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Pis’maZh. Éksp.Teor.Fiz. 67, No. 12, 994–999 ~25 June1998!

Thegroundstateenergiesof infinite half-filled Hubbard–Peierlschains
are investigatedby combining an incrementalexpansionwith exact
diagonalizationof finite chain segments.The ground-stateenergyof
equidistantinfinite Hubbard~Heisenberg! chainsis calculatedwith a
relativeerror of lessthan331023 for all valuesof U usingdiagonal-
izationsof 12-site(20-site! chain segments.For dimerizedchainsthe
dimerizationorder parameterd as a function of the on-site repulsion
interactionU hasa maximumat nonzerovaluesof U, if the electron–
phononcouplingg is lower thana critical valuegc . The critical value
gc is foundwith high accuracyto begc50.69.For smallervaluesof g
thepositionof themaximumof d(U) is approximately3t, andrapidly
tends to zero as g approachesgc from below. We show how our
methodcanbeappliedto calculatebreathersfor theproblemof phonon
dynamicsin Hubbard–Peierlssystems. © 1998 American Institute of
Physics. @S0021-3640~98!00812-3#

PACSnumbers:72.60.1g, 63.20.Kr

The effect of correlationson the Peierls transition has been one of challenging
problemsin the theoryof quasi-one-dimensionalcompounds.Oneof themostimportant
theoreticaltreatmentsof the Peierlstransitiongoesback to the solution of the exactly
solvable model of noninteractingfermions proposedby Su, Schrieffer, and Heeger
~SSH!.1 Although being successfulin explaininga numberof propertiesof real quasi-
one-dimensionalsystems,the SSH model is in a clear disagreementwith suchexperi-
mental results as the emergenceof negativespin magnetizationdensitiesfor neutral
solitons.2 One is faced with the necessityof treating the Coulomb interaction in the
electronsubsystem.This interactionshould be accountedfor by including a positive
Hubbardon-siteinteractionterm in the SSHmodel.We refer to this extendedmodelas
thePeierls–Hubbard~PH! model.Due to strongone-dimensionalquantumfluctuationsa
meanfield theorycalculationof thePH modelgivesqualitativelywrong results,predict-
ing a constantdimerizationfor small U and the abruptdisappearanceof a bond order
wavestateasU increasesabovea certainthresholdat half filling.3 Includingmany-body
effects it has beenshown by many authors~seeRef. 4 and citations therein! that the
dimerizationd first increasesup to a maximumandthendecreaseswith further increase
of U.

It is very difficult to performan accurateexact-diagonalizationinvestigationof the
Peierls transition in the correlated regime. In the framework of a standardexact-
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diagonalizationapproachthe requiredclustersizesare found to be far outreachingthe
capabilitiesof moderncomputersystems.Calculationswhich have beenperformedusing
availableclustersizesaredrasticallydependenton the boundaryconditions~seeRef. 5,
for instance!, andthefinal conclusionshavehadto bebasedon extrapolations.Thebasic
questionsaboutthevalueof gc , thebehaviorof thesystemnearthecritical point,andthe
position and value of the dimerizationmaximum Umax as a function of the electron
phononcouplinghaveremainedunanswered.The lack of accuratenumericalresultshas
madeit hardto identify the valuesof modelparametersfor real systems.We will show
that by combining an incrementalexpansiontechnique~IET! with numerically exact
diagonalizations,onecanovercomethe above-mentioneddifficulties andperforma reli-
able numerical calculation of correlatedone-dimensionalPeierls systemsin both the
strongandweakcorrelationregimes.

The quantumchemicalmethodof incrementshasrecently found a wide rangeof
applicationin condensedmatter~seeRef. 6 andreferencestherein!. The IET startswith
thesplitting of a givenHamiltonianoperatorH into anunperturbedpartH0 anda number
of perturbationsH11H21 . . . , so that H5H01(H i . The hierarchyof incrementsis
defined in the following way. The first order incrementIk

(1) is found by taking the
ground-stateenergyEk of the HamiltonianH01Hk andsubtractingfrom it the ground-
stateenergyE0 of H0, Ik

(1)
5Ek2E0. Phenomenologicallythis incrementrepresentsthe

actionof theperturbationHk separatelyfrom all otherperturbationsH i . Thetotal change
of theunperturbedground-stateenergyin first incrementalorderis thengivenby ( iI i

(1) .
The secondorder incrementIk,l

(2) is found by taking the ground-stateenergyEk,l of the
HamiltonianH01Hk1H l andsubtractingfrom it E0 and the first order incrementsIk

