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The groundstateenergief infinite half-filled Hubbard-Peierlschains
are investigatedby combining an incrementalexpansionwith exact
diagonalizationof finite chain segmentsThe ground-stateenergy of
equidistantinfinite Hubbard (Heisenbery chainsis calculatedwith a
relative error of lessthan3x 10~ 2 for all valuesof U usingdiagonal-
izationsof 12-site (20-site chain segmentsFor dimerizedchainsthe
dimerizationorder parameterd as a function of the on-siterepulsion
interactionU hasa maximumat nonzerovaluesof U, if the electron-
phononcouplingg is lower thana critical valueg.. The critical value
gc is found with high accuracyto be g.= 0.69.For smallervaluesof g
the positionof the maximumof d(U) is approximately3t, andrapidly
tendsto zero as g approacheg. from below. We show how our
methodcanbe appliedto calculatebreatherdor the problemof phonon
dynamicsin Hubbard-Peierlssystems. © 1998 American Institute of
Physics. [S0021-364(98)00812-3

PACSnumbers:72.60+g, 63.20.Kr

The effect of correlationson the Peierlstransition has beenone of challenging
problemsin the theory of quasi-one-dimensionalbompoundsOne of the mostimportant
theoreticaltreatmentsof the Peierlstransition goesback to the solution of the exactly
solvable model of noninteractingfermions proposedby Su, Schrieffer, and Heeger
(SSH.! Although being successfuin explaininga numberof propertiesof real quasi-
one-dimensionasystemsthe SSH modelis in a clear disagreementith suchexperi-
mental results as the emergenceof negative spin magnetizationdensitiesfor neutral
solitons? One is faced with the necessityof treatingthe Coulomb interactionin the
electron subsystemThis interaction should be accountedfor by including a positive
Hubbardon-siteinteractionterm in the SSH model. We refer to this extendednodelas
the Peierls-Hubbard(PH) model.Dueto strongone-dimensionatjuantumfluctuationsa
meanfield theorycalculationof the PH modelgives qualitativelywrong results,predict-
ing a constantdimerizationfor small U and the abruptdisappearancef a bond order
wavestateasU increasesbovea certainthresholdat half filling.* Including many-body
effectsit hasbeenshownby many authors(see Ref. 4 and citations therein that the
dimerizationd first increasesp to a maximumandthendecreasewith furtherincrease
of U.

It is very difficult to performan accurateexact-diagonalizatiomvestigationof the
Peierls transition in the correlatedregime. In the framework of a standardexact-
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diagonalizationapproachthe requiredclustersizesare found to be far outreachingthe
capabilitiesof moderncomputersystemsCalculationsvhich have beemerformedusing
availableclustersizesare drasticallydependenbn the boundaryconditions(seeRef. 5,
for instancg, andthefinal conclusionshavehadto be basedon extrapolationsThe basic
questionsaboutthevalueof g., thebehaviorof the systemnearthecritical point, andthe
position and value of the dimerization maximum U ,,, as a function of the electron
phononcoupling haveremainedunansweredThe lack of accuratenumericalresultshas
madeit hardto identify the valuesof model parametergor real systemsWe will show
that by combining an incrementalexpansiontechnique(IET) with numerically exact
diagonalizationspne can overcomethe above-mentionedifficulties and performa reli-
able numerical calculation of correlatedone-dimensionaPeierls systemsin both the
strongand weak correlationregimes.

The quantumchemicalmethodof incrementshasrecentlyfound a wide range of
applicationin condensednatter(seeRef. 6 andreferenceghereir). The IET startswith
thesplitting of agivenHamiltonianoperatorH into anunperturbegartH, andanumber
of perturbationsH;+H,+ ..., so that H=Hy+X=H;. The hierarchyof incrementsis
definedin the following way. The first order incrementl(kl) is found by taking the
ground-stateenergy&, of the HamiltonianHy+ H, and subtractingfrom it the ground-
stateenergy&, of Hg, |(k1):5k—50. Phenomenologicallyhis incrementrepresentshe
actionof the perturbatiorH, separatelfrom all otherperturbationsd; . Thetotal change
of the unperturbedyround-statenergyin firstincrementalrderis thengivenby ;1 i(l) .
The secondorderincrementl (,f,) is found by taking the ground-stateenergyé&y | of the
HamiltonianHy+ H+ H, and subtractingfrom it &, andthe first orderincrementsl (kl)
andlV, 1)=& -1 —1M—&,. Theincrementd (3 representhe differencebetween
the combinedaction of a pair H;, H, andthe sum of the uncorrelatecactionsof both
perturbationsin a similar mannerhigher-orderincrementsare found. The changeof the
unperturbedground-stateenergyof the full systemis given exactly by the sumover all
increments(all orders). Since the incrementsare usually calculatednumerically, the
incrementalexpansioncan be performedup to some given order. This expansionis
nonperturbativesincethe incrementsare not relatedto somesmall parameterof a per-
turbationtheory. Theideaof the incrementakxpansioris similar to Faddeev'sreatment
of the 3-body problemwhereinthe unknown 3-body scatteringmatrix is expressedn
termsof the exactlyknown 2-bodyscatteringnatrices The discussiorof theinterrelation
of incrementsand Faddeevequationsand also the derivationof the incrementalexpan-
sion by a resummatiorof the perturbationtheoryis givenin Ref. 7.

