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Compact discrete breathers on flat-band networks
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Linear wave equations on flat-band networks host compact localized eigenstates (CLS). Nonlinear wave

equations on translationally invariant flat-band networks can host compact discrete breathers-time-periodic and

spatially compact localized solutions. Such solutions can appear as one-parameter families of continued linear

compact eigenstates, or as discrete sets on families of non-compact discrete breathers, or even on purely disper-

sive networks with fine-tuned nonlinear dispersion. In all cases, their existence relies on destructive interference.

We use CLS amplitude distribution properties and orthogonality conditions to derive existence criteria and sta-
bility properties for compact discrete breathers as continued CLS.

PACS: 71.10.—w Theories and models of many-electron systems;
71.10.Fd Lattice fermion models (Hubbard model, etc.).

Keywords: compact localized eigenstates, discrete breathers, flat band.

Introduction

In recent years, flat-band tight binding networks gained
interest in the fields of ultra cold atomic gases, condensed
matter and photonics, among others [1]. One of the essen-
tial features of the corresponding eigenvalue problem of
these linear wave equations is the presence of eigenstates
which are strictly compact in space. These modes are
coined compact localized states (CLS), and their existence
is due to destructive interference which suppresses the dis-
persion along the network. The CLS introduce macroscop-
ic degeneracy in the energy spectrum of the network,
which results in one (or more) momentum-independent (or
dispersionless) bands in the spectrum, hence called flat
bands. The CLS can be found irrespective to the dimension-
ality of the network. CLSs can be classified according to the
number U of unit cells they occupy. Class U =1 CLSs form
an orthogonal basis of the flat-band Hilbert space, since the
compact states do not overlap. Moreover, the flat band can
be freely tuned to be gapped away from dispersive bands, or
to resonate with them. Class U > 2 CLSs instead typically
form a non-orthogonal basis, and the flat band is gapped
away (or at most touching) from dispersive bands.
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Introduced by Sutherland [2] and Lieb [3] in the 1980's,
and then generalized by Mielke and Tasaki in the 1990's [4,5],
flat-band lattices and their perturbations provide an ideal
test-bed to explore and study unconventional localization
and innovative states of matter [6—8]. The effects of differ-
ent types of perturbations have been studied in several ex-
amples of flat-band networks [9,10], as well as the effects of
disorder and nonlinearity and interaction between them [11].
Further studies focused on non-Hermitian flat-band net-
works [12], topological flat Wannier—Stark bands [13],
Bloch oscillations [14], Fano resonances [15], fractional
charge transport [16] and the existence of nontrivial super-
fluid weights [17]. Chiral flat-band networks revealed that
CLS and their macroscopic degeneracy can be protected
under any perturbation which does not lift the bi-
partiteness of the network [18]. The engineering of CLS
has been longly attempted [19,20], and it has been recently
solved for U =1 lattices [21] and for the U =2 CLS in a
two-band problem [22]. Experimentally, compact localized
states have been realized using ultra cold atoms [23], pho-
tonic waveguides networks [24-26], exciton-polariton
condensates [27,28] and superconducting wires [29,30]
(for a recent survey on the state of the art, see [1].
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Nonlinear translationally invariant lattices admit a class
of time-periodic solutions localized in real space (typically
exponentially), called discrete breathers [31,32]. The pre-
cise decay in the tails depends on the band structure of
small amplitude linearized wave equations. For analytic
band structures (usually due to short range, e.g., exponen-
tially or faster decaying, connectivities on the lattice), the
discrete breather tails decay exponentially. For non-
analytic band structures (usually due to long range, e.g.,
algebraically decaying, connectivities on the lattice), the
tails decay algebraically as well. In the absence of linear
dispersion, but presence of nonlinear dispersion, tails de-
cay superexponentially. For short range connectivities, but
with acoustic parts in the band structure, and with broken
space parity, the ac parts of the discrete breather tails decay
exponentially, while the dc part (static lattice deformation)
will decay algebraically [31,32].

A natural question then arises whether discrete breath-
ers can have strictly zero tails, and turn into compact exci-
tations. For instance, traveling solitary waves with compact
support have been found in the frame of spatially continu-
ous partial differential equations by Rosenau and Hyman
in the Korteweg—de Vries model [33]. In discrete systems,
spatially compact time-periodic solutions have been found
by Page in a purely anharmonic one-dimensional Fermi—
Pasta—Ulam-like chain in the limit of non-analytic com-
pact (box) interaction potential [34]. Moreover, Kevrekidis
and Konotop reported on compact solutions in
translationally invariant one-dimensional lattices in the
presence of non-local nonlinear terms [35]. In this work,
we consider flat-band networks as the underlying support
for compact time-periodic excitations.

The existence of compact discrete breathers in nonline-
ar flat-band networks was observed in [36,37]. Further-
more, the coexistence between nonlinear terms and spin-
orbit coupling has been discussed in the framework of ul-
tra-cold atoms in a diamond chain [38]. Perchikov and
Gendelman studied compact time-periodic solutions in a
one-dimensional nonlinear mechanical cross-stitch net-
work [39]. In this case the above mentioned destructive
interference translates into several time-dependent forces
acting on masses in the mechanical network in such a way
that the sum of all forces vanishes, leading to a
compactification of the vibrational excitation.

