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1. Introduction

Analogies between wave phenomena in different physical sys-
tems are a powerful tool to understand and control wave prop-
agation. For example, the idea of characterising electronic 
Bloch waves using topological invariants, responsible for the 
discovery of a wealth of new topological insulator materials 
[1], has been fruitfully translated to photonics [2], mechan-
ical and elastic waves [3–5], and acoustics [6–14]. Similarly, 
wave orbital angular momentum, long-studied in the context 
of optical vortex beams [15, 16], can also be created for free 
electron beams in transmission electron microscopes [17, 18]. 
Going beyond the simplest scalar waves, spin and spin–orbit 
interactions provide extra degrees of freedom to design and 
control structured vectorial wave fields [19–22]. For example, 
the time-reversal symmetry breaking required to realize topo-
logical quantum Hall phases and unidirectional edge states of 
purely scalar waves can be generalized to time-reversal sym-
metric quantum spin Hall phases, where suitably-designed 
spin- or pseudospin-orbit interactions create counter-propa-
gating edge states carrying opposite spins [1, 2].

Acoustic waves are longitudinal and conventionally 
viewed as spinless, purely scalar waves. Recently, however, 
several studies have found that acoustic waves can exhibit 
nontrivial vectorial properties in the form of spin textures and 
spin-momentum locking [23–27]. These features are hidden 
in the commonly-used second order Schrödinger-like wave 
equation  governing the acoustic velocity potential φ and 
require analysis of the more fundamental first order equa-
tions describing the coupled acoustic pressure P and velocity 
v fields. While the acoustic spin necessarily vanishes for the 
simplest plane waves, nontrivial spin-related phenomena can 
emerge for localized fields such as surface waves and non-
paraxial beams [24–26]. Spin therefore provides an additional 
degree of freedom to control acoustic waves, with potential 
applications including particle manipulation [28], selective 
excitation of surface waves [24], and design of novel topo-
logical materials. For example, [24] recently observed the 
spin-controlled directional excitation of acoustic waves at the 
surface of a metamaterial waveguide.

Since spin is a form of angular momentum, it is natural to 
ask how acoustic spin interacts with the more widely-studied 
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orbital angular momentum degree of freedom, exemplified 
by vortex beams [29–32]. Nontrivial spin in acoustic vortex 
beams was already hinted at by Zhang and Marston in 2011 
[31], who showed that the full acoustic angular momentum 
flux tensor contains nonparaxial corrections. Bliokh and Nori 
recently employed a quantum-like formalism analogous to 
that used for electromagnetic waves to show that the angular 
momentum of acoustic beams naturally divides into spin and 
orbital parts, obtaining nonzero spin densities of acoustic 
Bessel beams in free space [26]. Nevertheless, the total spin 
always vanishes, as required for longitudinal waves. Due to 
the time-reversal symmetry of the underlying acoustic wave 
equations, reversing the orbital angular momentum of an 
acoustic vortex beam must flip its spin density.

In this manuscript we aim to complement these recent 
studies by analyzing the effect of broken time-reversal 
symmetry on the spin, momentum, and energy densities of 
acoustic beams. To break time-reversal symmetry we consider 
acoustic waves propagating through a slowly circulating fluid, 
which generates synthetic vector potentials and magnetic 
fields for sound. Previous studies focused on the quasi-2D 
limit of acoustic waves propagating in the plane of circulation, 
studying scattering off a magnetic flux tube [33], acoustic iso-
lation and nonreciprocal transmission [34], topological pho-
nonic crystals [6, 9, 11], and active fluids [8, 10]. In these 
examples, the synthetic magnetic field is perpendicular to the 
wavevector.

Here we instead study propagation parallel to the synth-
etic magnetic field, in the waveguide geometry illustrated 
in figure  1 consisting of fluid confined between concentric 
rotating cylinders. By controlling the cylinder radii and rota-
tion speeds, one can induce either an isolated flux tube or a 
uniform magnetic field, resulting in effective Schrödinger 
equations  previously analyzed in the context of electron 
vortex beams [35]. We demonstrate some interesting features 
and qualitative differences compared to this previous study 
due to the vectorial nature of the acoustic waves and their dif-
fering boundary conditions.