(1)

andI l
(1) , Ik,l

(2)
5Ek,l2Ik

(1)
2I l

(1)
2E0. The incrementsIk,l

(2) representthedifferencebetween
the combinedaction of a pair H i , Hk and the sum of the uncorrelatedactionsof both
perturbations.In a similar mannerhigher-orderincrementsarefound.The changeof the
unperturbedground-stateenergyof the full systemis given exactlyby the sumover all
increments~all orders!!. Since the incrementsare usually calculatednumerically, the
incrementalexpansioncan be performedup to some given order. This expansionis
nonperturbativesincethe incrementsare not relatedto somesmall parameterof a per-
turbationtheory.The ideaof the incrementalexpansionis similar to Faddeev’streatment
of the 3-body problemwherein the unknown3-body scatteringmatrix is expressedin
termsof theexactlyknown2-bodyscatteringmatrices.Thediscussionof theinterrelation
of incrementsandFaddeevequationsandalso the derivationof the incrementalexpan-
sion by a resummationof the perturbationtheory is given in Ref. 7.

Now we apply theoutlinedideasto thePH Hamiltonian.This Hamiltonianis given
by a sumof electronicand lattice partsH5Hel1H lat . The electronicpart in fermionic
secondquantizationform is given by

Hel5(
i,s

t i~c i,s
† c i11,s1h.c.!1U(

i
~n i,↑n i,↓!. ~1!

Here U is an on-site Hubbardrepulsionmatrix elementand t i is the hopping matrix
elementbetweenthe ith and(i11)th sites.We considerthecaseof oneelectronpersite
~half filling !. In the harmonic approximation the lattice part is given as H lat

51/2K( iv i
2 . Here v i is a bond-lengthchange~see,e.g., Ref. 4! and K is the spring

constant.The electron–lattice interactionis assumedto be of the form t i52(t2gv i).
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The strengthof the electron–phononinteractionis measuredby the dimensionlesscou-
pling g5g/AKt. Solving the PH model amountsto finding a minimum of the total
energy of the systemconsideredas a functional of the bond length changesv i . A
remarkableproof of Lieb andNachtergaele8 tells us that the minimum configurationhas
to be a dimerizedstatewith alternatingbondlengthsv i5(21)i

v0. In the following we
will usethe dimensionlessdimerizationd5v0AK/t ~seeRefs.5 and4!.

Let usnow formulatetheincrementalexpansionof thePH model.A dimerizedstate
representsa sequenceof alternatingweakandstrongbondsformedby a modulationof
the transfer integral t i . It is natural to cut all the weak bonds and to consider the
remainingset of noninteracting2-site dimers as an unperturbedHamiltonian H0. The
weakbondsareconsideredasa perturbation.TheunperturbedHamiltonianH0 is written
as

H05 (
k52`

`

t2k~c2k,s
1 c2k11,s1h. c.!1U (

i52`,s

`

n i,↑n i,↓ . ~2!

Thegroundstateof theHamiltonianoperatorH0 is knownexactlyandis a nondegenerate
spin-singletstateS50 formedby a setof noninteractingdimershavingtwo electronsper
dimer.ThePH HamiltonianH is a sumof H0 anda numberof perturbations,formedby
the ~weak! bondslinking neighboringdimers,

H5H01(
k

Vk , Vk5(
s

t2k21~c2k21,s
1 c2k,s1h. c.!.

The incrementalexpansionis generatedin the following way. The first order increment
correspondsto a bondinsertedbetweentwo neighboringdimers.By virtue of thegeneral
principlesoutlinedabove,it hastheform I (1)

5E422E2, whereE2n , n51,2,. . . denotes
the ground-stateenergyof a 2n-site segmentcut out of the infinite chain.The second-
order incrementis definedfor a triple of neighboringdimersandfollows from inserting
two bondsinto H0. To find it oneneedsto subtractfrom theenergyof threelinkeddimers
theincrementscorrespondingto 2 pairsof dimersand3 singledimersin it, andhencethe
expressionreadsI (2)

5E622I (1)
23E25E622E41E2. Note that in the incrementalex-

pansiononly connectedclustersof dimersyield nonzeroincrements,sincethe energyof
a disconnectedcluster is just the sum of the energiesof its parts.The expressionsfor
higher-orderincrementsare found in similar fashion.Due to the choiceof H0 ~seeEq.
~2!! the incrementsdo not dependon the site indices.Oneprovesby induction that the
expressionfor the nth order increment,n.2, is

I ~n !
5E2n1222E2n1E2n22 . ~3!