In this work, we present a necessary and sufficient con-
dition for the existence and continuation of time-periodic
and compact in space solutions (herewith called compact
discrete breather) on flat-band networks with local nonlin-
earity. The existence and continuation condition applies
irrespective of the dimensionality of the lattice and the
class U of linear CLS. Then, we discuss the linear stabil-
ity of compact discrete breathers. For orthogonal CLSs in
U =1 networks, the only source of instability are reso-
nances with extended states. For class U >2 networks
instead, the non-orthogonality between linear CLSs induc-

es additional potential local instabilities due to CLS-CLS
interaction. Resonances with dispersive states lead to ra-
diation and potential complete annihilation. Resonances
with neighboring CLSs in general simply yield local insta-
bilities which do not annihilate the excitation. The study of
the nonlinear stability has been performed numerically,
and standard techniques of perturbation theory have been
applied to substantiate the numerical findings. The present
work is structured as follows: in Sec. 1 we will present the
flat-band networks; then in Sec. 2 we introduce the nonlin-
ear terms in flat-band model equations, and discuss the
continuation criteria of linear CLS to compact discrete
breathers. Next, in Sec.3 we present the linear stability
analysis of the compact discrete breathers, which will then
be discussed numerically in Sec. 4.

1. Flat-band networks

For simplicity we will operate in one spatial dimension.
Results in general take over to higher dimensions. We will
comment on particular cases where caution is to be execut-
ed. The linear time-dependent model equation of the flat-
band networks can be presented in a form

i, = How,, + H\Wpy + H W (1)

Forall neZ, y, € C" is a time-dependent complex vector
of v components, each one representing one site of the
network. The set of v sites is called the unit-cell. The ma-
trix H, defines the geometry of the unit-cell, while the
matrixes Hj, HlT define the hopping between nearest-
neighboring ones. This model equation can be easily gen-
eralized to longer range hopping, as well as higher dimen-
sional networks. The phase-amplitude ansatz w,(f) =
=4, e E! 1eads to the associated eigenvalue problem

EA, = Hody + Hy Ay + H] 4, )

Then, the Bloch solution 4, = (pqeiq” of Eq. (2) defined
for the wave-vector g gives rise to the Bloch Hamiltonian
of the lattices

Eo, = H(q)p, =[Hy+<"H +e ¥ Hflp,.  (3)

Equation (3) yields the band structure E =y E;(q) of
the problem. We consider lattices which exhibit at least
one band independent from the wave vector ¢, which we
call disperionless (or flat) band Epp. The eigenmodes as-
sociated to a flat-band are typically compact localized
states, and the number U of unit-cells occupied by one
CLS is the flat band class. These states can be written in
the time-dependent form solutions of Eq. (1):

U-1 )
\Vn,no (t) = |: Zvlsn,noﬂ:lelEFBt P (4)
=0

where the sum indicates the spatial component of the
CLSs. The real vectors v; are defined as the following:
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A%
v =D ay 4 e )
Jj=1

where the vectors {e; }‘J/-:l form the canonical basis of
RY =(e,...,e,); a; ; €{0,=1} denotes the sites with non-
zero amplitude, and the real numbers 4; ; € R defines the
amplitudes in the sites with non-zero a; ;. In the next sec-
tion, we will introduce local nonlinear terms to Eq. (1), and
we will discuss continuation criteria for the CLS introduced
in Eq. (4) as compact solution of the nonlinear regime.

2. Nonlinear flat-band networks and continuation
of compact localized states

Let us consider the model equation of the flat-band
network Eq. (1) in presence of local nonlinear terms

W, = Howy + HWp g+ Hi W, +YF ), (6)

where the matrix F(y,,)

A%
Fw,)=Y lvi e, ®e; 7
J=1

contains the terms |\yf1 |2 along the diagonal. We seek for
time-periodic solutions of the nonlinear system Eq. (6)

U-1
—iQ
Cn,no (t) = l:l_zovlsn,no-%—l:le = (8)

with frequency Q, which are continuation of the CLSs
Egs. (4), (5) that exist in the linear regime y = 0.

We consider the compact solution (8) defined with the
profile in space of the linear CLS in Egs. (4), (5) and fre-
quency Q, and check under which conditions these are
solutions of the nonlinear equation (6). At first, let us ob-
serve that for all sites where a CLS is zero (4; ; =0 and
outside the range of U cells in Eq. (4)), Eq. (6) is solved.
For /=1,...,U and j=1,...,v where a CLS has non-zero
amplitude ¢; ; # 0, Eq. (6) reduces to

— 3

If for all /,j such that a.; #* 0, ‘Al,j‘ = A (all sites have
same amplitude in absolute value), Eq. (9) turns into

_ Q—EFB
y .

A2 (10)
If instead there exist non-zero |A1> j|¢LAi’} , Eq. (9) yields
different frequencies Q, which breaks the condition of
continuation of CLS as a periodic orbit with compact sup-
port. Let us introduce the following definition:

Definition: let Wing (t) be a CLS of class U of a flat-
band network with v sites per unit-cell. We call y,, , 0 ) a
homogeneous CLS if

an

forall a; #0 = ‘A,,j‘EA
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and we call Wi ng (¢) a heterogeneous CLS otherwise.

