXjwo4tXf8ebfOHkgmljQUFR1090VJFIYdN0vZ2V1bX1jM7eV397Z3dsvHBw2TJxqxusslrFuBdRwKRSvo0DJW4nmNAokbwbD64nffOTaiFjd4yjhfkT7SoSCUbRSq9S54RJpqVsoumV3CvJDvEVShDlq3cJnpxezNOIKmaTGtD03QT+jGgWTfJzvpIYnlA1pn7ctVTTixs+m947JqVV6JIy1LYVkqv6eyGhkzCgKbGdEcWAWvYn4n9dOMbz0M6GSFLlis0VhKgnGZPI86QnNGcqRJZRpYW8lbEA1ZWgjytsQll5eJo1K2Tsve3eVYvVqHkcOjuEEzsCDC6jCLdSgDgwkPMELvDoPzrPz5rzPWlec+cwR/IHz8Q0doY9d</latexit>

�
<latexit sha1_base64="F2B0/mURFK7DEKsFnXZS0l9df/0=">AAACG3icbVDLSgMxFM34rPU16tJNsAoKWme6UJdFRVxWsCp06pBJb9vQJDMkGaEM/Q83/oobF4q4Elz4N6btLHwduHA4597k3hMlnGnjeZ/OxOTU9MxsYa44v7C4tOyurF7pOFUU6jTmsbqJiAbOJNQNMxxuEgVERByuo97J0L++A6VZLC9NP4GmIB3J2owSY6XQrWxehnQXB6fADcGBZgIHsYAOCSmG22zP398OuH2uZU2Zhmc7g83QLXllbwT8l/g5KaEctdB9D1oxTQVIQznRuuF7iWlmRBlGOQyKQaohIbRHOtCwVBIBupmNbhvgLau0cDtWtqTBI/X7REaE1n0R2U5BTFf/9obif14jNe2jZsZkkhqQdPxRO+XYxHgYFG4xBdTwviWEKmZ3xbRLFKHGxlm0Ifi/T/5Lripl/6DsX1RK1eM8jgJaRxtoG/noEFXROaqhOqLoHj2iZ/TiPDhPzqvzNm6dcPKZNfQDzscXS96fGQ==</latexit>

Tc,� ⇠ !ce�1/(�⌫F )
<latexit sha1_base64="qXxo0z5sQgsGhj7hmjVkYrUr0Ds=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBhPBU9jNQT0GRfAYwTwwWcLs7CQZMju7zPQKIeQvvHhQxKt/482/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn5rSeujYjVA44T7kd0oERfMIpWeix3Qy6Rkttyr1hyK+4cZJV4GSlBhnqv+NUNY5ZGXCGT1JiO5yboT6hGwSSfFrqp4QllIzrgHUsVjbjxJ/OLp+TMKiHpx9qWQjJXf09MaGTMOApsZ0RxaJa9mfif10mxf+VPhEpS5IotFvVTSTAms/dJKDRnKMeWUKaFvZWwIdWUoQ2pYEPwll9eJc1qxbuoePfVUu06iyMPJ3AK5+DBJdTgDurQAAYKnuEV3hzjvDjvzseiNedkM8fwB87nDzX1j/U=</latexit>

�E

Narrow bands

<latexit sha1_base64="nrMZHYtxLikpyvqu0nWcvPfJWUw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNRFI8V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSATXxnW/nMLS8srqWnG9tLG5tb1T3t1r6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0NfVbj6g0j+WDGSfoR3QgecgZNVa6v+7d9MoVt+rOQP4SLycVyFHvlT+7/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZAjq/RJGCtb0pCZ+nMio5HW4yiwnRE1Q73oTcX/vE5qwgs/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/Hlv6R5UvXOqt7daaV2mcdRhAM4hGPw4BxqcAt1aACDATzBC7w6wnl23pz3eWvByWf24Recj2/fu42I</latexit>

EF

<latexit sha1_base64="OffH4yPGzL625RGb/C95WCZs0PA=">AAAB8XicdVDJSgNBEO2JW4xb1KOXxkTwFGZyUI9BLx4jmAWTIfR0apImvQzdPUIY8hdePCji1b/x5t/YWYS4PSh4vFdFVb0o4cxY3//wciura+sb+c3C1vbO7l5x/6BpVKopNKjiSrcjYoAzCQ3LLId2ooGIiEMrGl1N/dY9aMOUvLXjBEJBBpLFjBLrpLtyVwkYkB4t94qloOLPgP1f5MsqoQXqveJ7t69oKkBayokxncBPbJgRbRnlMCl0UwMJoSMygI6jkggwYTa7eIJPnNLHsdKupMUzdXkiI8KYsYhcpyB2aH56U/Evr5Pa+CLMmExSC5LOF8Upx1bh6fu4zzRQy8eOEKqZuxXTIdGEWhdSYTmE/0mzWgnOKsFNtVS7XMSRR0foGJ2iAJ2jGrpGddRAFEn0gJ7Qs2e8R+/Fe5235rzFzCH6Bu/tE8OnkFI=</latexit>!c

<latexit sha1_base64="CRRqkNTEbyEtSNWIdw1eWHO1mMg=">AAAB73icbVDLSgNBEOz1GeMr6tHLYCJ4Crs5qMegHjxGMA9IljA7mU2GzM6uM71CWPITXjwo4tXf8ebfOHkgmljQUFR1090VJFIYdN0vZ2V1bX1jM7eV397Z3dsvHBw2TJxqxusslrFuBdRwKRSvo0DJW4nmNAokbwbD64nffOTaiFjd4yjhfkT7SoSCUbRSq9S54RJpqVsoumV3CvJDvEVShDlq3cJnpxezNOIKmaTGtD03QT+jGgWTfJzvpIYnlA1pn7ctVTTixs+m947JqVV6JIy1LYVkqv6eyGhkzCgKbGdEcWAWvYn4n9dOMbz0M6GSFLlis0VhKgnGZPI86QnNGcqRJZRpYW8lbEA1ZWgjytsQll5eJo1K2Tsve3eVYvVqHkcOjuEEzsCDC6jCLdSgDgwkPMELvDoPzrPz5rzPWlec+cwR/IHz8Q0doY9d</latexit>

� <latexit sha1_base64="qXxo0z5sQgsGhj7hmjVkYrUr0Ds=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBhPBU9jNQT0GRfAYwTwwWcLs7CQZMju7zPQKIeQvvHhQxKt/482/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn5rSeujYjVA44T7kd0oERfMIpWeix3Qy6Rkttyr1hyK+4cZJV4GSlBhnqv+NUNY5ZGXCGT1JiO5yboT6hGwSSfFrqp4QllIzrgHUsVjbjxJ/OLp+TMKiHpx9qWQjJXf09MaGTMOApsZ0RxaJa9mfif10mxf+VPhEpS5IotFvVTSTAms/dJKDRnKMeWUKaFvZWwIdWUoQ2pYEPwll9eJc1qxbuoePfVUu06iyMPJ3AK5+DBJdTgDurQAAYKnuEV3hzjvDjvzseiNedkM8fwB87nDzX1j/U=</latexit>

�E

Bardeen, Cooper & Schrieffer, 1957

<latexit sha1_base64="Gy4p4wEZ1HvJqE3LvWbuMhgl6Wg=">AAACG3icbZDLSgMxFIYz9VbrrerSTbAKClpnulCXxRsuK1gVOuOQyZy2oZnMkGSEMvQ93Pgqblwo4kpw4duY1llo9UDg4//PSXL+IOFMadv+tAoTk1PTM8XZ0tz8wuJSeXnlSsWppNCkMY/lTUAUcCagqZnmcJNIIFHA4TroHQ/96zuQisXiUvcT8CLSEazNKNFG8su1jUuf7mD3BLgm2FUswm444lMMt9mus7flcnNdaEyR+mfbgw2/XLGr9qjwX3ByqKC8Gn753Q1jmkYgNOVEqZZjJ9rLiNSMchiU3FRBQmiPdKBlUJAIlJeNdhvgTaOEuB1Lc4TGI/XnREYipfpRYDojortq3BuK/3mtVLcPvYyJJNUg6PdD7ZRjHeNhUDhkEqjmfQOESmb+immXSEK1ibNkQnDGV/4LV7Wqs191LmqV+lEeRxGtoXW0hRx0gOroHDVQE1F0jx7RM3qxHqwn69V6+24tWPnMKvpV1scXt1mevQ==</latexit>

Tc,� ⇠ �Ee�1/(�⌫F )

<latexit sha1_base64="zfgmDPcQMGqp2kXFRuEL/mvwkyo=">AAAB/3icbVBNS8NAEJ34WetXVPDiZbEV6qUkPah4KgrisYL9gDaEzXbbLt1swu5GKLEH/4oXD4p49W9489+4bXPQ1gcDj/dmmJkXxJwp7Tjf1tLyyuraem4jv7m1vbNr7+03VJRIQusk4pFsBVhRzgSta6Y5bcWS4jDgtBkMryd+84FKxSJxr0cx9ULcF6zHCNZG8u3DEuYqukQcyz6VqNgRiX9TPPXtglN2pkCLxM1IATLUfPur041IElKhCcdKtV0n1l6KpWaE03G+kygaYzLEfdo2VOCQKi+d3j9GJ0bpol4kTQmNpurviRSHSo3CwHSGWA/UvDcR//Paie5deCkTcaKpILNFvYQjHaFJGKjLJCWajwzBRDJzKyIDLDHRJrK8CcGdf3mRNCpl96zs3lUK1assjhwcwTGUwIVzqMIt1KAOBB7hGV7hzXqyXqx362PWumRlMwfwB9bnD9LDlK4=</latexit>