We find that a uniform synthetic magnetic field can host 
localized guided modes, which is a nontrivial result due to the 
constraint that the field must be weak to avoid Taylor instabili-
ties of the background Couette flow [6, 36]. While the modal 
energy density is independent of the relative sign of the field 
and beam orbital angular momentum, the individual pressure 
and velocity field components are sensitive to this relative 
sign. As localized beams carrying orbital angular momentum, 
their longitudinal spin density is also nonzero near the vortex 
core. A synthetic flux tube does not host localized modes but 
can nevertheless strongly affect the profiles of non-diffracting 
Bessel beams. By tuning the strength of the enclosed flux one 
can tune both the magnitude and sign of the spin density, as 
well as the beam radius. In both cases, the beam energy den-
sity remains finite at zeros of the corresponding Schrödinger 
wavefunction, with its magnitude determined by the beam 
non-paraxiality, quantified by the ratio of the transverse and 
longitudinal wavenumbers, k⊥/kz. Near the these points the 
beam’s canonical and spin momentum have opposite direc-
tions and similar magnitudes, meaning that a weak vector 

potential can significantly affect the direction of the local 
energy flow.

The structure of this article is as follows: section 2 presents 
a self-contained overview of the quantum-like formalism for 
acoustic waves, extending the free space analysis of [26] to 
a background vector potential. Section 3 analyzes two inter-
esting limits of the acoustic waveguide shown in figure  1: 
Laguerre–Gauss beams supported by a uniform synthetic 
magnetic field (section 3.1) and Bessel beams threaded by an 
Aharonov–Bohm flux tube (section 3.2). Section 4 concludes 
with discussion and a summary of the main results.

2. Vector potentials for acoustic waves

We study the propagation of small amplitude acoustic waves 
in a fluid with uniform density and a steady state position-
dependent velocity profile u(r). We assume the fluid speed is 
much smaller than the speed of sound c, i.e. u2/c2 � 1, and 
that u has a slow spatial variation compared to the acoustic 
wavelength. Under these conditions, the acoustic velocity 
potential φ obeys the wave equation [6, 37]

∇2φ− 1
c2 D2

t φ = 0, Dt = ∂t + u · ∇, (1)

where c2 = 1/(ρβ) is the speed of sound, determined by 
the mass density ρ  and compressibility β. The local pres-
sure P(r, t) and particle velocity v(r, t) fields induced by 
the acoustic wave are given by P = ρDtφ  and v = −∇φ. 
Eliminating φ yields coupled first order equations [37],

βDtP = −∇ · v, ρDtv = −∇P. (2)

Figure 1. Schematic of the studied system. (a) Propagation of 
a charge l acoustic vortex beam with frequency ω  through a 
waveguide formed by concentric cylinders with radii R1,2 rotating 
with angular frequencies Ω1,2. (b) Inner rotating cylinder creates 
an Aharonov–Bohm tube of flux α = ωΩ1R2

1/c2, where c is the 
speed of sound. (c) The outer (hollow) cylinder creates a uniform 
synthetic magnetic field of strength Ω2.
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Using equation (2) and the fact that ∇ · u = 0 for a time inde-
pendent background flow, one can show that P and v obey the 
continuity equation

Dt

(
β

2
P2 +

ρ

2
v2
)
+∇ · (Pv) = 0, (3)

which we will see corresponds to an energy density indepen-
dent of the background flow, and an energy flux density modi-
fied by the background flow.