From the above consideration in Egs. (9), (10), we can
obtain the following continuation criteria in the following
lemma:

Lemma: in a nonlinear flat-band network Eq. (6), a
compact state Wy (?) of the linear lattice y =0 with en-
ergy Epp can be continued as a periodic orbit with com-
pact support Cn,n0 (¢) with frequency Q = Epp + yAZ if and
only if it is homogeneous.

This lemma states a necessary and sufficient condition
for linear CLSs to be continued as time-periodic solutions
of the nonlinear regime with compact support. Indeed, Ao-
mogeneous CLSs in presence of this local nonlinearity do
not break the destructive interference, preserving therefore
the compactness in space. Heterogeneous CLSs instead in
presence of nonlinearity break the destructive interference,
loosing therefore the compactness in space. We call the
continued homogeneous CLS solutions compact discrete
breathers. Their spatial profile is identical to the CLS one,
and their frequency is given by
g= yAZ .

Q:EFB+g, (12)

In the next section, we will discuss the linear stability of
compact discrete breathers.

3. Linear stability analysis

Herewith, we consider a perturbation €, (¢) of a com-
pact discrete breather C, , 0 (t) Eq. (8) solution of the non-
linear flat-band model (6)

\Vn(t):Cn,nO(t)+8n(l)~ (13)

By linearizing Eq. (6) around one compact discrete breath-
er C, , (), and defining g = yAz, we obtain

n,ng
o ¥
1€, = HOSIZ +H18n+1 +H1 o

U-1
—i2Q¢ _*
+g2r,(2sn+e sn)Sn,nOH,
=0

(14)

where {r,}ﬁi;} are the projector operators of y, over a
compact discrete breather C, , 0 ®)

\

Jj=1

The resulting dynamical model Eq. (14) for the perturba-
tion term g, consists of equations with time-dependent
coefficients that occur at sites where the compact discrete
breather C,, , 0 () has non-zero amplitudes. The aim of this
section is to analytically prove the existence of regions of
instability in the parameter space (€2, g)e RxR for the
compact discrete breather. In order to achieve this, we first
express Eq. (14) in the Bloch representation. Than, we com-
pute the condition for resonance determining the Floquet
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matrix at g = 0. At last, we obtain the regions of instability
around the resonances via the strained coefficient method,
focusing on the U =1 and U = 2 cases.

3.1. Bloch states representation
Let us consider the Bloch representation of Eq. (14) us-

ing the following transformation:

€ (16)

1 iqn
=— e
n [_N§¢q

This leads to the Bloch equation,

iby = H(@)g +

U-1
Z|:Ze—ifllrl(zeiql¢q+e—i2§2te—iql¢2 )} )

q

2|<m

where H(q)=Hy+e"H, + e_"quT is the Bloch matrix.
The H(q) matrix admits v eigenvectors vf] and v eigenval-

ues 7»2. We assume that one flat band qu = Epp exists with
corresponding eigenvector w,, of the Bloch matrix. Then we
define the expansion of d)é in the Bloch eigenbasis

¢ quq+2d’ v’ (18)

The resulting equations on the expansion coefficients fé of
the flat band reads (see Appendix A)

g =Eppfq+
é {Zequ (2equf L2 ﬂqlfq )Flw ZU "
N qg LI=0
—iq iql ;i —i2Q¢ —igl ;i i
+ Ze (2e dg+e e Td, )Flvqwq
1=0 Li=2

(19)

while the equation of the coefficients qu of the jth disper-
sive band reads

dl =ald! +
q q 49

U-

—_

—i0 7, —7 —7, * 7%
el (Ze’qlfq ye 2 ’qlfq )Flwq -v-é +
=0

3|

\4
—iql iql ;i —i2Qt _—igl yi* i
{z (26 dg+e e dy |Tyv, vy |-
=2

(20)

I MIQ

Equations (19) and (20) describe the time-dynamics of
the flat-band states f, with dispersive states d; due to the
linearized term of Eq. (14). For class U =1, these equa-
tions are decoupled, while for class U > 1 they are coupled.
In the next subsection, we neglect the terms following
from the nonlinearity (set g = 0), and obtain the resonance
condition by computing the Floquet matrix of the system
Egs. (19), (20).

3.2. Floquet matrix

For g=0, we calculate the Floquet matrix A for
Egs. (19), (20) (also called period advancing matrix). For
Qo= (fq,dq) and T = 1/Q, it follows that

—iAT
{(z(HT)}—A[(Z(I)} with  A=|© o
¢ (t+7) ¢ (1) 0 &M

@n

The eigenvalues of the Floquet matrix 4 will be degener-
ate on the unit circle if and only if cos’ (AT)=1, which

means
cosz(kT)=l & AT =mm,

= A=mQ,

meZ, 22)

m e Z.
Concerning Egs. (19), (20), Eq. (22) implies that for m € Z

kj:mQ,

EFB:mQ, q

j=2,..v.  (23)

It follows that from the values of the frequency Q2 of a
compact discrete breather C, o (¢) contained in Eq. (23),
regions of instability (Arnol'd tongues) in the parameter
space (€, g) are expected. In order to obtain an approxima-
tion of these regions, we apply a standard technique of
perturbation theory called strained method coefficient.

