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The anticontinuum limit (i.e. the limit of weakly coupled oscillators) is used to
obtain two surprising results. First we prove the continuation of discrete breathers
of weakly interacting harmonic oscillators, provided a suitable coupling is chosen.
Secondly we derive an analytical result for the wave transmission by a breather
of the discrete nonlinear Schrödinger equation at weak coupling. We obtain a
resonant full reflection due to a Fano resonance.

1. Introduction
The study of dynamical nontopological localization in nonlinear Hamiltonian lattices is a topic of widespread interest with results ranging from
intensive theoretical studies1 to experiments in such diverse areas as Josephson junction arrays2 , vibrational excitations in crystals 3 and localized excitations in antiferromagnets4, to name a few. While basic theoretical investigations quickly spread into such directions as e.g. quantum theory
and dissipative systems, there are still many interesting questions to be
answered in the framework of classical Hamiltonian lattices.
One central class of systems is the model of a chain of interacting oscil1
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lators with the Hamiltonian

X P 2
l
H=
+ V (Xl ) + W (Xl − Xl−1 )
2

(1)

l

where Pl and Xl are pairs of canonically conjugated momenta and displacements of particles at lattice site l satisfying the equations Ẋl = ∂H/∂Pl and
Ṗl = −∂H/∂Xl . The oscillator potential V and the nearest neighbour interaction W are assumed to be nonnegative functions with V (0) = W (0) =
V 0 (0) = W 0(0) = 0. The role of the positive constant  is to control the
strength of the interaction.
Another important system is the discrete nonlinear Schrödinger equation (DNLS)
iΨ̇n = C(Ψn+1 + Ψn−1) + |Ψn |2Ψn

(2)

where n is an integer labeling the lattice sites, Ψ n is a complex scalar
variable and C describes the nearest neighbour interaction (hopping) on
the lattice. The last term in (2) provides with the requested nonlinearity.
2. Weakly interacting harmonic oscillators
According to a proof of existence by Aubry and MacKay 5 system (1) admits
time-periodic and spatially localized solutions - discrete breathers - of the
form
2π
) , X|l|→∞ → 0
(3)
X̂l (t) = X̂l (t +
Ωb
at suitably small coupling  provided none of the multiples of the breather
frequency Ωb resonate with the spectrum of small-amplitude plane waves
of (1) which for small coupling implies
p
kΩb 6= V 00(0) .
(4)

In this limit of weak coupling  → 0 the breather solution is typically
assumed to be of a compact form, in the easiest case a single-site excitation
X̂0 (t) 6= 0 and X̂l6=0 (t) = 0. Then the nonresonance condition (4) at the
anticontinuum limit  = 0 can be satisfied only if the oscillator potential V
is chosen to be nonisochronous, i.e. dΩb/dE 6= 0 where E is the energy of
a particle oscillating in V . This excludes from considerations all types of
isochronous potentials, especially the well-known harmonic case V (x) ∼ x 2.
This lead to an expectation that for the case of harmonic potentials V there
exist no breathers in weakly coupled systems. Below we will show that
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contrary to this expectation for suitable interaction functions W breathers
exist and persist down to zero coupling even for harmonic potentials V .
To proceed we fix the potentials to
V (x) =

1
1 2
x , W (x) = x4 .
2
4

(5)

The equations of motion read
Ẍl = −Xl − (Xl − Xl−1 )3 − (Xl − Xl+1 )3 .

(6)

Although the total potential of the system is not a homogeneous function
of all coordinates, we may use the time-space separation ansatz 6
Xl (t) = (−1)l Al G(t)

(7)

where Al is a time-independent amplitude and G(t) is a lattice site independent master function of time. The resulting equations are


Al (G̈ + G) = −G3  (Al + Al−1 )3 + Al + Al+1 )3
(8)

which lead to a differential equation for G

G̈ = −G − κG3
and a difference equation for the amplitudes A l
κ
Al = (Al + Al−1 )3 + (Al + Al+1 )3


(9)