Now we specialise to monochromatic waves with time 
dependence e−iωt described by complex φ, P, and v fields, such 
that Dt = −iω + u · ∇. Physical observables are then com-
puted from the real parts of the fields. Assuming u2/c2 � 1, 
equation (1) can be recast as [6]

(∇− iA)2φ+
ω2

c2 φ = 0, A = −ωu
c2 , (4)

such that the background fluid flow u resembles a vector poten-
tial in the time independent Schrödinger equation. The time-
averaged energy W, energy flux Π, and angular momentum 
M  densities of equation (3) are

W =
1
4
(
β|P|2 + ρ|v|2

)
, (5)

Π =
1
2

Re[P∗v] + Wu, (6)

M = r ×Π/c2. (7)

Following [26], one can introduce a quantum-like formalism 
by defining the four-component ‘wavefunction’ | Ψ〉 = (P, v)T  
and inner product

〈Ψ | Ψ〉 = 1
4ω

(β|P|2 + ρ|v|2), (8)

such that W = 〈Ψ | ω | Ψ〉 becomes the local expectation 
value of the energy operator ω  and Π is the kinetic momentum 
density. One can similarly introduce the canonical momentum 
density p = 〈Ψ | (−i∇) | Ψ〉 characterizing the local phase 
gradient [26],

p =
1

4ω
Im[βP∗∇P + ρv∗ · (∇)v], (9)

where v∗ · (∇)v ≡
∑

j v∗j ∇vj. We stress that these quantities 
generally differ from the energy, canonical momentum, and 
kinetic momentum densities of the velocity potential, which 
are |φ|2, Im[φ∗∇φ], and Im[φ∗∇φ]− A|φ|2 respectively.

Expanding equation  (6) in terms of the canonical 
momentum density p yields

Π

c2 = p +
1
4
∇× S − W

ω
A, (10)

where the spin angular momentum density

S =
ρ

2ω
Im (v∗ × v) , (11)

also contributes to Π [26]. The last term in equation (10) can 
be written as the expectation value of the vector potential,

W
ω

A = 〈Ψ | A | Ψ〉 (12)

which resembles the vector potential contribution to the 
kinetic momentum in the Schrödinger equation. We stress that 
this Schrödinger-like formalism for acoustic vector poten-
tials differs from both the scalar Schrödinger equation (since 
| Ψ〉 is a vector field) and the spinor Schrödinger–Pauli equa-
tion (since no Stern–Gerlach term S · (∇× A) appears in the 
equations of motion).

A simple example illustrating these differences is the inho-
mogeneous transverse flow u = (0, Bzx, 0), corresponding to 
a uniform synthetic magnetic field parallel to the z axis. There 
exist acoustic wave solutions propagating along the z axis and 
evanescent along the x axis, described by the velocity poten-
tial φ = eikzz−κx, where kz and κ are the propagation constant 
and localization length respectively. The pressure and velocity 
fields are

P = −iωρeikzz−κx, v =




κ

0
−ikz


 eikzz−κx, (13)

and the dispersion relation is ω2 = c2(k2
z − κ2). This solu-

tion is independent of the synthetic magnetic field strength Bz, 
which would couple vx and vy if there were a Stern–Gerlach 
term similar to the Pauli–Schrödinger equation. Only the 
kinetic momentum density is affected by the vector potential,

Π

W
=

(
0, Bzx, c

√
1 − κ2

k2
z

)
, (14)

acquiring a deflection parallel to the background flow. Since 
the derivation of the acoustic wave equations assumes a weak 
background flow (Bzx/c)2 � 1, this deflection is small in 
the plane wave limit κ = 0. However, as the field becomes 
more strongly evanescent (and non-paraxial) the longitudinal 
kinetic momentum Πz  becomes smaller, such that Π tilts more 
strongly in the direction of the background flow. There are two 
ways this stronger tilt can be interpreted: (i) the evanescent 
part of the wavevector contributes to the energy density W, 
but not the first (u-independent) term of equation (6), or (ii) 
the evanescent wave has a transverse spin Sy  which suppresses 
the longitudinal component of the kinetic momentum in equa-
tion  (10). The origin of both these effects is ultimately the 
vectorial nature of the acoustic wavefunction | Ψ〉, so they also 
occur for other non-paraxial beams such as superpositions of 
plane waves. By contrast, for scalar (Schrödinger) waves with 
fixed kz the direction of Π is independent of κ.