3.3. Arnol'd tongues

In the following, we estimate the regions of instability in
the parameter space (Q, g) of Egs. (19) and (20), separating
between the class U =1 case (where the dispersive states are
decoupled from the flat-band ones) and the class U = 2 case
(where dispersive and flat-band states are coupled).

3.3.1. Class U = 1
In the case of class U =1 flat-band network, it holds
that I'gw, = w, and Eqs. (19), (20) reduce to

1y, g iql —i2Qt _—igl *
if; :EFqu+NZ(Ze’q [y eI fq),
q

id] =3Jd] + Z{ZZd’Jre_le’dl }Fov o).

12q

(24)
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Without loss of generality, we refer to a two bands prob-
lem v=2. The equations of the dispersive band compo-
nent dq of Eq. (24) read
o g —i20
id; =hgd, +FZ(2dq te dq). (25)
q
The strained coefficient method consists in expanding in
powers of g both the time-dependent component d, as
well as the frequency term k& around one of the resonant
frequencies in Eq. (23). Then, we determine the expansion
coefficients so that the resulting expansion is periodic. This
will define transition curves between stability and instabil-
ity regions in the parameter space (€2,g) (for further de-
tails, see [40]). The expansion of d; and A, reads
+00 k@) +o0 ;
dy=>Y gw?, g =mQ+) g’y
k=0 =1

(26)

for A; # A, and for all g # G. Vanishing the secular terms
(terms which give rise to non-periodicities in the expan-
sion) demands the following conditions in the expansion
coefficient 8, (see Appendix B for details)

3 1

| =——

s T T m:l:
N N

O =——, m#1. 27
This implies that a region of instability appears from each
dispersive frequency Kq (obtained for m =1 in Eq. (23)),
while for A, /m for m > 2 regions of instability are absent.
It is important to notice that for N — oo the coefficients in
Eq. (27) converge to zero, implying that in the limit of in-
finite chain, the instability regions disappear, in analogy
with [41]. In Fig. 1 we can see a representation of the
Arnol'd tongue around one frequency A g-

Analogous conclusions follow from the strained coeffi-
cient method applied to the flat-band states fq. Here the
expansions reads

+o0 . +00
fé:ngvl(Cq), EFB:mQ+ZgIG,.
k=0 =1

(28)

g

Fig. 1. First order approximation of the Arnold's tongues (grey
shaded area) at a dispersive energy A o

The zeroing of the secular terms yields to the following
coefficients:

61 =-3,-1, m=1,

o =-2, (29)

Equation (29) is independent on N due to macroscopic
degeneracy of the flat-band states (see Appendix B for
details).

The strained coefficient method showed the appearance
of regions of instability in correspondence of each disper-
sive energy A ¢ of the dispersive band. However, instability
regions do not appear for higher order resonances (kq /' m
for m > 2) (see Fig. 1). Furthermore, we can notice that this
region of instability also follows from the Bogoliubov ex-
pansion of Eq. (24) (see Appendix C for details). Before to
go ahead to numerical studies, we briefly check the previ-
ous approach in the case with U = 2.

3.3.2. Class U > 2

In the case U = 2, without loss of generality, we refer to
a two band problem v = 2, using the saw-tooth network as
a test-bed. Equations (19), (20) read (see Appendix B for
details)
1y g 2 —i2Qt o*
ify = Eppf; +m2{(a 1) (s ey )+

q

I e
+e7 (Ze’qfq+e 201, ’qfq)+

+(1+e_iq)(2d; +e_i29tdé*)}, (30)
id; =, +ﬁ§q:{(2dq L)
+e 4 (Zeiqdq + efizgtef"qd; ) +
(14 (21, v fy )} 31

for o =4/3+2cosq. Both expansions Egs. (26), (28) have
to be applied to Egs. (30), (31). However, in the first order,
the additional terms (the second and the third lines of both
equations) do not provide the appearance of further regions
of instability (see Appendix B for details). These additional
polarized terms (terms dependent on the wave number ¢)
indeed provide interactions between dispersive and flat-
band states. However, the strained coefficient method does
not report additional instability regions in the parameter
space (€, g) due to these terms. In the following, we will
discuss numerically the linear stability of the compact dis-
crete breather solutions of certain examples of class U =1
and class U =2 one-dimensional nonlinear flat-band net-
works.
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4. Numerical results

In this section we numerically study the linear stability
properties of the compact discrete breather solutions of
certain flat-band topologies. We then relate the numerical
observations with the analytical results discussed above.
Herewith we numerically solve the eigenvalue problem
Eq. (14) obtained from the time-evolution Eq. (6) linear-
ized around a compact discrete breather Eq. (13). General-
ly, we will obtain complex eigenvalues, and the presence
of non-zero real part will highlight instability [42]. We will
also discuss the nature of the eigenvector associated to
unstable eigenvalues (eigenvalues with non-zero real part).
Furthermore, we will substantiate the findings by showing
simulations of the time evolution of initially perturbed
compact discrete breathers. In the following, we will focus
on two models: the cross-stitch lattice and the saw-tooth
chain. In Appendix D we detail the numerical methods
used along the work.