(also: larger ⌫F )

Flat bands

<latexit sha1_base64="CRRqkNTEbyEtSNWIdw1eWHO1mMg=">AAAB73icbVDLSgNBEOz1GeMr6tHLYCJ4Crs5qMegHjxGMA9IljA7mU2GzM6uM71CWPITXjwo4tXf8ebfOHkgmljQUFR1090VJFIYdN0vZ2V1bX1jM7eV397Z3dsvHBw2TJxqxusslrFuBdRwKRSvo0DJW4nmNAokbwbD64nffOTaiFjd4yjhfkT7SoSCUbRSq9S54RJpqVsoumV3CvJDvEVShDlq3cJnpxezNOIKmaTGtD03QT+jGgWTfJzvpIYnlA1pn7ctVTTixs+m947JqVV6JIy1LYVkqv6eyGhkzCgKbGdEcWAWvYn4n9dOMbz0M6GSFLlis0VhKgnGZPI86QnNGcqRJZRpYW8lbEA1ZWgjytsQll5eJo1K2Tsve3eVYvVqHkcOjuEEzsCDC6jCLdSgDgwkPMELvDoPzrPz5rzPWlec+cwR/IHz8Q0doY9d</latexit>

�

<latexit sha1_base64="OffH4yPGzL625RGb/C95WCZs0PA=">AAAB8XicdVDJSgNBEO2JW4xb1KOXxkTwFGZyUI9BLx4jmAWTIfR0apImvQzdPUIY8hdePCji1b/x5t/YWYS4PSh4vFdFVb0o4cxY3//wciura+sb+c3C1vbO7l5x/6BpVKopNKjiSrcjYoAzCQ3LLId2ooGIiEMrGl1N/dY9aMOUvLXjBEJBBpLFjBLrpLtyVwkYkB4t94qloOLPgP1f5MsqoQXqveJ7t69oKkBayokxncBPbJgRbRnlMCl0UwMJoSMygI6jkggwYTa7eIJPnNLHsdKupMUzdXkiI8KYsYhcpyB2aH56U/Evr5Pa+CLMmExSC5LOF8Upx1bh6fu4zzRQy8eOEKqZuxXTIdGEWhdSYTmE/0mzWgnOKsFNtVS7XMSRR0foGJ2iAJ2jGrpGddRAFEn0gJ7Qs2e8R+/Fe5235rzFzCH6Bu/tE8OnkFI=</latexit>!c

<latexit sha1_base64="qXxo0z5sQgsGhj7hmjVkYrUr0Ds=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBhPBU9jNQT0GRfAYwTwwWcLs7CQZMju7zPQKIeQvvHhQxKt/482/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn5rSeujYjVA44T7kd0oERfMIpWeix3Qy6Rkttyr1hyK+4cZJV4GSlBhnqv+NUNY5ZGXCGT1JiO5yboT6hGwSSfFrqp4QllIzrgHUsVjbjxJ/OLp+TMKiHpx9qWQjJXf09MaGTMOApsZ0RxaJa9mfif10mxf+VPhEpS5IotFvVTSTAms/dJKDRnKMeWUKaFvZWwIdWUoQ2pYEPwll9eJc1qxbuoePfVUu06iyMPJ3AK5+DBJdTgDurQAAYKnuEV3hzjvDjvzseiNedkM8fwB87nDzX1j/U=</latexit>

�E Belyaev, JETP (1960)
Khodel & Shaginyan, JETP Lett. (1990)

Kopnin, TTH, G.E. Volovik, PRB 83, 220503 (R) (2011)
Tasaki, PRL (1992); Mielke & Tasaki Commun. Math. Phys. (1993)

(flat-band magnetism)

<latexit sha1_base64="C1GNRGnVeDiCt4R98x1fTWTPyKM="></latexit>

Tc ⇠ � = �⌦FB
2⇡

Flat band size!

BCS theory
<latexit sha1_base64="1WkhQ0gxORmkz0uJeWd2eHXPhL4=">AAAB/HicdVDLSsNAFJ34rPUV7dLNYCO4KkkRdSMU3YirCvYBaSyTyaQdOjMJMxMhlPorblwo4tYPceffOH0I9XXgwuGcc7mXE6aMKu26H9bC4tLyymphrbi+sbm1be/sNlWSSUwaOGGJbIdIEUYFaWiqGWmnkiAeMtIKBxdjv3VHpKKJuNF5SgKOeoLGFCNtpK5dcvwOM/EIBWcOvOLObeR07bJXcSeA7i/yZZXBDPWu/d6JEpxxIjRmSCnfc1MdDJHUFDMyKnYyRVKEB6hHfEMF4kQFw8nzI3hglAjGiTQjNJyo8xtDxJXKeWiSHOm++umNxb88P9PxaTCkIs00EXh6KM4Y1AkcNwEjKgnWLDcEYUnNrxD3kURYm76K8yX8T5rVindcObqulmvnszoKYA/sg0PggRNQA5egDhoAgxw8gCfwbN1bj9aL9TqNLliznRL4BuvtE135k0w=</latexit>

[�] = Jmd



Conventional metals

<latexit sha1_base64="nrMZHYtxLikpyvqu0nWcvPfJWUw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNRFI8V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSATXxnW/nMLS8srqWnG9tLG5tb1T3t1r6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0NfVbj6g0j+WDGSfoR3QgecgZNVa6v+7d9MoVt+rOQP4SLycVyFHvlT+7/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZAjq/RJGCtb0pCZ+nMio5HW4yiwnRE1Q73oTcX/vE5qwgs/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/Hlv6R5UvXOqt7daaV2mcdRhAM4hGPw4BxqcAt1aACDATzBC7w6wnl23pz3eWvByWf24Recj2/fu42I</latexit>

EF

<latexit sha1_base64="OffH4yPGzL625RGb/C95WCZs0PA=">AAAB8XicdVDJSgNBEO2JW4xb1KOXxkTwFGZyUI9BLx4jmAWTIfR0apImvQzdPUIY8hdePCji1b/x5t/YWYS4PSh4vFdFVb0o4cxY3//wciura+sb+c3C1vbO7l5x/6BpVKopNKjiSrcjYoAzCQ3LLId2ooGIiEMrGl1N/dY9aMOUvLXjBEJBBpLFjBLrpLtyVwkYkB4t94qloOLPgP1f5MsqoQXqveJ7t69oKkBayokxncBPbJgRbRnlMCl0UwMJoSMygI6jkggwYTa7eIJPnNLHsdKupMUzdXkiI8KYsYhcpyB2aH56U/Evr5Pa+CLMmExSC5LOF8Upx1bh6fu4zzRQy8eOEKqZuxXTIdGEWhdSYTmE/0mzWgnOKsFNtVS7XMSRR0foGJ2iAJ2jGrpGddRAFEn0gJ7Qs2e8R+/Fe5235rzFzCH6Bu/tE8OnkFI=</latexit>!c
<latexit sha1_base64="CRRqkNTEbyEtSNWIdw1eWHO1mMg=">AAAB73icbVDLSgNBEOz1GeMr6tHLYCJ4Crs5qMegHjxGMA9IljA7mU2GzM6uM71CWPITXjwo4tXf8ebfOHkgmljQUFR1090VJFIYdN0vZ2V1bX1jM7eV397Z3dsvHBw2TJxqxusslrFuBdRwKRSvo0DJW4nmNAokbwbD64nffOTaiFjd4yjhfkT7SoSCUbRSq9S54RJpqVsoumV3CvJDvEVShDlq3cJnpxezNOIKmaTGtD03QT+jGgWTfJzvpIYnlA1pn7ctVTTixs+m947JqVV6JIy1LYVkqv6eyGhkzCgKbGdEcWAWvYn4n9dOMbz0M6GSFLlis0VhKgnGZPI86QnNGcqRJZRpYW8lbEA1ZWgjytsQll5eJo1K2Tsve3eVYvVqHkcOjuEEzsCDC6jCLdSgDgwkPMELvDoPzrPz5rzPWlec+cwR/IHz8Q0doY9d</latexit>