3. Acoustic beams in cylindrical waveguides

Now we will study the effect of the acoustic vector potential on 
the propagation of acoustic vortex beams. We shall consider 
the simplest case of cylindrical symmetry, corresponding to a 
purely azimuthal background flow u = uθ(r)θ̂, where (r, θ, z) 
are cylindrical coordinates. The velocity potential for a 
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cylindrically-symmetric beam with canonical orbital angular 
momentum l is

φ(r) = ψ(r)ei(kzz+lθ). (15)

Substituting ψ(r) into equation (4) yields an equation for the 
radial profile,

[
1
r
∂r(r∂r)−

1
r2

(
l +

rωuθ

c2

)2
+

ω2

c2

]
ψ = k2

zψ. (16)

The pressure P and velocity v fields are

P = −iρ
(
ω − uθl

r

)
ψei(kzz+lθ), (17)

(vr, vθ, vz) =

(
∂rψ,

il
r
ψ, ikzψ

)
ei(kzz+lθ). (18)

Only P depends explicitly on the vector potential.
To proceed we need to specify the background flow u. We 

will consider Couette flow in an incompressible fluid con-
fined between circulating concentric cylinders with radii R1,2 
rotating at angular frequencies Ω1,2, see figure 1. The small 
amplitude acoustic waves obey the hard wall boundary condi-
tions r̂ · v(R1,2) = 0. Assuming the cylinders are sufficiently 
long that boundary effects at their top and bottom are negli-
gible, the cylinders establish the azimuthal background flow 
[36]

u(r) =


Ω2 − Ω1

R2
1

R2
2

1 − R2
1/R2

2
r +

R2
1(Ω1 − Ω2)

1 − R2
1/R2

2

1
r


 θ̂. (19)

In the following we will focus on two simple limits: a thin 

magnetic flux line at r  =  0 (u(r) ∝ 1
r θ̂) and a uniform magn-

etic field (u(r) ∝ rθ̂).
At first glance this might seem identical to the electron 

vortex beam problem studied in [35]. However, we stress 
that there are a few important differences even without taking 
the vectorial nature of the acoustic waves into account: 
acoustic beams obey the Neumann boundary conditions 
∂rψ(R1,2) = 0, whereas an electron beam in a hard wall cylin-
drical waveguide would have the Dirichlet boundary condi-
tions ψ(R1,2) = 0. Additionally, the acoustic vector potential 
describes a real background fluid flow which much have a 
finite speed much slower than the fluid speed of sound c: the 
Schrödinger-like equation (4) neglects terms of order (u/c)2, 
and more importantly, the azimuthal flow equation  (19) 
becomes unstable above a critical fluid speed [6, 36].

3.1. Uniform synthetic magnetic field

We obtain a uniform synthetic magnetic field from equa-
tion (19) by assuming a stationary inner cylinder Ω1 = 0 and 
taking the limit R1 → 0, which yields u(r) = rΩ2θ̂ and the 
radial equation

[
1
r
∂r(r∂r)−

1
r2

(
l +

r2ωΩ2

c2

)2

+
ω2

c2

]
ψ = k2

zψ. (20)

The well-known solutions are Laguerre–Gauss modes [35],

ψ(r) =
( r

w

)|l|
L|l|

n

(
2r2

w2

)
e−r2/w2

, (21)

with beam waist w =
√

2c2/(ω|Ω2|) and dispersion
(

ckz

ω

)2

= 1 +
2lΩ2

ω
− 2|Ω2|

ω
(2n + |l|+ 1), (22)

where n is the radial mode number. The mode localization 
(determined by the beam waist w) and energy both depend 
on the synthetic magnetic field strength, with the disper-
sion relation including a Zeeman-like interaction between 
orbital angular momentum l and synthetic magnetic field. 
This results in an l-dependent modal cutoff frequency when 
lΩ2 < 0 . In contrast, the modal profile ψ(r) is independent 
of the sign of l, even though the vector potential breaks time-
reversal symmetry. These features resemble the electron 
beam case [17, 35].

The Laguerre–Gauss solution is obtained by assuming an 
unbounded fluid, so it is only valid if the beam width ∼ w is 
much smaller than the radius of the outer cylinder R2. However, 
R2 cannot be too large because the effective Schrödinger 
equation is only valid if the fluid speed is slow compared to 
the speed of sound, i.e. (umax/c)2 � 1. Moreover, R2 must 
be remain somewhat larger than the acoustic wavelength, 
meaning Ω2/ω must be small. Figure 2 illustrates these var-
ious constraints.