4.1. Cross-stitch lattice

The cross-stitch lattice (Fig. 2(a)) is a one-dimensional
two-band network, which possesses one flat band. Associ-
ated to the flat band, there exists a countable set of class
U =1 compact localized states, whose homogeneous pro-
file in space is shown by the black dots in Fig. 2(a). The
full band structure of the model is

Epg=h,  E(q)=

which can be visualized in Fig. 2(b), for # = 3. In this mod-
el, the relative position between dispersive and flat bands
can be tuned using the free parameter 4 € R, which leads to
crossing between the two bands for | #|< 2, band touching
for | 1 |=2, and presence of a band gap for | & |> 2.

The time-dependent equations of the cross-stitch lattice
in the presence of onsite nonlinearity read

—h+4cos(q) (32)

Lo 2
Wy = =4y — Ay _bnfl _bn+1 _hbn +va, | ap | >

g 2
lbn T a1 —ap4 _bnfl _bn+1 _han + Ybn |bn | 5

(33)
where vy is the nonlinearity strength. As we have in Sec. 2,
the CLSs of the linear regime can be continued as compact

discrete breathers written as Egs. (4), (5) with frequency

@ (b)
+A a, 5
(XX -
E
NTANANY 5/
A b, 10
0 q b8

Fig. 2. (a) Profile of the cross-stitch lattice. (b) Band structure for
h=3.

870

1 >
NGRS A( Jan,noe . (34)

In order to study the linear stability of this model, we line-
arize Eq.(33) around the compact discrete breathers
Eq. (34), and we numerically calculate the eigenenergies of
the resulting model for different values of g = yA2 (ob-
tained fixing 4 =1).

The outcome of our computations can be phrased in the
following way. Consider first a weakly nonlinear compact
discrete breather with | g |[< 1. Due to U =1 the linear CLS
states are all degenerate but span an orthonormal eigenvec-
tor basis of the flat-band Hilbert subspace. Therefore, the
degeneracy is harmless, and continuing one CLS into the
nonlinear regime will not lead to any resonant interactions
with neighboring CLSs. Therefore, a compact discrete
breather whose frequency Q is not in resonance with the
dispersive part of the linear spectrum E(q) is linearly stable.
However, if a compact discrete breather is tuned into reso-
nance with the dispersive part of the linear spectrum, it will
become linearly unstable due to the resonance with ex-
tended dispersive states. If we tune the nonlinearity to a
finite strength, non-perturbative effects will lead to addi-

tional instability windows for compact discrete breathers.
In Fig. 3, we show the time evolution of perturbed com-
pact discrete breathers. We choose the amplitude of the
compact breather to initially be 4 = 1, and then we introduce
an initial uniform random perturbation with maximum am-

plitude 10° along the whole chain of N =150 unit-cells. In
Figs. 3(a) and (b) we show the time evolution of the | a,,(¢) |
component for =3, g=5 and h=1, g=1, respectively.
Plot (a) has been obtained for 2 =3 and g =5, when the fre-
quency Q=3+5=8 of the compact discrete breather is
located outside the dispersive band [-7,1]. The numerical

1 OOO
800
600

t
400

0 30 0.6
0.25800 0.5
0.20600 0.4
0.15 45 03
0.10 0.2
0.05200 0.1
0 0 0

1 10 20 30 40 50

1 10 20 30 40 50

80 T
60
40t

20

1 0 !
0 250 500 750 1000 0 200 400 600 800
t t

Fig. 3. (Color online) Cross-stitch: (a) and (b): Time evolution of
the components a,(f) of an initially perturbed compact breathers.
(c) and (d): Time evolution of the participation number P. Plots

correspond to: 1 =3, g=5(a), (c); h=1,g=1(b), (d).
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simulation of the time-evolution shows stability of the com-
pact breather. Instead, plot (b) has been obtained for =1,
and g =1, when the frequency Q =1+1=2 of the compact
breather is in resonance with the dispersive band [-5,3]. The
breather will start to radiate and reduce its amplitude, how-
ever the resonance condition will not be destroyed down to
the linear level since the linear flat band is resonating with
the dispersive one. Thus the compact discrete breather is
unstable and will be completely destroyed during its per-
turbed evolution. The stable and the unstable behavior of
these two cases are confirmed in Figs. 3(c) and (d), where
we show the time evolution of the participation number

P =I/Z(\ a, |4 +1b, |4) The participation number takes

values between unity (obtained for a single site excitation)
to the system size (obtained for uniformly excited states),
P e[1,N], and it estimates the number of non-negligibly
excited sites. Indeed, in plot (¢) which corresponds to the
stable compact discrete breather shown in Fig. 3(a), the
participation number P fluctuates around 1.5, confirming
that only few sites are excited. In plot (d), which corre-
sponds to the unstable compact discrete breather shown in
Fig. 3(b), the participation number P fluctuates around 40,
confirming the loss of compactness and the instability of
the compact breather.