�
<latexit sha1_base64="F2B0/mURFK7DEKsFnXZS0l9df/0=">AAACG3icbVDLSgMxFM34rPU16tJNsAoKWme6UJdFRVxWsCp06pBJb9vQJDMkGaEM/Q83/oobF4q4Elz4N6btLHwduHA4597k3hMlnGnjeZ/OxOTU9MxsYa44v7C4tOyurF7pOFUU6jTmsbqJiAbOJNQNMxxuEgVERByuo97J0L++A6VZLC9NP4GmIB3J2owSY6XQrWxehnQXB6fADcGBZgIHsYAOCSmG22zP398OuH2uZU2Zhmc7g83QLXllbwT8l/g5KaEctdB9D1oxTQVIQznRuuF7iWlmRBlGOQyKQaohIbRHOtCwVBIBupmNbhvgLau0cDtWtqTBI/X7REaE1n0R2U5BTFf/9obif14jNe2jZsZkkhqQdPxRO+XYxHgYFG4xBdTwviWEKmZ3xbRLFKHGxlm0Ifi/T/5Lripl/6DsX1RK1eM8jgJaRxtoG/noEFXROaqhOqLoHj2iZ/TiPDhPzqvzNm6dcPKZNfQDzscXS96fGQ==</latexit>

Tc,� ⇠ !ce�1/(�⌫F )
<latexit sha1_base64="qXxo0z5sQgsGhj7hmjVkYrUr0Ds=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBhPBU9jNQT0GRfAYwTwwWcLs7CQZMju7zPQKIeQvvHhQxKt/482/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn5rSeujYjVA44T7kd0oERfMIpWeix3Qy6Rkttyr1hyK+4cZJV4GSlBhnqv+NUNY5ZGXCGT1JiO5yboT6hGwSSfFrqp4QllIzrgHUsVjbjxJ/OLp+TMKiHpx9qWQjJXf09MaGTMOApsZ0RxaJa9mfif10mxf+VPhEpS5IotFvVTSTAms/dJKDRnKMeWUKaFvZWwIdWUoQ2pYEPwll9eJc1qxbuoePfVUu06iyMPJ3AK5+DBJdTgDurQAAYKnuEV3hzjvDjvzseiNedkM8fwB87nDzX1j/U=</latexit>

�E

Narrow bands

<latexit sha1_base64="nrMZHYtxLikpyvqu0nWcvPfJWUw=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNRFI8V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSATXxnW/nMLS8srqWnG9tLG5tb1T3t1r6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0NfVbj6g0j+WDGSfoR3QgecgZNVa6v+7d9MoVt+rOQP4SLycVyFHvlT+7/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZAjq/RJGCtb0pCZ+nMio5HW4yiwnRE1Q73oTcX/vE5qwgs/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/Hlv6R5UvXOqt7daaV2mcdRhAM4hGPw4BxqcAt1aACDATzBC7w6wnl23pz3eWvByWf24Recj2/fu42I</latexit>

EF

<latexit sha1_base64="OffH4yPGzL625RGb/C95WCZs0PA=">AAAB8XicdVDJSgNBEO2JW4xb1KOXxkTwFGZyUI9BLx4jmAWTIfR0apImvQzdPUIY8hdePCji1b/x5t/YWYS4PSh4vFdFVb0o4cxY3//wciura+sb+c3C1vbO7l5x/6BpVKopNKjiSrcjYoAzCQ3LLId2ooGIiEMrGl1N/dY9aMOUvLXjBEJBBpLFjBLrpLtyVwkYkB4t94qloOLPgP1f5MsqoQXqveJ7t69oKkBayokxncBPbJgRbRnlMCl0UwMJoSMygI6jkggwYTa7eIJPnNLHsdKupMUzdXkiI8KYsYhcpyB2aH56U/Evr5Pa+CLMmExSC5LOF8Upx1bh6fu4zzRQy8eOEKqZuxXTIdGEWhdSYTmE/0mzWgnOKsFNtVS7XMSRR0foGJ2iAJ2jGrpGddRAFEn0gJ7Qs2e8R+/Fe5235rzFzCH6Bu/tE8OnkFI=</latexit>!c

<latexit sha1_base64="CRRqkNTEbyEtSNWIdw1eWHO1mMg=">AAAB73icbVDLSgNBEOz1GeMr6tHLYCJ4Crs5qMegHjxGMA9IljA7mU2GzM6uM71CWPITXjwo4tXf8ebfOHkgmljQUFR1090VJFIYdN0vZ2V1bX1jM7eV397Z3dsvHBw2TJxqxusslrFuBdRwKRSvo0DJW4nmNAokbwbD64nffOTaiFjd4yjhfkT7SoSCUbRSq9S54RJpqVsoumV3CvJDvEVShDlq3cJnpxezNOIKmaTGtD03QT+jGgWTfJzvpIYnlA1pn7ctVTTixs+m947JqVV6JIy1LYVkqv6eyGhkzCgKbGdEcWAWvYn4n9dOMbz0M6GSFLlis0VhKgnGZPI86QnNGcqRJZRpYW8lbEA1ZWgjytsQll5eJo1K2Tsve3eVYvVqHkcOjuEEzsCDC6jCLdSgDgwkPMELvDoPzrPz5rzPWlec+cwR/IHz8Q0doY9d</latexit>

� <latexit sha1_base64="qXxo0z5sQgsGhj7hmjVkYrUr0Ds=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBhPBU9jNQT0GRfAYwTwwWcLs7CQZMju7zPQKIeQvvHhQxKt/482/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn5rSeujYjVA44T7kd0oERfMIpWeix3Qy6Rkttyr1hyK+4cZJV4GSlBhnqv+NUNY5ZGXCGT1JiO5yboT6hGwSSfFrqp4QllIzrgHUsVjbjxJ/OLp+TMKiHpx9qWQjJXf09MaGTMOApsZ0RxaJa9mfif10mxf+VPhEpS5IotFvVTSTAms/dJKDRnKMeWUKaFvZWwIdWUoQ2pYEPwll9eJc1qxbuoePfVUu06iyMPJ3AK5+DBJdTgDurQAAYKnuEV3hzjvDjvzseiNedkM8fwB87nDzX1j/U=</latexit>

�E

Bardeen, Cooper & Schrieffer, 1957

<latexit sha1_base64="Gy4p4wEZ1HvJqE3LvWbuMhgl6Wg=">AAACG3icbZDLSgMxFIYz9VbrrerSTbAKClpnulCXxRsuK1gVOuOQyZy2oZnMkGSEMvQ93Pgqblwo4kpw4duY1llo9UDg4//PSXL+IOFMadv+tAoTk1PTM8XZ0tz8wuJSeXnlSsWppNCkMY/lTUAUcCagqZnmcJNIIFHA4TroHQ/96zuQisXiUvcT8CLSEazNKNFG8su1jUuf7mD3BLgm2FUswm444lMMt9mus7flcnNdaEyR+mfbgw2/XLGr9qjwX3ByqKC8Gn753Q1jmkYgNOVEqZZjJ9rLiNSMchiU3FRBQmiPdKBlUJAIlJeNdhvgTaOEuB1Lc4TGI/XnREYipfpRYDojortq3BuK/3mtVLcPvYyJJNUg6PdD7ZRjHeNhUDhkEqjmfQOESmb+immXSEK1ibNkQnDGV/4LV7Wqs191LmqV+lEeRxGtoXW0hRx0gOroHDVQE1F0jx7RM3qxHqwn69V6+24tWPnMKvpV1scXt1mevQ==</latexit>

Tc,� ⇠ �Ee�1/(�⌫F )

<latexit sha1_base64="zfgmDPcQMGqp2kXFRuEL/mvwkyo=">AAAB/3icbVBNS8NAEJ34WetXVPDiZbEV6qUkPah4KgrisYL9gDaEzXbbLt1swu5GKLEH/4oXD4p49W9489+4bXPQ1gcDj/dmmJkXxJwp7Tjf1tLyyuraem4jv7m1vbNr7+03VJRIQusk4pFsBVhRzgSta6Y5bcWS4jDgtBkMryd+84FKxSJxr0cx9ULcF6zHCNZG8u3DEuYqukQcyz6VqNgRiX9TPPXtglN2pkCLxM1IATLUfPur041IElKhCcdKtV0n1l6KpWaE03G+kygaYzLEfdo2VOCQKi+d3j9GJ0bpol4kTQmNpurviRSHSo3CwHSGWA/UvDcR//Paie5deCkTcaKpILNFvYQjHaFJGKjLJCWajwzBRDJzKyIDLDHRJrK8CcGdf3mRNCpl96zs3lUK1assjhwcwTGUwIVzqMIt1KAOBB7hGV7hzXqyXqx362PWumRlMwfwB9bnD9LDlK4=</latexit>

(also: larger ⌫F )

Flat bands

<latexit sha1_base64="CRRqkNTEbyEtSNWIdw1eWHO1mMg=">AAAB73icbVDLSgNBEOz1GeMr6tHLYCJ4Crs5qMegHjxGMA9IljA7mU2GzM6uM71CWPITXjwo4tXf8ebfOHkgmljQUFR1090VJFIYdN0vZ2V1bX1jM7eV397Z3dsvHBw2TJxqxusslrFuBdRwKRSvo0DJW4nmNAokbwbD64nffOTaiFjd4yjhfkT7SoSCUbRSq9S54RJpqVsoumV3CvJDvEVShDlq3cJnpxezNOIKmaTGtD03QT+jGgWTfJzvpIYnlA1pn7ctVTTixs+m947JqVV6JIy1LYVkqv6eyGhkzCgKbGdEcWAWvYn4n9dOMbz0M6GSFLlis0VhKgnGZPI86QnNGcqRJZRpYW8lbEA1ZWgjytsQll5eJo1K2Tsve3eVYvVqHkcOjuEEzsCDC6jCLdSgDgwkPMELvDoPzrPz5rzPWlec+cwR/IHz8Q0doY9d</latexit>