The dispersion relation equation  (22) implies the beams 
will be close to paraxial, i.e. k ≈ kzẑ. There is a ‘Goldilocks’ 
zone of sufficiently large (but not too large) R2 supporting 
acoustic vortex beams localized by the synthetic magnetic 
field. In the following we use (Ω2, R2) = (0.005ω, 40c/ω), 
considering vortex beams within this zone. We note that vortex 

Figure 2. Phase diagram of acoustic vortex beams supported by 
uniform magnetic field induced by rotation Ω2 of the outer cylinder 
of radius R2. ω  and c are the acoustic wave frequency and speed, 
respectively. Unshaded region umax > 0.3c: the large peak fluid 
velocity umax renders the effective Schrödinger invalid. Red region 
R2  >  w: vortex beams are localized by the synthetic magnetic field. 
Blue region R2  <  w: vortex beams are localized by the cylinder 
wall. Black circle denotes the parameters used in figures 3 and 5.

J. Phys.: Condens. Matter 32 (2020) 104001
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beams solutions still exist for R2 � w, just they will not take 
the simple Laguerre–Gauss form equation (21).

Evaluating the field profiles, there is a lΩ2-dependent redis-
tribution of energy between the pressure P and longitudinal 
velocity vz  components,

|P|2 = ρ2ω2(1 − 2lΩ2

ω
)ψ2, (23)

|vz|2 =
ω2

c2 ψ
2
(

1 +
2lΩ2

ω
− 2|Ω2|

ω
(2n + |l|+ 1)

)
. (24)

However, the total energy density W remains insensitive to 
sgn(lΩ2). To illustrate these features, figure 3 plots the radial 
energy profiles for vortex beams of various charges. Since 
Ω2/ω is small there is only a slight (a few percent) redistri-
bution of energy between the P and v fields. Nevertheless, 
this shows that a detector sensitive to only one of the field 
components can measure profile shifts due to the interaction 
between the beam’s orbital angular momentum and the synth-
etic magn etic field, unobservable for electron vortex beams 
localized by a magnetic field [17, 35].

Another way to observe the effect of the synthetic magn-
etic field is via the propagation of superpositions of vortex 
beams of different charges [35, 38, 39]. According to equa-
tion (22), their propagation constants experience l-dependent 
shifts which will result in a rotation of the beam profile as 
it propagates along the cylindrical waveguide. Figure 4 illus-
trates the rotation of the total energy density W for superposi-
tions of vortex charges l = ±1 and l = ±2; similar rotations 
are observable using detectors sensitive to only the P or v 
components of the beams. For weak synthetic magnetic fields 
Ω2/ω � 1 the rotation occurs with a characteristic length 
scale c/Ω2 which will be long compared to the waveguide 
radius.

Since we are close to the paraxial limit, other features of 
the Laguerre–Gauss beam do not differ significantly from the 
Schrödinger limit. The only exceptions are close to zeros of 
the potential φ, where non-paraxial corrections can still be 
significant. Figure 5 shows how both the transverse and longi-
tudinal spin are nonzero (comparable to the energy density W) 
close to the core of vortex beams. Consequently the longitu-
dinal kinetic momentum Πz  is suppressed by the ∇× S term 

in equation (10). Since the background flow is small close to 
the beam core, there are no obvious synthetic magnetic field-
induced changes to the spin densities. On the other hand, the 
kinetic angular momentum density Mz shows a clear cross-
over for counter-rotating vortex beams with sgn(lΩ2) < 0: for 
small r the canonical AM (determined by the vortex charge 
l) dominates, whereas at large r the synthetic magnetic field 
dominates.

Figure 3. Pressure P, velocity |v|2 = |vx|2 + |vy|2 + |vz|2, and 
energy density W profiles of Laguerre–Gauss vortex beams of 
charge l = 0,±1,±2 confined by a synthetic magnetic field Ω2. 
Vortex beams exhibit a field direction-dependent redistribution of 
energy between their P and v components, while W is independent 
of sgn(lΩ2).