4.2. Saw-tooth

The saw-tooth lattice [Fig. 4(a)] is a one-dimensional
two-band network with one flat band. Associated to the flat
band, there exists a countable set of class U =2 compact
localized states, whose homogeneous profile in space is
shown by the black dots in Fig. 4(a). We recall that in this
network, every CLS is non-orthogonal with its two nearest
neighbors. The full band structure of the model is

Erp =1, E(q)=-2-2cos(q) (35)

which can be observed in Fig. 4(b). Differently from the
cross-stitch case, the spectral bands of this model cannot
be tuned by certain free parameter, and the network pos-
sesses a band gap between the dispersive and the flat band.

The time-dependent equations (6) of the saw-tooth in
presence of onsite nonlinearity read

L 2
ia, =—=b, =b, +ya,|a, [,

. 2
lbn :_bn _bnfl _bn+1 S +Ybn |bn ‘ .

(36)
(a) (b)
2
+4 +A4 a,
N /\/\ /\. % E /
4 b
_50 .

q

Fig. 4. (a) Profile of the saw-tooth lattice. (b) Band structure.
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The CLSs of the linear regime can be continued as
compact discrete breathers written Egs. (4), (5) with fre-
quency Q= Epp + yA2 written as

1 1 .
Cn,no ()= A|:(0j 8n,nO—l + (_ljan,no :|6_th- 37

Comparing to the U =1 case of the cross-stitch lattice,
the new feature is the non-orthogonality of neighboring
CLSs at the linear limit. While the flat band is gapped away
from the dispersive band, at weak nonlinearities we can ex-
pect a resonant interaction between neighboring CLSs,
which may, or may not, lead to model dependent linear local
instability. It turns out that this instability indeed takes place
for the saw-tooth chain. There exists a narrow region of in-
stability for —0.1 < g <0. Therefore, the fact that the linear
flat-band network is of class U = 2 makes compact discrete
breathers unstable even in the presence of a band gap. How-
ever, this instability is local, and therefore might not lead to
a destruction of the perturbed compact discrete breather,
since there is no way to radiate the excitation to infinity. In
Fig. 5 we show the a, components (a) and the b, compo-
nents (b) of the unstable eigenvector with pure real eigen-
value EV =2.987-10 obtained for g =-0.001. The ei-
genvector is exponentially localized.

Let us discuss the time evolution of slightly perturbed
compact discrete breathers, where a perturbation of order
107 is equidistributed along all the N =50 unit-cells. In
Figs. 6(a) and (b), we show the time evolution of the | a,, (¢) |
component for g=-1.5 and g=-0.007, respectively,
while in Figs. 6(c) and (d) we show the time evolution of the
participation number P. In the left column, Figs. 6(a) and
(c) correspond to the time evolution of a compact discrete
breather for g =—1.5. In this case, the compact discrete
breather is unstable, since its frequency Q =1-1.5=-0.5 is
in resonance with the dispersive band [—4,0]. This instabil-
ity is also depicted by the participation number P. In the
right column, Figs. 6(b) and (d), we plot the time evolution
of a compact discrete breather for g =—0.007. In this case,
the pure real eigenvalues and the exponentially localized
eigenvector yield an oscillatory behavior in time of the com-
pact discrete breather, which is depicted also by the partici-
pation number P.

(a) (b)
1
10”
10’(’ |bn|
10”
DY i I N N N P I N P B B
0 10 20 30 40 50 O 10 20 30 40 50

n n

Fig. 5. Saw-tooth: a, component (a) and b, component (b) of the
unstable eigenvector for g = ~10~ and real eigenvalue EV =
=2.987-107.
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Fig. 6. (Color online) Saw-tooth. Time evolution of the ampli-
tudes of perturbed compact breathers (component |a,(z)|) and
the part1c1pat10n number. Plots correspond to: g =-1.5 (a), (c)
g=-7-10" (b), (d).

5. Conclusions

In this work, we have discussed the properties of com-
pact discrete breathers in some flat-band networks. Linear
flat-band networks possess compact localized states. In or-
der to continue them into the nonlinear regime to become
compact discrete breathers, a homogeneity condition on the
amplitude distribution of CLS has to be satisfied, which is
known to be present for a number of flat-band networks.
The nonlinear compact discrete breathers will then persist as
compact states, albeit with tuned modified frequencies.

If these frequencies are in resonance with dispersive
branches of the linear flat-band network, then the discrete
breather will turn linearly unstable, which may lead to a
complete destruction of the perturbed breather by dissolving
it into dispersive states. If the CLSs form an orthonormal set
at the linear limit, no further instabilities are expected in the
weakly nonlinear regime. So all it is needed to have a stable
compact discrete breather at the weakly nonlinear limit, is to
tune the flat-band energy out of resonance with the disper-
sive bands.

However, there exist flat-band networks for which the
CLSs are not orthogonal. In these cases, the flat band is
gapped away from the dispersive spectrum, and resonances
with the dispersive spectrum are avoided in the weakly non-
linear regime. But the overlap with nearest neighbor CLS
states can lead to a local instability in the weakly nonlinear
regime. We indeed observe that this is the case for the saw-
tooth chain. Remarkably the instability does not lead to a
complete destruction of the breather, and instead yields a
local oscillation of the excitation.