�

<latexit sha1_base64="OffH4yPGzL625RGb/C95WCZs0PA=">AAAB8XicdVDJSgNBEO2JW4xb1KOXxkTwFGZyUI9BLx4jmAWTIfR0apImvQzdPUIY8hdePCji1b/x5t/YWYS4PSh4vFdFVb0o4cxY3//wciura+sb+c3C1vbO7l5x/6BpVKopNKjiSrcjYoAzCQ3LLId2ooGIiEMrGl1N/dY9aMOUvLXjBEJBBpLFjBLrpLtyVwkYkB4t94qloOLPgP1f5MsqoQXqveJ7t69oKkBayokxncBPbJgRbRnlMCl0UwMJoSMygI6jkggwYTa7eIJPnNLHsdKupMUzdXkiI8KYsYhcpyB2aH56U/Evr5Pa+CLMmExSC5LOF8Upx1bh6fu4zzRQy8eOEKqZuxXTIdGEWhdSYTmE/0mzWgnOKsFNtVS7XMSRR0foGJ2iAJ2jGrpGddRAFEn0gJ7Qs2e8R+/Fe5235rzFzCH6Bu/tE8OnkFI=</latexit>!c

<latexit sha1_base64="qXxo0z5sQgsGhj7hmjVkYrUr0Ds=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBhPBU9jNQT0GRfAYwTwwWcLs7CQZMju7zPQKIeQvvHhQxKt/482/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn5rSeujYjVA44T7kd0oERfMIpWeix3Qy6Rkttyr1hyK+4cZJV4GSlBhnqv+NUNY5ZGXCGT1JiO5yboT6hGwSSfFrqp4QllIzrgHUsVjbjxJ/OLp+TMKiHpx9qWQjJXf09MaGTMOApsZ0RxaJa9mfif10mxf+VPhEpS5IotFvVTSTAms/dJKDRnKMeWUKaFvZWwIdWUoQ2pYEPwll9eJc1qxbuoePfVUu06iyMPJ3AK5+DBJdTgDurQAAYKnuEV3hzjvDjvzseiNedkM8fwB87nDzX1j/U=</latexit>

�E Belyaev, JETP (1960)
Khodel & Shaginyan, JETP Lett. (1990)

Kopnin, TTH, G.E. Volovik, PRB 83, 220503 (R) (2011)
Tasaki, PRL (1992); Mielke & Tasaki Commun. Math. Phys. (1993)

(flat-band magnetism)

<latexit sha1_base64="C1GNRGnVeDiCt4R98x1fTWTPyKM="></latexit>

Tc ⇠ � = �⌦FB
2⇡

Flat band size!

BCS theory

What determines the size of the flat band?

How to maximise it
(in graphene based systems)?



Possible caveats
• Validity of the mean-field theory  

• Ok for T=0 (e.g., Josephson effect) 

• Phase fluctuations (Goldstone): BKT transition, 
consider geometric contribution to superfluid weight! 

• Amplitude fluctuations (Higgs): another way to kill 
the mean field! 

• Electron-phonon model: Migdal theorem not valid: only 
lowest-order result  

• Of course there can be also other correlated states

Picture stolen from Dirk Manske

<latexit sha1_base64="XU3hgzDHaaBr71zpPguLVhJbej8="></latexit>

Migdal:
!D ⌧ EF

) self-consistent
Born ok

Recent beyond mean field works
(Flat-band superconductivity):
- Tovmasyan, et al. PRB 2016

- Wang, et al., PRB 2020
- Hofmann, et al., PRB 2020

<latexit sha1_base64="+xNptjLwcJE0euJEi96RZT3vVws=">AAACHXicdZBLSwMxFIUzvq2vqks3wSq4KlMpKq6kuhDcVGi10KlDJr1TQ5OZIbkjlKF/xI1/xY0LRVy4Ef+N6UPweSBw+M69JDlBIoVB1313Jianpmdm5+ZzC4tLyyv51bULE6eaQ53HMtaNgBmQIoI6CpTQSDQwFUi4DLrHg/zyBrQRcVTDXgItxTqRCAVnaJGfL1dSPKRbNT/ztKKVs1qfehKMMULRms+vhliFlg6IdwIS2ZafL5SK7lDU/WU+owIZq+rnX712zFMFEXLJjGmW3ARbGdMouIR+zksNJIx3WQea1kZMgWllw9/16bYlbRrG2p4I6ZB+3ciYMqanAjupGF6bn9kA/pU1UwwPWpmIkhQh4qOLwlRSjOmgKtoWGjjKnjWMa2HfSvk104yjLTT3tYT/zcVusbRXLJ/vFo4q4zrmyAbZJDukRPbJETklVVInnNySe/JInpw758F5dl5GoxPOeGedfJPz9gFEDKDQ</latexit>

But: TBKT . Tmf
c ⇠ �

<latexit sha1_base64="AWuDZXYKF2HPnHSlquWSjyQddrU=">AAACB3icdVDLSgMxFM3UV62vUZeCBFvBVZ0poi6LxceyQlsLnWHIpGkbmmSGJCOUoTs3/oobF4q49Rfc+TemD6G+Dlw4Oedebu4JY0aVdpwPKzM3v7C4lF3OrayurW/Ym1sNFSUSkzqOWCSbIVKEUUHqmmpGmrEkiIeM3IT9ysi/uSVS0UjU9CAmPkddQTsUI22kwN4tpJ7k8JIOoacoh7WgcngeXEwebiGw827RGQM6v8iXlQdTVAP73WtHOOFEaMyQUi3XibWfIqkpZmSY8xJFYoT7qEtahgrEifLT8R1DuG+UNuxE0pTQcKzOTqSIKzXgoenkSPfUT28k/uW1Et059VMq4kQTgSeLOgmDOoKjUGCbSoI1GxiCsKTmrxD3kERYm+hysyH8TxqlontcPLou5ctn0ziyYAfsgQPgghNQBlegCuoAgzvwAJ7As3VvPVov1uukNWNNZ7bBN1hvn5M+lzQ=</latexit>

Gi ⇠ TC/EF ⇠ 1



8

Now: flat bands from graphene

<latexit sha1_base64="YgIZnUZYVPLM1x+OIpkhxJkus1w="></latexit>

H = vF� · p = vF

✓
0 px � ipy

px + ipy 0

◆

<latexit sha1_base64="9YUEQmFPEMr4ssUXwH2SgY6a+BM=">AAACDHicbZDLSsNAFIZPvNZ6q7p0M1gEN5ZERN0IRTeCmwr2Am0ok+mkHTqZhJmJUEIewI2v4saFIm59AHe+jZM2FG39YeDjP+cw5/xexJnStv1tLSwuLa+sFtaK6xubW9ulnd2GCmNJaJ2EPJQtDyvKmaB1zTSnrUhSHHicNr3hdVZvPlCpWCju9SiiboD7gvmMYG2sbqmcdAKsB56PovRyysP0eMq3qemyK/ZYaB6cHMqQq9YtfXV6IYkDKjThWKm2Y0faTbDUjHCaFjuxohEmQ9ynbYMCB1S5yfiYFB0ap4f8UJonNBq7vycSHCg1CjzTmW2oZmuZ+V+tHWv/wk2YiGJNBZl85Mcc6RBlyaAek5RoPjKAiWRmV0QGWGKiTX5FE4Ize/I8NE4qzlnFuTstV6/yOAqwDwdwBA6cQxVuoAZ1IPAIz/AKb9aT9WK9Wx+T1gUrn9mDP7I+fwCWj5tR</latexit>

p = k�K



• Stacked graphene 
 

• Periodically strained graphene 
 

• Twisted bilayer graphene
En

er
gy

Momentum

H
ig

he
st

op
er

at
in

g
te

m
pe

ra
tu

re

Strength of
attractive interaction

Surface 
Flat band 

a) Surface state of 
nodal semimetals

b) Dirac dispersion
and strain (grossly 
exaggerated picture)

c) Fermionic condensate around
van Hove singularity

Ordinary and flat band dispersion Superconductivity in the two models

Rhombohedral graphite [6] Graphite interfaces [4] Twisted multilayer graphene [7]

p
p2p1

ε(p)n(p)

δn(p)=0



Bernal stacking of pairs of layers

Upper layer:



Bernal stacking of pairs of layers

Upper layer:
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Bilayer graphene

Semimetal with quadratic touching!Bernal stacking (non-twisted)