(10)

where κ > 0 is a separation constant of arbitrary choice. The differential equation (9) corresponds to the problem of an anharmonic oscillator
with solutions being periodic in time. The difference equation (10) was
studied by Flach7 , where it was proven that localized solutions of the type
A|l|→∞ → 0 do exist by considering (10) as a two-dimensional map and
searching for homoclinic trajectories. Thus we arrive at a general existence
proof of discrete breathers for the choice (5).
In particular we may choose κ = . Then we easily may continue the
system into the zero coupling limit  → 0 and still keep the breather solution. The time dependence of the solution will correspond to the solution
of a harmonic oscillator (cf. (9)). This concludes the proof that discrete
breathers can be continued from the uncoupled limit of noninteracting harmonic oscillators by switching on a weak interaction. Note that the interaction has to be an anharmonic function of the coordinates, otherwise the
only meaningful solutions would be delocalized plane waves. Note also that
at the noninteracting limit the discrete breather solution is not a single site
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excitation, but is rather a spatially localized excitation of all oscillators.
Details of the spatial decay are given by Dey et al 6.
By connecting the existence of breather solutions with tangent bifurcations of band edge plane waves8 , it is actually possible to extend the choice
of interaction potentials to a much larger class of functions including also
harmonic interaction parts, as well as to consider more general isochronous
potentials9.
3. Fano resonances
Another important issue concerning discrete breather properties is their
scattering impact on small amplitude plane waves. While there exists some
literature on that subject10 , there is an ongoing debate concerning the possibility of resonant total reflection of waves by discrete breathers 11 , which
has been observed numerically in many cases. Again we will use the anticontinuum limit to obtain analytical results. In the following we will consider
the case of the DNLS (2). For small amplitude waves Ψ n(t) = ei(ωq t−qn)
the equation (2) yields the dispersion relation
ωq = −2C cos q .

(11)

Breather solutions have the form
Ψ̂n (t) = Ân eiΩb t , Â|n|→∞ → 0

(12)

where the time-independent amplitude Ân can be taken real valued, and the
breather frequency Ωb 6= ωq is some function of the maximum amplitude
Â0 . The spatial localization is given by an exponential law Ân ∼ e−λ|n|
where cosh λ = |Ωb|/2C. Thus the breather can be approximated as a
single-site excitation if |Ωb|  C. In this case the relation between the
single-site amplitude Â0 and Ωb becomes Ωb = −Â20 . In the following we
will neglect the breather amplitudes for n 6= 0, i.e. Ân6=0 ≈ 0. In fact
Â±1 ≈ ÂC  1.
0
We add small perturbations to the breather solution
Ψn(t) = Ψ̂n (t) + φn(t)

(13)

and linearize the equations for φn (t):
iφ̇n = C(φn+1 + φn−1) − Ωb δn,0(2φ0 + e2iΩb t φ∗0)

(14)

with δn,m being the usual Kronecker symbol. The general solution to this
problem is given by the sum of two channels
φn(t) = Xn eiωt + Yn∗ ei(2Ωb −ω)t

(15)
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where Xn and Yn are complex numbers satisfying the following algebraic
equations:
−ωXn = C(Xn+1 + Xn−1 ) − Ωb δn,0 (2X0 + Y0 ) ,

−(2Ωb − ω)Yn = C(Yn+1 + Yn−1 ) − Ωb δn,0 (2Y0 + X0 ) .

(16)
(17)

When treating (16,17) as an eigenvalue problem we note that the corresponding matrix is nonhermitian due to the nonzero coupling between the
variables X0 and Y0 . This is a consequence of the fact that the linearized
phase space flow around a time-periodic orbit of a general Hamiltonian is
characterized by a Floquet matrix which is symplectic. As a result the orbit
may be either marginally stable or unstable, i.e. ω may be real or complex.
In the following we will however focus on the transmission properties, leaving the issue of linear dynamical stability aside. We note however that in
the considered limit of a nearly single-site localized breather solution in the
DNLS it is well known that the solution is linearly stable 5 .
Away from the breather center n = 0 Eq. (14) allows for the existence of
plane waves with spectrum ωq . This spectrum will be dense for an infinite
chain. As we are interested in the propagation of waves, we will set ω ≡ ω q
with some value of q. Then it follows that the X-channel is open and guides
propagating waves, while the Y -channel is closed, i.e. its frequency 2Ω b −ωq
does not match the spectrum ωq itself.
Instead of solving (16,17) we will consider a slightly more general set of
equations
−ωq Xn = C(Xn+1 + Xn−1) − δn,0 (Vx X0 + Va Y0 ) ,