Figure 4. Evolution of superpositions of acoustic vortex beams of 
opposite charge in the synthetic magnetic field. The energy density 
profiles undergo rotations during propagation along the z axis with 
characteristic length c/Ω2. Top row: l = ±1 superposition. Bottom 
row: l = ±2 superposition.

Figure 5. Normalised transverse spin Sθ, longitudinal spin Sz, 
longitudinal kinetic momentum Πz , and kinetic angular momentum 
Mz densities of the Laguerre–Gauss vortex beams. The synthetic 
magnetic field does not significantly affect the spin or momentum 
densities, but induces a change in the sign of Mz for counter-rotating 
vortex beams with sgn(lΩ2) < 0.

J. Phys.: Condens. Matter 32 (2020) 104001
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3.2. Aharonov–Bohm flux

The second example we consider is a synthetic magnetic flux 
tube centred at r  =  0. The flux tube is obtained by setting 

Ω2 = 0 and R2 → ∞ in equation (19), such that u =
Ω1R2

1
r θ̂. 

Substituting uθ into the radial equation (16),
[

1
r
∂r(r∂r)−

1
r2

(
l +

ωΩ1R2
1

c2

)2

+
ω2

c2

]
ψ = k2

zψ. (25)

The general solution decaying to zero as r → ∞ is [40]

ψ(r) = aJl+α(k⊥r) + bJ−(l+α)(k⊥r), (26)

where Jm(x) are Bessel functions, α ≡ ωΩ1R2
1/c2 is the synth-

etic magnetic flux, and k2
⊥ = ω2/c2 − k2

z . The hard wall 
boundary condition ∂rψ(R1) = 0 requires

b = −a
Jl+α−1(k⊥R1)− Jl+α+1(k⊥R1)

J−l−α−1(k⊥R1)− J−l−α+1(k⊥R1)
. (27)

For the special case of integer values of the flux α, the Bessel 
functions Jl+α and J−(l+α) become linearly dependent, such 
that the correct solution is

ψ(r) = aJl+α(k⊥r) + bYl+α(k⊥r), (28)

where Ym(x) is a Bessel function of the second kind, and

b = a
Jl+α+1(k⊥R1)− Jl+α−1(k⊥R1)

Yl+α−1(k⊥R1)− Yl+α+1(k⊥R1)
. (29)

The synthetic magnetic flux α is constrained by (umax/c)2 � 1, 
which ensures the background flow is slow compared to the 
acoustic wave speed. The Aharonov–Bohm background flow 
has its maximum velocity umax = Ω1R1 at the edge of the 
inner cylinder, r  =  R1. Therefore to maximize the flux sub-
ject to these constraints a large, slowly rotating inner cylinder 
is required. In the following we take Ω1 = 0.02 and R1  =  5, 
corre sponding to a flux α = 1/2.

In contrast to the Laguerre–Gauss beam case, the beam 
width (determined by the in-plane momentum k⊥) is an 
additional free parameter of the Bessel beam solutions. In 
the paraxial limit k⊥ behaviour similar to [35] is expected, 
since the acoustic wave becomes effectively scalar. On the 
other hand, in the strongly non-paraxial limit the fluid flow 
described by the synthetic vector potential is small compared 

to the large in-plane momentum k⊥. Therefore to maximize 
the effect of the acoustic vector potential, we take a moder-
ately non-paraxial beam angle ϕ = π/8, where kz = k cosϕ 
and k⊥ = k sinϕ.

Figure 6 plots P, v, and W profiles of the acoustic Bessel 
beams. The synthetic flux α strongly breaks the symmetry 
between beams with orbital angular momentum ±l; the beam 
radius is larger when sgn(αl) > 0. While beams with the same 
|l + α| have identical velocity potentials ψ, they can be still 
distinguished through their P, v, and W profiles. P vanishes at 
zeros (corresponding to nodes of ψ), while due to non-parax-
iality v and W are always nonzero. Finally, the inner cylinder 
boundary r  =  R1 can be either a global maximum or local 
minimum of P, v, and W, depending on α, k⊥, and l.