<latexit sha1_base64="lPIvarYDW8EtDMIOaX4Vxtl+HlY=">AAACInicbVDLTgIxFO3gC/GFunRhI5i4IjNEo3GFunGJiTwShpA7pUBD25m0HRMyYemfuHOrP+HOuDLxE/wIC8xCwZM0OT330Z4TRJxp47qfTmZpeWV1Lbue29jc2t7J7+7VdRgrQmsk5KFqBqApZ5LWDDOcNiNFQQScNoLhzaTeeKBKs1Dem1FE2wL6kvUYAWOlTv7wSutY0Etc9PsgBHROsc85Ti9esZMvuCV3CrxIvJQUUIpqJ//td0NiV0pDOGjd8tzItBNQhhFOxzk/1jQCMoQ+bVkqQVDdTqZGxvjYKl3cC5U90uCp+nsiAaH1SAS2U4AZ6PnaRPyv1opN76KdMBnFhkoye6gXc2xCPEkFd5mixPCRJUAUs3/FZAAKiLHZ5XxNbbCybwZ+BIrJrjWXWFvjnI3Hmw9jkdTLJe+s5N6VC5XrNKgsOkBH6AR56BxV0C2qohoi6BE9oxf06jw5b8678zFrzTjpzD76A+frB+UAo0U=</latexit>

Assume: �4 ⌧ �1



From graphene to graphite

Bernal Rhombohedral

TTH & G.E. Volovik, arXiv:1504.05824



Strongest hopping only
� · p
� · p
� · p
� · p
� · p
� · p
� · p
� · p
� · p

Rule: couple A to B, but not B to A

Two possibilities (and anything in between):

Rhombohedral Bernal

Unit cell in an
 infinite lattice

�1

�1 ⇡ 0.3 eV ' 3500 K·kB



Rhombohedral multilayer
Low-energy spectrum: decaying surface states

<latexit sha1_base64="m9odADumnTXmmdGsk2vh5g742Bo=">AAACAHicbZDLSgMxFIYz9VbrbdSFCzfBIrgqMyLqsujGlVSwF+iMJZOeaUOTmZBkhDJ046u4caGIWx/DnW9jello6w+Bj/+cw8n5I8mZNp737RSWlldW14rrpY3Nre0dd3evodNMUajTlKeqFRENnCVQN8xwaEkFREQcmtHgelxvPoLSLE3uzVBCKEgvYTGjxFir4x4EIDXjFiUONBM4kALLh9uOW/Yq3kR4EfwZlNFMtY77FXRTmglIDOVE67bvSRPmRBlGOYxKQaZBEjogPWhbTIgAHeaTA0b42DpdHKfKvsTgift7IidC66GIbKcgpq/na2Pzv1o7M/FlmLNEZgYSOl0UZxybFI/TwF2mgBo+tECoYvavmPaJItTYzEo2BH/+5EVonFb884p/d1auXs3iKKJDdIROkI8uUBXdoBqqI4pG6Bm9ojfnyXlx3p2PaWvBmc3soz9yPn8AG8CWFg==</latexit>

✏p ⇠ ±pN

Large N: flat band!

<latexit sha1_base64="euoYLxQU7eOuiz7mrGDh72mclT4=">AAACBXicdVDLSsNAFJ34rPUVdamLwVaom5IUUZelblxWsA9oYphMJ+3QyWSYmQgl7caNv+LGhSJu/Qd3/o1JW6G+Dlw4nHMv997jC0aVtqwPY2FxaXllNbeWX9/Y3No2d3abKoolJg0csUi2faQIo5w0NNWMtIUkKPQZafmDi8xv3RKpaMSv9VAQN0Q9TgOKkU4lzzwojhyhqJfw2riUOCHSfT+AYnw8uqkUPbNgl60JoPWLfFkFMEPdM9+dboTjkHCNGVKqY1tCuwmSmmJGxnknVkQgPEA90kkpRyFRbjL5YgyPUqULg0imxTWcqPMTCQqVGoZ+2pmdqX56mfiX14l1cO4mlItYE46ni4KYQR3BLBLYpZJgzYYpQVjS9FaI+0girNPg8vMh/E+albJ9Wj65qhSqtVkcObAPDkEJ2OAMVMElqIMGwOAOPIAn8GzcG4/Gi/E6bV0wZjN74BuMt0+GMZfx</latexit>

| nB(p)|2

<latexit sha1_base64="/aaUx2nfUXUSIStUAXCglMcRreM=">AAACBXicbVDLSsNAFJ34rPUVdamLwVaom5IUUZdVNy4r2Ac0MUymk3boZBJmJkJJu3Hjr7hxoYhb/8Gdf+OkLaKtBy4czrmXe+/xY0alsqwvY2FxaXllNbeWX9/Y3No2d3YbMkoEJnUcsUi0fCQJo5zUFVWMtGJBUOgz0vT7V5nfvCdC0ojfqkFM3BB1OQ0oRkpLnnlQHDqxpF7KL0al1AmR6vkBjEfHw7tK0TMLVtkaA/4Qe5YUwBQ1z/x0OhFOQsIVZkjKtm3Fyk2RUBQzMso7iSQxwn3UJW1NOQqJdNPxFyN4pJUODCKhiys4Vn9PpCiUchD6ujM7U856mfif105UcO6mlMeJIhxPFgUJgyqCWSSwQwXBig00QVhQfSvEPSQQVjq4vA5h7uV50qiU7dPyyU2lUL2cxpED++AQlIANzkAVXIMaqAMMHsATeAGvxqPxbLwZ75PWBWM6swf+wPj4BoSJl/A=</latexit>

| nA(p)|2

<latexit sha1_base64="z8RAs6aOaFSvgbpJY7WAZyx7O+c="></latexit>

⌦FB ⇠ ⇡p2FB = ⇡
⇣

�1

vF

⌘2



Flat band from nodal lines
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where f (E) is the Fermi distribution function. We assume141

that the cutoff momentum pc of the pairing potential V is142

larger than pFB = t/vF . The sum includes one n = N surface143

state which we label by k = 0 and the bulk states specified by144

the transverse momenta pz(k), where k = 1,2, . . . ,N − 1 with145

the spectrum of Eq. (5). Therefore,!N = !S +!B where the146

surface contribution comes from the flat band area p < pFB,147

!S = V

∫

p<pFB

d2p

(2πh̄)2
Tr[ûN (p,0)v̂∗

N (p,0)][1 − 2f (Ep,0)].

(16)

The bulk contribution comes from the momenta p > pFB. For148

such momenta, the surface state k = 0 will also extend to the149

bulk, giving rise to (for T = 0)150

!B = V

∫

pFB<p<pc

d2p

(2πh̄)2

{

Tr[ûN (p,0)v̂∗
N (p,0)]

+
N−1∑

k=1

Tr[ûN (p,k)v̂∗
N (p,k)]

}

. (17)

All the bulk states with p > pFB are normalized to the151

sample width W = dN (i.e., u∗(z) ∼ 1/
√

W ). According to152

Eq. (5), E ∼ vF p > t in Eq. (17). Therefore,153

!B ≈ Vp2
c

4πh̄2

N

W

[
!

vF pc

− O

(
!

vF pc

)3
]

.

If there was only the bulk contribution (! ≡ !B = !N ), the154

gap equation would have a nonzero solution only for a potential155

strength higher than a certain critical value Vpc/(4πh̄2vF d) >156

1, as is the case in the usual single-layer graphene with zero1 157

doping.15,16
158

The surface states for p < pFB are normalized according to159

Eq. (14). We find from Eq. (16):160

!S = 2V

∫

p<pFB

d2p

(2πh̄)2
|C|2uv tanh

E

2kBT
. (18)

For simplicity we assume that V is constant up to the cutoff161

momentum pc. Here, u and v are determined by Eqs. (13) and162

(14). In the case of a flat band uv = 1/2 while E = !(1 −163

v2
F p2/t2). For T = 0 it gives164

!S = !0 ≡ g/(8π ), (19)

where g = Ṽ p2
FB/h̄2 is the characteristic pairing energy and2 165

Ṽ = V/d is the two-dimensional pairing potential.166

The ratio of the order parameter in the bulk to that on surface167

is of the order (!/t)(vF pc/t). Since ! ' t , the contribution168

from the bulk states with E > t can be neglected if the cutoff169

momentum of the interaction pc does not considerably exceed170

t/vF . We thus arrive at the central result of our paper, namely171

that the surface superconductivity in the presence of a flat band172

dominates over the bulk superconductivity. This follows from3 173

an infinitely large density of states associated with the flat band.174

The critical temperature is determined by Eq. (19) with ! →175

0, which gives !0 = 3kBTc. Due to its linear dependence on176

the interaction strength, the critical temperature is proportional177

to the area of the flat band and can be essentially higher than178

that in the bulk.179

For a flat band ξp = 0, with pc = pFB, the only character- 180

istic values in the superconducting surface state are the energy 181

! and the momentum pFB. Therefore, the coherence length 182

should be of the order of the only available length scale, 183

ξ0 ∼ h̄/pFB. It is much larger than the interatomic distance, 184

ξ0 ) a, since pFB ' p0 ∼ h̄/a. 185

Doping destroys the surface superconductivity. This can 186

be seen from Eq. (18) with uv = !/(2Ẽ+) and E = (1 − 187

v2
F p2/t2)Ẽ+ where Ẽ+ is taken from Eq. (15). The critical 188

temperature is found by putting ! = 0. For example, if µ and 189

µN have the same sign, both !0 and Tc vanish at the critical 190

doping level that satisfies 191

1 = Ṽ

4πh̄2|µN − µ|

∣∣∣∣
1
2

− µ

µN − µ
+ µ2

(µN − µ)2
ln

µN

µ

∣∣∣∣ .