The class of heterogeneous CLSs cannot be continued as
compact discrete breathers. However, as discussed in [36],
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flat-band networks that admit heterogeneous CLSs in pres-
ence of local nonlinearity admit families of exponentially
localized discrete breathers. Additional fine-tuning of pa-
rameters and functions can lead to a compactification for a
countable set of discrete breathers.
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Appendix A: Bloch states representation

Let us consider Eq. (6) linearized around one compact
discrete breather C,, , (?), for g = yA2

n no
_ il
n - Hoﬁn +H18n+1 +H1 L
U-1 . .
+g Y T2, +e g8
=0

(AD)

n,ny+l>

where {I’ l}?:f)l are the projector operators of the vector v,
over a compact discrete breather C,, , 0 ®):

Vv
rl = zal,jej ®e1
Jj=1

(A2)

The expansion Eq. (16) in Bloch states

€ (A3)

1 :
- d) elqn
maps Eq. (A1) to

i%%%‘ﬂ)qeiqﬂ - %%H(q)cbqe""”
+iz Ufr, (2e"q”¢ +e 2 gian )8 ;
W & y o )omgst |
(A4)
where H(q) = Hy +¢'H, + e_"qH;r is the Bloch matrix.
This matrix has i =1,...

,V eigenvalues kﬁ] and eigenvectors

. 1 . )
U;, where A q= Epp and vf] =w,. Let us multiply Eq. (A4)

: N
by 4" and sum over the lattice an

1 i
Ww°
N . ~
LT Ee |- Spom, S
q n=1

v This yields to

U-1
g i(g—q)(ny+1)
+NZ|:ZFI (ZC (I)q+

=0

-i2Q ~i(g+q)(ng+) . *
+¢ © 0 (I)q 8n,no-#l :

(A5)
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Without loss of generality, we choose ny = 0. The relation
1 iqn _
NZ&: = 86] 0
n

yields to Eq. (17) in Sec. 3.1:
ihg = H(§)d, +

U-1 ' . o
+%Z{Ze"q’r,(ze’¢¢q +e 2Ty ) | (AT)
q LI=0

Let us now expand % in the Bloch eigenbasis

(A6)

¢z = S35 +Zd’ L (A8)

where fq,d{ € C are time-dependent complex numbers.
Equation (A7) becomes

0 - i | i i
za(qué + Z;dqvé = Epp fyw; + _Z;qué% +
= 1=

U-1 \
g —igl iql i
+NZ{IZO<: F{Ze [quq+§dqvq]+
q9 U= =

v
—i2Q —igl | ¥ * g
+e ST {quq+2d; v‘qm. (A9)
i=2

Next, we regroup*Eq. (A9) in terms of f; and d i and
we multiply it by w,. By the orthogonality of the eigen-
vectors w, and vlq of the Bloch matrix H(g), we obtain
Eq. (19) for the flat-band component fq

ify = Eppfy+

Z{Ze qu(2equf e —i2Q¢ quf )rlw wq+

U-1| v
o e S,
+Z{Ze ’ql(Ze’qld; ye 2 'qld; )F,v; ‘W, }}
=0

i=2

(A10)
Analogously, we obtain Eq. (20) for the dlsperswe bands
component dq by multiplying Eq. (A9) by ZJJ and using
the orthogonality of the eigenvectors of the Bloch matrix

H(q): o

d] =ad +
q 474

é igl iql —i2Q¢ —igl J*
NZ{Ze (Ze Jqte fq)F,w vy +
q

=0

Uu-1| v
o e L
+Z|:Ze ’ql(2e’qld,’]+e 201 ’qld(’] )Flv’q ~vé H
1=0 Li=2

(Al1)
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Appendix B: Strained coefficient method

Let us consider Eq. (24) in Sec. 3.3.1 for a class U =1
flat-band network

1y iql —i2Q¢ —igl o*
iy = Erpfy+ 5 2 (269 1, + 2T A7),

q
. . . g V . 2Qt sk
1) =2J 3] LS 1 —1 i* J*
id] = 1}d] +NZ; D 2dy +e7Mady T v 0],
= q

(B1)
and the expansion of d[} and 7»@ in Eq. (26)

d 7ng (q)

This expansion yields to

+00 +00 .
’_Z gk (@) — mQZ gk 4 4 z zgk”Sl“/({q) i

+00 /
hg=mQ+Y g'3).
=1

(B2)

k=07=1
1 & kel ( @) . —i2Q¢ (q)*
y— 2ul9) et uq)). (B3)

Next, we equate the coefficients of each power of g to
zero. From go we get
id(()‘;) = mQu(()(}) = u(()é) )= e_imgta(()‘}). (B4)

Without loss of generality, we can assume all the initial
conditions to be equal a(q) =aq. For g in Eq. (B3) we get

idl(é) = mQul(é) +81u(()é) +%Z(2u(()q) + e_izgtu(()q)*)
q

(B5)
which, by Eq. (B4), reads
l'l;ll((}) = mQul((}) +
+%[(N 8y +2)e MY g 47Xy
—1?» t —1(29 A )t *
+Z[ oj} (B6)
q#q
Using the general solution
t t
J’a(s)ds t fa(s)ds
yo=e [ by (B7)
0

of the first-order differential equation y(¢) = a(¢) y(¢t) + b(?),
for m #1 it follows that
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WD (1) = e Y g 4 %(zva1 +2)age ¥+