Figure 7 plot some other observables. The transverse Sθ 
and longitudinal Sz spin densities become large close to the 
minima of W. In this non-paraxial regime, the peak values 
of Sz/W are sensitive to the enclosed flux α. The longitudinal 
momentum Πz  is determined purely by |l + α|, with no visible 
difference between the l = 0,−1 and l = +1,−2 beams, and it 
vanishes at the minima of W. Away from the minima of W, the 
kinetic angular momentum Mz ≈ (l + α)W; at the minima the 
canonical angular momentum contribution vanishes, leaving 
Mz ≈ αW  controlled purely by the enclosed flux.

4. Conclusion

In conclusion, we have studied acoustic vortex beams in the 
presence of synthetic magnetic fields. We analyzed two simple 

Figure 6. Pressure P, velocity |v|, and energy density W profiles of 
Bessel beams with charges l = 0,±1,±2 threaded by a synthetic 
magnetic flux α. There is a flux-dependent shift of the minima of P, 
v, and W, with all sensitive to sgn(αl).

Figure 7. Normalised transverse spin Sθ, longitudinal spin Sz, 
longitudinal kinetic momentum Πz , and kinetic angular momentum 
Mz densities of the Bessel beams. Shifts in the maxima of Sθ and 
minima of Πz  follow the shifts in the minima of W. The peak values 
of Sz and Mz are sensitive to α.
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limits where the vortex beams can be obtained exactly from 
solutions of the radial Schrödinger equation: a uniform synth-
etic magnetic field and a thin flux tube. These limits enabled 
a direct comparison between previously-studied optical [30] 
and electron [35] vortex beams. The main important differ-
ences that emerge for non-paraxial acoustic beams are:

 •  The vector potential of the electronic Schrödinger equa-
tion is a gauge field, whereas the synthetic vector potential 
in acoustics is the gauge-invariant background fluid speed 
which must be slow compared to the acoustic wave speed. 
This limits acoustics to weak uniform synthetic magnetic 
fields, which can host weakly-localized (near-paraxial) 
Laguerre–Gauss beams.

 •  Beam symmetries present in the effective Schrödinger 
equation and total energy density W can be broken when 
considering the microscopic acoustic pressure P and 
velocity v fields. This is because the synthetic vector poten-
tial induces a redistribution of energy between P and v.

 •  The synthetic magnetic fields can be used to fine-tune the 
beam profiles, and therefore control the distribution of the 
acoustic spin density in non-paraxial beams.

Experimental observation of these effects will require the exci-
tation of a non-paraxial acoustic beam in a waveguide with a 
sufficiently strong background flow. While we considered an 
ideal Couette formed by rotating cylinders supporting simple 
analytical solutions [6], other approaches such as placing fans 
inside the waveguide can be used [34]. The size of the non-
paraxial beam features will be comparable to the acoustic 
wavelength. For example, a 20 kHz acoustic vortex beam in 
air will have a vortex core size of a few millimetres, so the 
waveguide diameter should ideally be at least several centi-
metres. Another promising platform is active fluids formed 
by self-propelled particles (see e.g. [10]), which can support 
stable circulating background flows at rates comparable to 
the fluid speed of sound c ∼ 10−3 m s−1, and therefore much 
larger synthetic magnetic fields.

In the future it would be interesting to extend this anal-
ysis to acoustic surface waves, where analogies with surface 
plasmon polaritons have recently been explored [25–27]. In 
particular, the breaking of time-reversal symmetry due to 
the synthetic magnetic field is expected to induce unidirec-
tional surface wave propagation [41]. Other interesting direc-
tions are the analysis of forces on small particles induced by 
structured acoustic beams [42, 43] and the characterization 
of random acoustic wave fields, including their distribution 
of phase and polarization singularities and the emergence of 
superoscillations [44, 45]. Here we anticipate further non-
trivial differences between the scalar effective Schrödinger 
equation governing the acoustic velocity potential and the real 
measurable pressure and velocity fields.
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