If µN = µ the critical doping is |µ| = 2kBTc. 192

d. Surface superconductivity in a finite array. Since the 193

normal-state DOS defined as 194

ν(ξp) = p

2πh̄2

dp

dξp
= t(ξp/t)

2−N
N

2πh̄2Nv2
F

(20)

has a low-energy singularity for N > 2, the surface supercon- 195

ductivity is favorable already for a system with a finite number 196

of layers N ! 3. A simple expression for the zero-temperature 197

gap can be obtained if N ! 5. For a finite N , the value ξp 198

can reach values larger than !. We use Eqs. (12)–(14) for 199

zero doping in Eq. (18), where the upper limit of integration 200

pc is now such that ξc = t(vF pc/t)N ) !. Transforming to 201

the energy integral with the normal-state DOS [Eq. (20)] 202

we see that, for N > 4, the integral converges at ξp ∼ ! or 203

p ∼ p! = pFB(!/t)
1
N . The zero-temperature gap is 204

!0 = t

(
g

4π t

[
α(N ) − 1

2
(!0/t)

2
N α(N/2)

]) N
N−2

, (21)

where 205

α(N ) =
∫ ∞

0

x
N+2
N dx

(
√

x2 + 1)3
= 1√

π
&

(
N − 2

2N

)
&

(
N + 1

N

)
.

For N ) 1 we have αN = 1. The flat-band result, Eq. (19), 4206

is recovered if the number of layers is N ) 2 ln(t/!0). 207
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FIG. 2. (Color online) Zero-temperature gap self-consistently
calculated from Eq. (16) for g = 0.01t . Left panel: ! as a function
of pc for various N (solid lines). For pc ∼ p! the gap saturates at the
values given by Eq. (21) which approach Eq. (19) for N → ∞. The
dashed lines show the dispersion ξp for each N . Right panel: !(z)
profile, z = nd . !(z) is symmetric with respect to z → W − z.
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where f (E) is the Fermi distribution function. We assume141

that the cutoff momentum pc of the pairing potential V is142

larger than pFB = t/vF . The sum includes one n = N surface143

state which we label by k = 0 and the bulk states specified by144

the transverse momenta pz(k), where k = 1,2, . . . ,N − 1 with145

the spectrum of Eq. (5). Therefore,!N = !S +!B where the146

surface contribution comes from the flat band area p < pFB,147

!S = V

∫

p<pFB

d2p

(2πh̄)2
Tr[ûN (p,0)v̂∗

N (p,0)][1 − 2f (Ep,0)].

(16)

The bulk contribution comes from the momenta p > pFB. For148

such momenta, the surface state k = 0 will also extend to the149

bulk, giving rise to (for T = 0)150

!B = V

∫

pFB<p<pc

d2p

(2πh̄)2

{

Tr[ûN (p,0)v̂∗
N (p,0)]

+
N−1∑

k=1

Tr[ûN (p,k)v̂∗
N (p,k)]

}

. (17)

All the bulk states with p > pFB are normalized to the151

sample width W = dN (i.e., u∗(z) ∼ 1/
√

W ). According to152

Eq. (5), E ∼ vF p > t in Eq. (17). Therefore,153

!B ≈ Vp2
c

4πh̄2

N

W

[
!

vF pc

− O

(
!

vF pc

)3
]

.

If there was only the bulk contribution (! ≡ !B = !N ), the154

gap equation would have a nonzero solution only for a potential155

strength higher than a certain critical value Vpc/(4πh̄2vF d) >156

1, as is the case in the usual single-layer graphene with zero1 157

doping.15,16
158

The surface states for p < pFB are normalized according to159

Eq. (14). We find from Eq. (16):160

!S = 2V

∫

p<pFB

d2p

(2πh̄)2
|C|2uv tanh

E

2kBT
. (18)

For simplicity we assume that V is constant up to the cutoff161

momentum pc. Here, u and v are determined by Eqs. (13) and162

(14). In the case of a flat band uv = 1/2 while E = !(1 −163

v2
F p2/t2). For T = 0 it gives164

!S = !0 ≡ g/(8π ), (19)

where g = Ṽ p2
FB/h̄2 is the characteristic pairing energy and2 165

Ṽ = V/d is the two-dimensional pairing potential.166

The ratio of the order parameter in the bulk to that on surface167

is of the order (!/t)(vF pc/t). Since ! ' t , the contribution168

from the bulk states with E > t can be neglected if the cutoff169

momentum of the interaction pc does not considerably exceed170

t/vF . We thus arrive at the central result of our paper, namely171

that the surface superconductivity in the presence of a flat band172

dominates over the bulk superconductivity. This follows from3 173

an infinitely large density of states associated with the flat band.174

The critical temperature is determined by Eq. (19) with ! →175

0, which gives !0 = 3kBTc. Due to its linear dependence on176

the interaction strength, the critical temperature is proportional177

to the area of the flat band and can be essentially higher than178

that in the bulk.179

For a flat band ξp = 0, with pc = pFB, the only character- 180

istic values in the superconducting surface state are the energy 181

! and the momentum pFB. Therefore, the coherence length 182

should be of the order of the only available length scale, 183

ξ0 ∼ h̄/pFB. It is much larger than the interatomic distance, 184

ξ0 ) a, since pFB ' p0 ∼ h̄/a. 185

Doping destroys the surface superconductivity. This can 186

be seen from Eq. (18) with uv = !/(2Ẽ+) and E = (1 − 187

v2
F p2/t2)Ẽ+ where Ẽ+ is taken from Eq. (15). The critical 188

temperature is found by putting ! = 0. For example, if µ and 189

µN have the same sign, both !0 and Tc vanish at the critical 190

doping level that satisfies 191

1 = Ṽ

4πh̄2|µN − µ|

∣∣∣∣
1
2

− µ

µN − µ
+ µ2

(µN − µ)2
ln

µN

µ

∣∣∣∣ .

If µN = µ the critical doping is |µ| = 2kBTc. 192

d. Surface superconductivity in a finite array. Since the 193

normal-state DOS defined as 194

ν(ξp) = p

2πh̄2

dp

dξp
= t(ξp/t)

2−N
N

2πh̄2Nv2
F

(20)

has a low-energy singularity for N > 2, the surface supercon- 195

ductivity is favorable already for a system with a finite number 196

of layers N ! 3. A simple expression for the zero-temperature 197

gap can be obtained if N ! 5. For a finite N , the value ξp 198

can reach values larger than !. We use Eqs. (12)–(14) for 199

zero doping in Eq. (18), where the upper limit of integration 200

pc is now such that ξc = t(vF pc/t)N ) !. Transforming to 201

the energy integral with the normal-state DOS [Eq. (20)] 202

we see that, for N > 4, the integral converges at ξp ∼ ! or 203

p ∼ p! = pFB(!/t)
1
N . The zero-temperature gap is 204

!0 = t

(
g

4π t

[
α(N ) − 1

2
(!0/t)

2
N α(N/2)

]) N
N−2

, (21)

where 205

α(N ) =
∫ ∞

0

x
N+2
N dx

(
√

x2 + 1)3
= 1√

π
&

(
N − 2

2N

)
&

(
N + 1

N

)
.

For N ) 1 we have αN = 1. The flat-band result, Eq. (19), 4206

is recovered if the number of layers is N ) 2 ln(t/!0). 207
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FIG. 2. (Color online) Zero-temperature gap self-consistently
calculated from Eq. (16) for g = 0.01t . Left panel: ! as a function
of pc for various N (solid lines). For pc ∼ p! the gap saturates at the
values given by Eq. (21) which approach Eq. (19) for N → ∞. The
dashed lines show the dispersion ξp for each N . Right panel: !(z)
profile, z = nd . !(z) is symmetric with respect to z → W − z.

000500-3

LC13242BR PRB May 29, 2011 14:50

RAPID COMMUNICATIONS

HIGH-TEMPERATURE SURFACE SUPERCONDUCTIVITY IN . . . PHYSICAL REVIEW B 00, 000500(R) (2011)

where f (E) is the Fermi distribution function. We assume141

that the cutoff momentum pc of the pairing potential V is142

larger than pFB = t/vF . The sum includes one n = N surface143

state which we label by k = 0 and the bulk states specified by144

the transverse momenta pz(k), where k = 1,2, . . . ,N − 1 with145

the spectrum of Eq. (5). Therefore,!N = !S +!B where the146

surface contribution comes from the flat band area p < pFB,147

!S = V

∫

p<pFB

d2p

(2πh̄)2
Tr[ûN (p,0)v̂∗

N (p,0)][1 − 2f (Ep,0)].