Now we apply the outlinedideasto the PH Hamiltonian.This Hamiltonianis given
by a sumof electronicand lattice partsH=Hg+H,;. The electronicpartin fermionic
secondguantizationform is given by

Ho= 2 ti(c] ,Cii1othe) +U (N0 ). 1)

Here U is an on-site Hubbardrepulsionmatrix elementandt; is the hopping matrix
elementbetweertheith and(i + 1)th sites.We considerthe caseof oneelectronper site
(half filling). In the harmonic approximation the lattice part is given as Hy
= 1/2K2ivi2. Here v; is a bond-lengthchange(see,e.g., Ref. 4) and K is the spring
constant.The electror-lattice interactionis assumedo be of the form t;=—(t— yv;).
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The strengthof the electror-phononinteractionis measuredy the dimensionlessou-
pling g=y/\Kt. Solving the PH model amountsto finding a minimum of the total
energy of the systemconsideredas a functional of the bond length changesv;. A
remarkableproof of Lieb and Nachtergaefétells us that the minimum configurationhas
to be a dimerizedstatewith alternatingbond lengthsv;=(—1)'v,. In the following we
will usethe dimensionlesslimerizationd=uv K/t (seeRefs.5 and4).

Let us now formulatetheincrementakxpansiorof the PH model.A dimerizedstate
represents sequencef alternatingweak and strongbondsformed by a modulationof
the transferintegral t;. It is naturalto cut all the weak bondsand to considerthe
remainingset of noninteracting2-site dimers as an unperturbedHamiltonianH,. The
weakbondsare consideredasa perturbationThe unperturbedHamiltonianH,, is written
as

[ [’

> tok(Cop oCok+ 10+ M. CI+U > NN |- )

HOZ

k== i=—o,0
The groundstateof the HamiltonianoperatoH; is knownexactlyandis anondegenerate
spin-singletstateS= 0 formedby a setof noninteractingdimershavingtwo electrongper
dimer. The PH HamiltonianH is a sumof Hy anda numberof perturbationsformedby
the (weak bondslinking neighboringdimers,

H:Ho‘*‘}k: Vio® V=X tak—1(Cox—1,Cak ot h.C).

The incrementalexpansionis generatedn the following way. The first orderincrement
correspondso a bondinsertedbetweentwo neighboringdimers.By virtue of the general
principlesoutlinedabove,it hastheform | = E,—2E,, whereE,,, n=1,2,... denotes
the ground-stateenergyof a 2n-site segmentcut out of the infinite chain. The second-
orderincrementis definedfor a triple of neighboringdimersandfollows from inserting
two bondsinto Hg. To find it oneneeddo subtractrom theenergyof threelinked dimers
theincrementsorrespondingo 2 pairsof dimersand3 singledimersin it, andhencethe

expressiomeadsl (9)=Eg—21(Y)—3E,=E¢— 2E,+ E,. Notethatin the incrementalex-

pansiononly connectectlustersof dimersyield nonzeroincrementssincethe energyof

a disconnectedlusteris just the sum of the energiesof its parts. The expressiongor

higher-orderincrementsare found in similar fashion.Due to the choiceof H, (seeEg.

(2)) the incrementsdo not dependon the site indices.One provesby inductionthat the

expressiorfor the nth orderincrementn>2, is

1M =Epni 2= 2Epn+Ean_». ©)

In orderto find the ground-stateenergyof the infinite systemone needsto count the
numberof incrementsof eachorderperdimer. In the infinite 1 —d lattice which we are
considering there exists exactly one incrementof eachorder per dimer (we makesa
one-to-onecorrespondencbetweendimersandincrementof eachorder,assigningeach
incrementto its left-mostdimen. Therefore taking into accountthat therearetwo sites
per eachdimer, we write the value of the ground-stateenergyof the infinite lattice per
siteasé=1/2(E,+ E,’Lll (M), HereN is the numberof incrementstakeninto account.