Lk
0 (e lZQt_e lmQt)

+ +
20(1-m)
+y i2ay ( oMl efimQt) N
oy mQ—x,
+ laO (e_i(zg_}"q )t _ e*imQt) ) (BS)
QC2-m)—1,

To kill the secular term we need to set 8 =—2/N in the
second term of the right-hand inside of Eq. (B8). The solu-
tion (B7) in the case m =1 reads

ul(é)(t) = e_[Qtal +%[(N61 +2)ag + aﬂe_’ntt +

+ Z i2a0 (e—l?»qt _ e_l'Qt ) "
Q- Xq

q#q

0 (e_i(zg_kq)t —e ¥ )} (B9)

Q-2 q
To kill the secular term we need to set

(NS +2)ag +ag =0

(B10)

since ag = IOeieo, and the coefficients {5;}; in Eq. (B2) are
real numbers. The very same procedure discussed above
for the components dé of the dispersive states can be re-
peated for the component fé of the flat band. Analogously
to the expansion (B2), we perform an expansion for the
flat-band component fé in Eq. (B1):

+00

+00
k_(q /
f=28"0,  Epg=mQ+Yg's. (Bl
k=0 =1
This ultimately lead to the expansion coefficients
m=1,

(B12)
m=#l.

The system size N is absent due to the macroscopic de-
generacy of the flat-band states. Therefore, in Eq. (B6) all

terms of the sum zqié have the same time-dependent

term e 'EFB!. To kill the secular term in Eq. (B8) for the
flat-band component fq for m # 1, the following condition

has to be satisfied

(B13)
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In Eq. (B9) for the flat-band component fq for m=1, in
order to kill the secular term we need to set

o1 = —bL%I:ZZbo‘F Zb;:l =-2+ eieo
0 q q

oo =1{-3,-1}. (B14)

For flat-band networks of larger class U > 2, both expansions
(B2), (B11) have to be applied to Egs. (19), (20). For the saw-
tooth case, these equations reduces to Egs. (30), (31) here
recalled

ifq =Eppf; +ﬁ2{(a2 _1)(fq +e—i2Qtfq*)+

q

—in 7 —7 —7, *
+e 1 (2e’qfq ye 2 ’qfq )+

+(1+e’iq )(Zd; +e’i29td(’;)}, (B15)
id; = hyd; +ﬁ§q:{(2dq +e 2G4
e (2eiqdq + e_i2Q’e_iqd; ) +
+(1+e"4)(zfq +e"'29’f;)}, (B16)

since in the saw-tooth is a two band problem v =2 with
the following Bloch vectors w,, v, and projector operators
Lo, T

q°

1 -1 0 0
qu— . ) 1—'0: B
all+e 0 1
—iq 1 0
v :l 1+e T = ’
7 g 1 0 1

where o =./3+2cosqg. Egs. (B15), (B16) expanded via
Egs. (B2), (B11) lead to additional time-periodic terms
dependent on the wave number ¢ (called polarized terms).
These terms therefore do not influence the zeroing condi-
tion of the secular term presented above for class U =1
flat-band networks.

(B17)

Appendix C: Bogoliubov expansion

~Let us consider Eq. (24) for the dispersive component
d(l] for one of the dispersive band i considered for one
component only

(Ch

1T Al gl g i —i12Q¢ 4i*
id! 7quq+ﬁ[qu+e di }

Let us simplify the notation, by dropping the i. We now
apply the Bogoliubov expansion to Eq. (C1)

- —imt * —i(2Q-w)t
d, =age +b,e . (C2)
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This yields to

wa e +(2Q - )by 'O =

q
=h a,e O 4o b e RO
q7q
g —iot * *\ —i2Q-w)t
+N[(2aq+bq)e +(2) +ay )e } (C3)
which can be decoupled in two equations:

wa, = kqaq +%(2aq +bq),

* * g * *
(20-0)b; —kqbq+ﬁ(2bq+aq). (C4)
In matrix form, Eq. (C4) reads
a X a
o 1= & (C5)
b, & 2Q-14 ) b,

for A = Ay +2g/N and € = g/ N. The eigenvalues of this
system

o, = Q02 ~27Q+72 —¢2 (C6)
The argument of the square root is equal to zero when
2hty4r% -4l —€?) -
Q5= A28 jae (@)

’ 2
This yields~ complex eigenvalues ® in Eq.(C3) for
A —e < Q< A+¢ which translates into

3
xq+%sgsxq+ﬁg (C8)

which is the Arnold tongue obtained in Eq. (27).

Appendix D: Numerical methods

In the linear stability analysis of the compact discrete
breathers, the nonlinear model (6) is reduced to the eigen-
value problem (14) of small perturbation ¢, added to a
compact discrete breathers C, , (f). We solve this prob-
lem numerically by applying an IMSL Fortran routine
called DEVCRG (see [43] for details). The time evolution
of the perturbed compact discrete breathers has been ob-
tained by direct integration (for example, [38]). These nu-
merical simulations have been performed using a 6th order
Runge—Kutta procedure.
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