(16)

The bulk contribution comes from the momenta p > pFB. For148

such momenta, the surface state k = 0 will also extend to the149

bulk, giving rise to (for T = 0)150

!B = V

∫

pFB<p<pc

d2p

(2πh̄)2

{

Tr[ûN (p,0)v̂∗
N (p,0)]

+
N−1∑

k=1

Tr[ûN (p,k)v̂∗
N (p,k)]

}

. (17)

All the bulk states with p > pFB are normalized to the151

sample width W = dN (i.e., u∗(z) ∼ 1/
√

W ). According to152

Eq. (5), E ∼ vF p > t in Eq. (17). Therefore,153

!B ≈ Vp2
c

4πh̄2

N

W

[
!

vF pc

− O

(
!

vF pc

)3
]

.

If there was only the bulk contribution (! ≡ !B = !N ), the154

gap equation would have a nonzero solution only for a potential155

strength higher than a certain critical value Vpc/(4πh̄2vF d) >156

1, as is the case in the usual single-layer graphene with zero1 157

doping.15,16
158

The surface states for p < pFB are normalized according to159

Eq. (14). We find from Eq. (16):160

!S = 2V

∫

p<pFB

d2p

(2πh̄)2
|C|2uv tanh

E

2kBT
. (18)

For simplicity we assume that V is constant up to the cutoff161

momentum pc. Here, u and v are determined by Eqs. (13) and162

(14). In the case of a flat band uv = 1/2 while E = !(1 −163

v2
F p2/t2). For T = 0 it gives164

!S = !0 ≡ g/(8π ), (19)

where g = Ṽ p2
FB/h̄2 is the characteristic pairing energy and2 165

Ṽ = V/d is the two-dimensional pairing potential.166

The ratio of the order parameter in the bulk to that on surface167

is of the order (!/t)(vF pc/t). Since ! ' t , the contribution168

from the bulk states with E > t can be neglected if the cutoff169

momentum of the interaction pc does not considerably exceed170

t/vF . We thus arrive at the central result of our paper, namely171

that the surface superconductivity in the presence of a flat band172

dominates over the bulk superconductivity. This follows from3 173

an infinitely large density of states associated with the flat band.174

The critical temperature is determined by Eq. (19) with ! →175

0, which gives !0 = 3kBTc. Due to its linear dependence on176

the interaction strength, the critical temperature is proportional177

to the area of the flat band and can be essentially higher than178

that in the bulk.179

For a flat band ξp = 0, with pc = pFB, the only character- 180

istic values in the superconducting surface state are the energy 181

! and the momentum pFB. Therefore, the coherence length 182

should be of the order of the only available length scale, 183

ξ0 ∼ h̄/pFB. It is much larger than the interatomic distance, 184

ξ0 ) a, since pFB ' p0 ∼ h̄/a. 185

Doping destroys the surface superconductivity. This can 186

be seen from Eq. (18) with uv = !/(2Ẽ+) and E = (1 − 187

v2
F p2/t2)Ẽ+ where Ẽ+ is taken from Eq. (15). The critical 188

temperature is found by putting ! = 0. For example, if µ and 189

µN have the same sign, both !0 and Tc vanish at the critical 190

doping level that satisfies 191

1 = Ṽ

4πh̄2|µN − µ|
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If µN = µ the critical doping is |µ| = 2kBTc. 192

d. Surface superconductivity in a finite array. Since the 193

normal-state DOS defined as 194

ν(ξp) = p

2πh̄2

dp

dξp
= t(ξp/t)

2−N
N

2πh̄2Nv2
F

(20)

has a low-energy singularity for N > 2, the surface supercon- 195

ductivity is favorable already for a system with a finite number 196

of layers N ! 3. A simple expression for the zero-temperature 197

gap can be obtained if N ! 5. For a finite N , the value ξp 198

can reach values larger than !. We use Eqs. (12)–(14) for 199

zero doping in Eq. (18), where the upper limit of integration 200

pc is now such that ξc = t(vF pc/t)N ) !. Transforming to 201

the energy integral with the normal-state DOS [Eq. (20)] 202

we see that, for N > 4, the integral converges at ξp ∼ ! or 203

p ∼ p! = pFB(!/t)
1
N . The zero-temperature gap is 204
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where 205
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For N ) 1 we have αN = 1. The flat-band result, Eq. (19), 4206

is recovered if the number of layers is N ) 2 ln(t/!0). 207
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FIG. 2. (Color online) Zero-temperature gap self-consistently
calculated from Eq. (16) for g = 0.01t . Left panel: ! as a function
of pc for various N (solid lines). For pc ∼ p! the gap saturates at the
values given by Eq. (21) which approach Eq. (19) for N → ∞. The
dashed lines show the dispersion ξp for each N . Right panel: !(z)
profile, z = nd . !(z) is symmetric with respect to z → W − z.
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Mean field with finite N

14

FIG. 8: Profile of the gap function � for two di⇥erent couplings for N = 20 layers. The lines are guides to the eyes, as �
is only defined in the discrete points marked with circles (g = �1) and squares (g = 0.01�1). In the case g = �1 the induced
gap is already so large that high-momentum states vF p � �1 contribute to superconductivity, and therefore superconductivity
extends into the bulk of the material.

D. Supercurrent

Absence of dispersion in a flat band raises the questions of superconducting velocity and of the supercurrent: Can
they be nonzero and, if they can, what is then the magnitude of the critical current? In this Letter we address the
problem of supercurrent associated with the surface superconductivity in the flat-band multilayered rhombohedral
graphene. Based on the model employed in Ref.? for description of the surface superconductivity we calculate the
supercurrent as a response to a small gradient of the order parameter phase using an approach similar to that used
for calculations of the supercurrent in a single layer of graphene7. We demonstrate that the supercurrent is finite;
the critical current is proportional to the superconducting zero-temperature gap, i.e., to the critical temperature, and
to the radius of the flat band in the momentum space. Being produced by the surface superconductivity, the total
current through the sample is independent of the sample thickness.

The current density along the layer n is

jn = �evF

⇤

p,q

�
û†

n(p)�̂ûn(p) + v̂†n(p)�̂v̂n(p)
⇥
(1� 2fp) , (54)

Here q labels di⇥erent states for given p, while fp is the distribution function. The current operator in Eq. (54)
couples the states at di⇥erent sublattices and thus contains the overlaps of the wave functions localized at di⇥erent
surfaces.

The supercurrent for the “flat-band” regime was calculated in Ref.6 using the same approach as in Ref.7 by
considering a response to the order-parameter momentum in the form � = |�|eikr. Let us consider a large but finite
number of layers. Equation () tells us that the wave function for each sublattice decays away from the corresponding
outer surface of the sample. As a result, the product of two wave functions at di⇥erent sublattices that enters the
expression (54) for the current, in addition to a decaying part, contains a part proportional to (pvF /�1)N = ⇥p/�1 that
does not depend on the distance from the surface. The energy ⇥p is of the order of the energy gap � at the surface
and is thus a characteristic energy associated with the superconducting coherence between the two surfaces. This
coherence persists in the bulk even though the wave functions and the order parameter itself decay. This coherence
produces a supercurrent that flows uniformly through the sample but with the density, inversely proportional to the
number of layers, see Ref.6. The full current through the sample is

I =
2e� ln(�1/�)k

⇤~ .

The full current does not depend on the sample thickness Nd as it should be for the surface superconductivity. The
critical current is determined by max(k) ⇥ ⇥�1

0 where the coherence length is? ⇥0 ⇥ ~/pFB = ~vF /�1,

Ic ⇥ e� ln(�1/�)pFB .
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� 6= 0 only on the two surfaces!

Add attractive interaction, self-consistent BdG equations



Still a surface state!
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Crossover between ”narrow band” and ”flat band”
limits when � ⇠ 4⇡↵ ⇠ 0.15 eV or Tmf

C ⇠ 20 K
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Consistent with ”surface” superconductivity
that depends on potential µ1 = µ+D
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Two spatially separated regions with opposite N2
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) similar surface superconductivity there
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Largest TC = 175 K! 2

FIG. 1. (a) Scanning Electron Microscopy (SEM) image of
sample L3 on a Si/SiN substrate where the yellowish colored
areas are the electrodes. A four points configuration has been
prepared with the outer electrodes used to apply current and
the inner ones to measure the voltage drop. As shown in the
picture, the c-axis runs parallel to the substrate surface and
normal to the current direction. (b) Transmission Electron
Microscopy (TEM) image of one HOPG lamella. A different
brightness corresponds to different orientation within the a−b
plane of the crystalline regions of Bernal type with thickness
between 30 and 200 nm.

perature (T ) dependence of the voltage (V ) at constant
input current (I) and the I − V characteristic curves.
Figure 2 shows the T -dependence of the measured volt-
age at I = 1 nA (L1,L3) and 100 nA (L2,L4). A clear
drop in the measured voltage is observed, upon sample
at different “critical” temperatures Tc between ∼ 15 K
to ∼ 150 K. This Tc reflects the temperature above which
the Josephson coupling between superconducting patches
at some of the interfaces vanishes. At low enough temper-
atures and currents zero resistance states were reached
for L1, L3 and L4. Negative saturation voltages (L2)
instead of zero are obtained for the van der Pauw con-
figuration, which can be quantitatively explained using
a simple Wheatstone bridge circuit and assuming two
Josephson junctions with different Tc’s as explained be-
low.