JETP Lett., Vol. 67, No. 12, 25 June 1998 Malek et al. 1055

-18 - ! 1 L
0 10 20 J0 40 U 50

FIG. 1. Ground-statenergyof the equidistantHubbardmodelat half filling. Solid line — exactresult!® open
circles— IET resultfor N=5 (seetext). Inset: U dependencef prefactorA andexponentv of the obtained
functional dependencef the relative error on (2N+2) (seetext).

The featurethat the numberof incrementsof any given order per site is constantis
an exclusive property of one-dimensionalattices.In higher dimensionsthe numberof
incrementsof a given order per site grows rapidly with the order of the increment.This
specialpropertyof onedimensionleadsto the following result:

1
5(N):§(E2N+2_E2N)- 4

Formula (4) is quite remarkable,since the calculation of the ground-stateproperties
amountsto the exactdiagonalizationof two openchainswhoselength differs by two.
Note that expression®f the type (4) havepreviouslybeenusedintuitively in quantum
chemicalcalculations(see,for instance Ref. 9).

To checkour methodwe first performeda calculationof the ground-stateenergyof
an equidistantHubbard infinite chain at half filling, where the solution is known
exactly® The equidistancaseis the worstcasefor the methoddescribedabove sinceall
the bondshavethe samestrength.The per site value of the ground-stateenergy& was
calculatedusingformula (4) with the incrementalorderN=1, 2, 3, 4, 5.The calculation
was performedusing a Lanczosalgorithm. The resultsfor N=5 are shownin Fig. 1,
wheretheexacté(U) dependencéor t=1 (solid line) is plottedagainsthe resultsof Eq.
(4) (opencircles. Therelativeerror Rg decaysalgebraicallywith increasingorderof the
incrementsRg=A(U)[2N+2]"Y). The exponentr(U) and the prefactorA(U) are
plotted in the inset of Fig. 1. We find »(U)=2 for all values of U. Note that
A(0)/A()~2, which impliesthatour resultsconvergefasterfor largeU. Note alsothat
the errorsare very small — typically below 0.1% for N=6. This hasto be compared
with a recentdensity matrix renormalizationgroup (DMRG) calculationof the same
system‘! where systemsizesup to 122 and extrapolationshad to be usedto achieve
comparableprecision.

Nextwe showtheresultsof calculationsf the dimensionlesslimerizationin the PH
modelasa function of U andg (Fig. 2). For U=0 the valueof d(g) is known exactly
(seethe filled symbolsfor U=0 in Fig. 2). An analysisof the relative error Ry of
determiningd with the helpof (4) yieldsexponentiatonvergenc&®y~e *9N+2) The
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FIG. 2. DimerizationversusU for differentvaluesof g. Opensymbols— IET resultsfor N=5, filled symbols
for U=0 — exactresultsfilled symbolsfor U>5 — resultsfor Heisenbergchainswith IET andN=8. The
solid lines are guidesto the eye.Inset:g dependencef the exponent\ of the obtainedfunctionaldependence
of therelative erroron (2N+2) for U=0 (seetext).

dependencef \(g) is shownin the inset of Fig. 2. A crossoveris detectedaround
g=0.4,with A beingsuppressetb rathersmall valuesfor g<0.4. Thatimplies that for
small valuesof U the IET methodusing exactdiagonalizationss confinedto valuesof
the coupling constantg>0.4 if high precisionis required.In Fig. 2 we presentthe
dependencef d(U) for g=0.5, 0.6,and0.7 (opensymbols. For g=0.5,0.6 the dimer-
ization d first increaseswith U, and then decreasesfter reachinga maximum. For
g=0.7is amonotonicallydecreasindunction of U. Thereforethe systemhasa qualita-
tively differentbehaviorfor weakandstrongcouplingsg, as predictedoy the GA theory.
On the other hand, our resultsagreewell with the extrapolatedvaluesof d obtained
within the solitonic approacH.

We performedmore calculationsof d(U) to obtainthe dependencef the position
of the maximumU ,,, on the couplingg (seeFig. 3). In particular,we find U ,,,,(g) to be
a monotonicallydecreasingunction with U,,,,=0 at a critical couplingg.. Sinceour
methodyields very small errorsfor g=0.6 we canestimatethe critical couplingg where
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FIG. 3. Dependencef U, on the couplingg for the Hubbard-Peierlschainswith IET andN=5. Circles—
numericalresults;line — bestfit (seetext).
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Umax=0 with high accuracyRy<10 3. It is found g.=0.69. The GA prediction
g.>0.740verestimatethis resultslightly. The GA givesthe positionof the dimerization
maximumas U =4t for g far below g.. Our numericalcalculationgives U ., 3t.
The smallU behaviorof d is found to be d~U?, which is consistentwith the GA
approach Furthermorethe GA approachpredictsthat d is an analytic function of U2.
Thenit follows thatU ,.,(g) closeto g, variesas «(g.—g)? which is whatwe find in
Fig. 3 (k~8.25).