In order to find the ground-stateenergyof the infinite systemone needsto count the
numberof incrementsof eachorderper dimer. In the infinite 12d lattice which we are
considering,there exists exactly one incrementof eachorder per dimer ~we makesa
one-to-onecorrespondencebetweendimersandincrementsof eachorder,assigningeach
incrementto its left-mostdimer!. Therefore,taking into accountthat therearetwo sites
per eachdimer, we write the valueof the ground-stateenergyof the infinite lattice per
site asE51/2(E21(n51

N I (n)). HereN is the numberof incrementstakeninto account.
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The featurethat the numberof incrementsof any given orderper site is constantis
an exclusivepropertyof one-dimensionallattices.In higher dimensionsthe numberof
incrementsof a given orderper site growsrapidly with the orderof the increment.This
specialpropertyof onedimensionleadsto the following result:

E~N !5

1

2
~E2N122E2N!. ~4!

Formula ~4! is quite remarkable,since the calculation of the ground-stateproperties
amountsto the exactdiagonalizationof two openchainswhoselength differs by two.
Note that expressionsof the type ~4! havepreviouslybeenusedintuitively in quantum
chemicalcalculations~see,for instance,Ref. 9!.

To checkour methodwe first performeda calculationof theground-stateenergyof
an equidistantHubbard infinite chain at half filling, where the solution is known
exactly.10 Theequidistantcaseis theworstcasefor themethoddescribedabove,sinceall
the bondshavethe samestrength.The per site value of the ground-stateenergyE was
calculatedusingformula ~4! with the incrementalorderN51, 2, 3, 4, 5.The calculation
was performedusing a Lanczosalgorithm. The resultsfor N55 are shown in Fig. 1,
wheretheexactE(U) dependencefor t51 ~solid line! is plottedagainsttheresultsof Eq.
~4! ~opencircles!. TherelativeerrorRE decaysalgebraicallywith increasingorderof the
incrementsRE5A(U)@2N12#2n(U). The exponentn(U) and the prefactorA(U) are
plotted in the inset of Fig. 1. We find n(U)>2 for all values of U. Note that
A(0)/A(`)'2, which impliesthatour resultsconvergefasterfor largeU. Notealsothat
the errorsare very small — typically below 0.1% for N56. This hasto be compared
with a recentdensity matrix renormalizationgroup ~DMRG! calculationof the same
system,11 where systemsizesup to 122 and extrapolationshad to be usedto achieve
comparableprecision.

Next we showtheresultsof calculationsof thedimensionlessdimerizationin thePH
modelasa function of U andg ~Fig. 2!. For U50 the valueof d(g) is known exactly1

~see the filled symbols for U50 in Fig. 2!. An analysisof the relative error Rd of
determiningd with thehelpof ~4! yieldsexponentialconvergenceRd'e2l(g)(2N12). The

FIG. 1. Ground-stateenergyof theequidistantHubbardmodelat half filling. Solid line — exactresult,10 open
circles— IET result for N55 ~seetext!. Inset:U dependenceof prefactorA andexponentn of the obtained
functionaldependenceof the relativeerror on (2N12) ~seetext!.

1055JETP Lett., Vol. 67, No. 12, 25 June 1998 Malek et al.



dependenceof l(g) is shown in the inset of Fig. 2. A crossoveris detectedaround
g50.4, with l beingsuppressedto rathersmall valuesfor g<0.4. That implies that for
small valuesof U the IET methodusingexactdiagonalizationsis confinedto valuesof
the coupling constantg.0.4 if high precision is required. In Fig. 2 we presentthe
dependenceof d(U) for g50.5, 0.6,and0.7 ~opensymbols!. For g50.5,0.6 thedimer-
ization d first increaseswith U, and then decreasesafter reachinga maximum. For
g50.7 is a monotonicallydecreasingfunction of U. Thereforethe systemhasa qualita-
tively differentbehaviorfor weakandstrongcouplingsg, as predictedby theGA theory.
On the other hand,our resultsagreewell with the extrapolatedvaluesof d obtained
within the solitonic approach.4

We performedmorecalculationsof d(U) to obtain the dependenceof the position
of themaximumUmax on thecouplingg ~seeFig. 3!. In particular,we find Umax(g) to be
a monotonicallydecreasingfunction with Umax50 at a critical coupling gc . Sinceour
methodyieldsvery smallerrorsfor g>0.6 we canestimatethecritical couplingg where

FIG. 2. DimerizationversusU for differentvaluesof g. Opensymbols— IET resultsfor N55, filled symbols
for U50 — exactresults,filled symbolsfor U.5 — resultsfor Heisenbergchainswith IET andN58. The
solid lines areguidesto the eye.Inset:g dependenceof the exponentl of the obtainedfunctionaldependence
of the relativeerror on (2N12) for U50 ~seetext!.