−(Ω − ωq )Yn = C(Yn+1 + Yn−1) − δn,0 (Vy Y0 + Va X0 )

(18)
(19)

which is reduced to (16,17) for Ω = 2Ωb and Vx = Vy = 2Va = 2Ωb. We note
that for Va = 0 the closed Y channel provides with exactly one localized
eigenstate due to a nonzero value of Vy , located at
q
(y)
(20)
ωL = Ω + Vy2 + 4C 2 .
To compute the transmission coefficient we make use of the transfer matrix
method described e.g. by Tong et al12. The boundary conditions are:
XN +1 = T eiq , XN = T , YN +1 = D/κ , YN = D ,
iq

X−N −1 = 1 + R , X−N = e + Re

−iq

(21)

,

Y−N −1 = F , Y−N = κF .

(22)
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Here T and R are the transmission and reflection amplitudes. F and D
describe the exponentially decaying amplitudes in the closed Y -channel,
where the degree of localization is connected with the coefficient κ ≡ e λ :


q
1
2
2
κ=
−(Ω − ωq ) + (Ω − ωq ) − 4C .
(23)
2C

The transfer matrix is a 4 × 4 matrix, which is defined by (18,19) at n = 0.
After the corresponding solving of four linear equations we obtain
4 sin2 q
|T |2 = 
,
2
d2 κ
2 cos q − a − 2−bκ
+ 4 sin2 q

(24)

−(Ω − ωq ) + Vy
Va
−ωq + Vx
, b=
, d=
.
(25)
C
C
C
This central result allows one to conclude that total reflection is obtained
when the condition
a=

2 − bκ = 0

(26)

is realized. It is equivalent to the condition
(y)

ωq = ω L ,

(27)

which has a very physical meaning: perfect reflection is obtained when a
local mode, originating from the closed Y -channel, is resonating with the
spectrum ωq of plane waves from the open X-channel. The only condition is
that the interaction Va is nonzero. Remarkably, the resonance position does
not depend on the actual value of Va , so there is no renormalization. The
existence of local modes which originate from the X-channel for nonzero
Vx and possibly resonate with the closed Y -channel is evidently not of
any importance. This resonant total reflection is very similar to the Fano
resonance effect, as it is unambiguously related to a local state resonating
and interacting with a continuum of extended states. The fact that the
resonance is independent of Va is due to the assumed local character of the
coupling between the local mode (originating from the Y -channel) and the
open channel. If this interaction is assumed to have some finite localization
length by itself, then the resonance condition (27) may be renormalized 13 .
Returning to the case of a DNLS breather at weak coupling, we insert
the values for Ω , Vx , Vy and Va into (24,25) and obtain the following
expression for the transmission Tb :
|Tb |2 = 

4 sin2 q
b
− 2Ω
−
C

Ω2b
κb
2C 2 2C−cos qκb

2

(28)
+ 4 sin2 q
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with
1
κb =
2C



−(2Ωb − ωq ) +

q

(2Ωb − ωq

)2

−

4C 2



.

(29)

The result is that any breather solution of the DNLS close to the anticontinuous limit yields perfect reflection close to q = π/2. In the very
anticontinuous limit perfect reflection is obtained precisely at q = π/2.
Indeed, if we expand (28) in ΩCb we obtain in the lowest order
|Tb |2 ≈

4C 4
sin2 2q ,
Ω4b

(30)

C
provided 2|Ω
 | cos q|. At the same time the DNLS breather is linearly
b|
stable, so another conclusion is that total reflection is not related to stability
or instability of the scattering periodic orbit. The reason for the appearance
of total reflection at the anticontinuous limit is that the closed channel has
distance 2Ωb from the open channel, but the local state of the closed channel
is located at the same distance 2Ωb from the closed channel, leading to a
resonance with the open channel.
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