For large valuesof U the systemis equivalentto the Heisenbergspin-exchange
model,with J; givenby J;= 4ti2/U . We havecalculatedhe spin-Peierldransitionin this
systemseparatelyusing the formula (4) and N= 8. The resultsfor the dimerizationare
plottedin Fig. 2 (filled symbolg. Note that the dimerizationd(U) for the Hubbardand
Heisenbergchainsconvergefor large U, which supportsthe correctnes®f our calcula-
tions. For the spin-Peierlstransition Inagaki and Fukuyama? found an asymptoticfor-
mula

3292
m\1+D

whereD is a constanwhich wasassumedo be of the orderof 1/2. Our resultsconfirm
this choice.

{32
U) \ 5

The aboveresultsshowthatthe IET canbe a key methodfor numericalstudyof the
staticpropertiesof one-dimensionaPeierlssystemsOur recentcalculationsshowthat it
can be equally well appliedto spin-Peierlssystemswith frustration!® We believealso
that this methodcould be appliedto higherdimensionalsystemsnamelyto the Peierls
transitionin the two-dimensionaHubbardmodel. Sincecancellationof the lower-order
energiesdoesnot take placein the two-dimensionaHubbardmodel, the analogof for-
mula (4) containsthe energiesof clustersof all sizes.

To further underlinethe applicability of the IET, we considerthe dynamical prop-
ertiesof finite Hubbard—PeierlsystemsThe dynamicsof classicaldegreesf freedom
(phonon$ Q; interactingon a lattice genericallyallows for time-periodicand spatially
localized solutions,namely, discretebreathersjf the equationsof motion include non-
linear terms(seeRef. 14 andcitationstherein. Thesediscretebreathersolutionscanbe
localizedon asfew asthreeneighboringsites.If the electror-phononcouplingis taken
into accountandthe Born-Oppenheimeapproximatioris used the electronicsubsystem
generatesan additional potential for the classicalphonondegreesof freedom.To find
onceagainthe discretebreathersolutionsnumerically,one needsthe electronicenergy
E({Q;}) as afunction of the phonondegreesf freedom.For a lattice with L sitesthis
amountsto calculatingthe ground-stateenergyof the electronicsystemL timeson each
time stepin orderto find the gradientof H,. Precalculatinghe functionH onagrid is
alsoimpossiblesinceit is a function of prohibitively manyvariables.In the staticdimer-
izationcasewhereit is knownthatthetargetstateis a bondconjugatestate this problem
is avoided,sincethereis only onevariabled.

Againthe lET helpsto overcomethis problem.Considera finite chainwith periodic
boundaryconditions.Thefirst-orderincrement ()(x), which doesnot dependon the site
index, is obtainedby fixing all the Q;=0 exceptone with Q,=x, and calculatingthe
changeof the electronicenergyas a function of x, 1)(x)=&(x) —&(0). The second
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order incrementis obtainedby fixing all phononvariablesQ;=0 exceptQ,=x and
Qm=Y. Thenthe energyof the electronicsystemwill dependonk=1—-m, x andy. The
secondorderincrementis |{2)(x,y) = £(x,y) — 1)(x) — 1 M)(y) — £(0). The higher-order
incrementsare found in the samemanner.Our calculations(seeRef. 15 for a detailed
discussioh showthat takinginto accountincrementsof first and secondorderis enough
to calculatethe ground-stateenergyof a 14-site Hubbardchainwith periodic boundary
conditionsfor anarbitraryconfigurationof {Q;}. Therelativeerroris lessthan10~ 3. The
incrementsare calculatedon a two-dimensionabrid to generatesmoothfunctions.With
the help of thesefunctionsthe lattice dynamicscanbe calculatedusingordinarymolecu-
lar dynamicstechniques.

In this paperwe combinedthe IET with an exact-diagonalizatioimethod. It is
knownthatthe DMRG is especiallyaccuratevhenappliedto largebutfinite openchains,
where one can achievehigher and higher accuracyby iteratively repeatingthe DMRG
procedure”® Taking this into accountwe think thatthe combinationof the IET with the
DMRG techniquecan significantlyimprove calculations.

We thank Prof. PeterFuldefor fruitful discussionsaind continuoussupport.
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