FIG. 3. Dependenceof Umax on thecouplingg for theHubbard–Peierlschainswith IET andN55. Circles—
numericalresults;line — bestfit ~seetext!.
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Umax50 with high accuracy Rd,1023. It is found gc50.69. The GA prediction
gc.0.74overestimatesthis resultslightly. TheGA givesthepositionof thedimerization
maximumas Umax54t for g far below gc . Our numericalcalculationgives Umax.3t.
The small-U behaviorof d is found to be d;U2, which is consistentwith the GA
approach.Furthermorethe GA approachpredictsthat d is an analytic function of U2.
Thenit follows that Umax(g) closeto gc variesask(gc2g)1/2, which is whatwe find in
Fig. 3 (k'8.25).

For large valuesof U the systemis equivalentto the Heisenbergspin-exchange
model,with J i givenby J i54t i

2/U. We havecalculatedthespin-Peierlstransitionin this
systemseparately,using the formula ~4! andN58. The resultsfor the dimerizationare
plotted in Fig. 2 ~filled symbols!. Note that the dimerizationd(U) for the Hubbardand
Heisenbergchainsconvergefor largeU, which supportsthe correctnessof our calcula-
tions. For the spin-PeierlstransitionInagaki and Fukuyama12 found an asymptoticfor-
mula

32g2

pA11D
S t

U D
3/2

, ~5!

whereD is a constantwhich wasassumedto be of the orderof 1/2. Our resultsconfirm
this choice.

Theaboveresultsshowthat theIET canbea key methodfor numericalstudyof the
staticpropertiesof one-dimensionalPeierlssystems.Our recentcalculationsshowthat it
can be equally well appliedto spin-Peierlssystemswith frustration.13 We believealso
that this methodcould be appliedto higherdimensionalsystems,namelyto the Peierls
transitionin the two-dimensionalHubbardmodel.Sincecancellationof the lower-order
energiesdoesnot takeplacein the two-dimensionalHubbardmodel, the analogof for-
mula ~4! containsthe energiesof clustersof all sizes.

To further underlinethe applicability of the IET, we considerthe dynamical prop-
ertiesof finite Hubbard—Peierlssystems.The dynamicsof classicaldegreesof freedom
~phonons! Q i interactingon a lattice genericallyallows for time-periodicand spatially
localizedsolutions,namely,discretebreathers,if the equationsof motion include non-
linear terms~seeRef. 14 andcitationstherein!. Thesediscretebreathersolutionscanbe
localizedon asfew asthreeneighboringsites.If the electron–phononcouplingis taken
into accountandtheBorn–Oppenheimerapproximationis used,theelectronicsubsystem
generatesan additionalpotential for the classicalphonondegreesof freedom.To find
onceagainthe discretebreathersolutionsnumerically,one needsthe electronicenergy
E($Q i%) as a function of the phonondegreesof freedom.For a lattice with L sitesthis
amountsto calculatingthe ground-stateenergyof the electronicsystemL timeson each
time stepin orderto find thegradientof Hel . Precalculatingthe functionHel on a grid is
alsoimpossiblesinceit is a functionof prohibitively manyvariables.In thestaticdimer-
izationcase,whereit is knownthatthetargetstateis a bondconjugatestate,this problem
is avoided,sincethereis only onevariabled.

Again theIET helpsto overcomethis problem.Considera finite chainwith periodic
boundaryconditions.Thefirst-orderincrementI (1)(x), which doesnot dependon thesite
index, is obtainedby fixing all the Q i50 exceptone with Q l5x, and calculatingthe
changeof the electronicenergyas a function of x, I (1)(x)5E(x)2E(0). The second
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order incrementis obtainedby fixing all phonon variablesQ i50 except Q l5x and
Qm5y . Thenthe energyof the electronicsystemwill dependon k5l2m, x andy . The
secondorder incrementis Ik

(2)(x,y)5E(x,y)2I (1)(x)2I (1)(y)2E(0). The higher-order
incrementsare found in the samemanner.Our calculations~seeRef. 15 for a detailed
discussion! showthat taking into accountincrementsof first andsecondorderis enough
to calculatethe ground-stateenergyof a 14-siteHubbardchainwith periodicboundary
conditionsfor anarbitraryconfigurationof $Q i%. Therelativeerror is lessthan1023. The
incrementsarecalculatedon a two-dimensionalgrid to generatesmoothfunctions.With
thehelpof thesefunctionsthe latticedynamicscanbecalculatedusingordinarymolecu-
lar dynamicstechniques.

In this paper we combinedthe IET with an exact-diagonalizationmethod. It is
knownthattheDMRG is especiallyaccuratewhenappliedto largebut finite openchains,
whereone can achievehigher and higher accuracyby iteratively repeatingthe DMRG
procedure.16 Taking this into account,we think that thecombinationof the IET with the
DMRG techniquecansignificantly improvecalculations.
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