The observed T−dependence in Fig. 2 is determined
mainly by the contribution of the internal interfaces,
since the graphene layers within the crystalline regions
show a semiconducting narrow-band-gap behavior[24]. If
the voltage drop is related to some kind of granular super-
conductivity we expect that its temperature dependence
is sensitively influenced by the applied current. Figures 3
(a) to (c) show clearly that the higher the input cur-
rent the lower the transition temperature, revealing a
semiconducting-like behavior at higher I and T . The ob-
served behavior is compatible with the existence of gran-
ular superconductivity (see, e.g., Ref. 25) embedded in
some of the internal interfaces.

Further support to this claim is obtained from the
I −V characteristics curves. Samples L1 (Fig. 3(d)) and
L3 (Fig. 3(f)) show typical Josephson behavior. In the

FIG. 2. Temperature dependence of the voltage for four sam-
ples measured with small input currents. A clear drop in the
measured voltage is observed at 15 K< T < 150 K upon sam-
ple. For the sample L4 the region near the onset of the voltage
decrease is shown (second right y-axis).

case of L2 (Fig. 3(e)) the curves were obtained with the
van der Pauw configuration and a current and voltage
paths that catch the answer of more than one Joseph-
son junction in that sample. Taking into account the
used current distribution in this case and assuming two
Josephson junctions with different Tc’s the rather exotic
I − V curves can be quantitatively understood using the
model of Ambegaokar and Halperin [26] where the influ-
ence of thermal fluctuations on the dc Josephson effect in
a junction of small capacitance are taking into account,
see Fig. 4(a). The same model can be successfully used
to fit the I − V characteristics for sample L3 assuming
only one Josephson junction, see 4(b). In the case of
sample L1, a sharp jump in the current appears at the
corresponding critical Josephson current Ic where also a
small hysteresis is observed, see Fig. 3(d).
Considering the I − V results from all samples and

configurations we obtain Ic(T ) shown in Fig. 5 in nor-
malized units. The overall behavior is compatible with
the temperature dependence expected for Josephson-
junctions where the normal barrier is given by ballistic
graphene[27], the continuous line in Fig. 5. One may
ask whether a Josephson coupling is possible through
graphene layers and at large distances. Indeed, the work
in Ref. 28 showed experimentally that the Josephson ef-
fect is possible between superconducting electrodes sep-
arated by hundreds of nanometers long graphene path.
Therefore, the assumption of the existence of supercon-
ducting regions Josephson coupled through graphene-like
semiconducting paths at the observed interfaces appears
reasonable. Because these superconducting regions at
the interfaces are not homogeneously distributed in the
used samples, upon the junctions’ distribution, a noisy
or “jumpy” behavior of the voltage is expected at low

2
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Due to stacking faults?
Problem: Not a very well-defined 
structure, large sample-to-sample 
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• Twisted bilayer graphene
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Graphene under strain
In-plane strain field (2D vector)

Out-of-plane strain field (scalar h=h(x,y))

Pseudo vector potential:

Modified Dirac equation: <latexit sha1_base64="A05wnh+yoQZhyv1892/bkLs7Y2U="></latexit>

⇢ = ±1 for the two valleys

strain tensor

Pseudo vector potential: different in the two valleys
M.A.H. Vozmediano, M.I. Katsnelson, F. Guinea, Phys. Rep. 496, 109 (2010) 



Periodically strained Dirac material

En
er

gy
Momentum

H
ig

he
st

op
er

at
in

g
te

m
pe

ra
tu

re

Strength of
attractive interaction

Surface 
Flat band 

a) Surface state of 
nodal semimetals

b) Dirac dispersion
and strain (grossly 
exaggerated picture)

c) Fermionic condensate around
van Hove singularity

Ordinary and flat band dispersion Superconductivity in the two models

Rhombohedral graphite [6] Graphite interfaces [4] Twisted multilayer graphene [7]

p
p2p1

ε(p)n(p)

δn(p)=0

1d strain: H0 = ~� · ~p+Ay(x)�y

Choose Ay(x) =
�
L cos(2⇡x/L) corresponding to

(in-plane) strain uy(x) =
a�
4⇡ sin(2⇡x/L)

) For � � 1 2D flat band:

For low momentum, dispersion is linear:
✏p = ±cp, c = vF /I0(�/⇡)

⇠ �/L TTH & G.E. Volovik, arXiv:1504.05824

c ⇠ exp(��/⇡)
�!1����! 0



Connection to SSH model
H = kx�x + [ky +A(x)]�y

x

ky = 0: exact, E = 0

ky 6= 0: finite overlap energy

W.P. Su, J.R. Schrieffer, and A.J. Heeger, PRL (1979)

R. Jackiw and C Rebbi, PRD (1976)

<latexit sha1_base64="9oSYqvVEm23ChR72unxvscOvfv8="></latexit>

Consider ky as a parameter: Jackiw-Rebbi model with mass m(x) = ky +A(x),
zero-energy state at each crossing



Superconductivity
Position dependent �

V. Kauppila, F. Aikebaier and TTH, PRB (2016)

(see also Hosseini, EPL (2015))

T. Peltonen and TTH, JPCM 2020

Wang, Yuan, Fu, PRX 2021

Normal state

Superconducting state

DOS: Energy dispersion:



Gap vs coupling

V. Kauppila, F. Aikebaier and TTH, PRB (2016)
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critical point (linear dispersion)

� ⇡ �g/(2L2)

Tc ⇡ �

Can be large!
(Much larger than T graphene

C )
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BKT physics: T. Peltonen and TTH, JPCM 2020
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Strain superlattice Flat band from pseudo-Landau levels

Also spectra that
depend on the filling

indicative of 
interactionsBuckled structures on graphene membranes



• Stacked graphene 
 

• Periodically strained graphene 
 

• Twisted bilayer graphene
En

er
gy

Momentum

H
ig

he
st

op
er

at
in

g
te

m
pe

ra
tu

re

Strength of
attractive interaction

Surface 
Flat band 

a) Surface state of 
nodal semimetals

b) Dirac dispersion
and strain (grossly 
exaggerated picture)

c) Fermionic condensate around
van Hove singularity

Ordinary and flat band dispersion Superconductivity in the two models

Rhombohedral graphite [6] Graphite interfaces [4] Twisted multilayer graphene [7]

p
p2p1

ε(p)n(p)

δn(p)=0

<latexit sha1_base64="z8RAs6aOaFSvgbpJY7WAZyx7O+c="></latexit>

⌦FB ⇠ ⇡p2FB = ⇡
⇣

�1

vF

⌘2

<latexit sha1_base64="lvClxDRees/Ip9dpuaPzMypaq6g=">AAACFHicdZBLSwMxFIUzPmt9VV26CRZBEMpMKeqyVBAXghXsAzq1ZNI7bWgyMyQZoQzzI9z4V9y4UMStC3f+G9OHUF8HAodz7iXJ50WcKW3bH9bc/MLi0nJmJbu6tr6xmdvarqswlhRqNOShbHpEAWcB1DTTHJqRBCI8Dg1vcDrqG7cgFQuDaz2MoC1IL2A+o0SbqJM7dC8F9EgncaXAZ5UUu4oJ7PqS0KToRgy7HmiSJhc3xbSTyzsFeyxs/zJfVR5NVe3k3t1uSGMBgaacKNVy7Ei3EyI1oxzSrBsriAgdkB60jA2IANVOxp9K8b5JutgPpTmBxuN0diMhQqmh8MykILqvfnaj8K+uFWv/pJ2wIIo1BHRykR9zrEM8IoS7TALVfGgMoZKZt2LaJwaINhyzsxD+N/ViwTkqlK5K+XJliiODdtEeOkAOOkZldI6qqIYoukMP6Ak9W/fWo/VivU5G56zpzg76JuvtE8WDngo=</latexit>

⌦FB ⇠ 2⇡�

L2

Strain amplitude

Strain period



30

Twisted bilayer graphene

Moiré superlattice



“Magic angle”

Lopes dos Santos, Peres, Castro Neto, PRL 2007 and PRB 2012
E. Suarez Morell, et al., PRB (2010)
Bisritzer & MacDonald, PNAS (2011)

Codes available at 
https://gitlab.jyu.fi/jyucmt/psg-and-tbg

Figure: Teemu Peltonen

�E ⇠ 3 meV
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Toy model for flat band 
formation

TTH & T. Hyart, Europhys. News 50, 24 (2019)



(And many others)



Superconducting state
Inhomogeneous

 order parameter:

T. Peltonen, R. Ojajärvi, TTH, Phys. Rev. B 
98, 220504 (2018)
A. Julku, T. Peltonen, L. Liang, TTH, P. 
Törmä, Phys. Rev. B 101, 060505 (2020)

local pairing

Consistent with electron-phonon
mediated superconductivity!

Intermediate between “narrow
band” and “flat-band” limits
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Graphene-based flat bands


