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Chaotic dynamics of systems of interacting particles

V̂ĤĤ += 0

V̂

0Ĥ - “non-perturbed” part (describes the non-
interacting particles/quasi-particles)

- interaction between particles, or, with an 
external field

Many-body chaos – how to characterize?



Basic relations 

Strength function (LDOS):                F-function: 
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Structure of eigenfunctions   
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Chaotic eigenstates in a gold atom
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Occupation number distribution
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Thermalization in an isolated gold atom
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Two-Body Interaction Model
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r,p,q,k    single-particle states

kqprV two-body matrix elements (random or dynamical)

m number of single-particle states
n number of particles (“quaisi-particles”)
kε energy of single-particle states

H is considered in the many-particle 
basis of 

k

M

k
kk aaH ∑ += ε0

0H determines the basis in which the dynamics occurs
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Model 1 : Interacting fully-
integrable 

Model 2 : Interacting fully chaotic 
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Main result: 
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Occupation number distribution in time
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Thanks for your attention!

Natal, June 10, 2016
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Comments to FPU

1.  We do not need ergodicity for thermalization
2.  Onset of chaos – dependence on N, and strength of 

interaction !
3.  Dependence on initial conditions !!
4.  Two different situations: finite N and 

thermodynamic limit                
5. Thermalization as the relaxation to a steady-state 

distribution of energy            
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Comments to TBRI model 

1.  Condition for the onset of chaos
2.  Analytical expression to find a temperature
3.  Gaussian fluctuations around the mean occupation 

numbers
4.  The control parameter is not the number of 

particles, but the number of principal components in 
chaotic eigenstates                

5. Statistical (from the BE-distributions) equal to the 
thermodynamical temperature           
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Fundamental principle of statistical 
physics

Statistical Physics, Vol.5 (Pergamon, Oxford, 1969) 

L.D.Landau and E.M.Lifshitz:
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Deterministic Quantum Systems with Few 
Degrees of Freedon”, Phys. Rev. Lett. 54 (1985) 
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Strength function: from Breit-Wigner to Gauss
Onset of strong chaos 

BW is characterized by half-width: 

Gauss is characterized by its variance:
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Crossover to chaos occurs when 

!! 
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Thank you for your attention!
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Chaos in integrable systems
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Two mechanisms of a statistical behavior (relaxation to 
a steady state distribution) in classical mechanics:

Thermodynamical limit                   ;
Exponential instability plus boundary in phase 
space  (            ) – “dynamical (deterministic) chaos”

What is common for both mechanisms? – Infinite 
number of statistically independent frequencies in
the time evolution of observables. 

∞→N

0>λ
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Open. Sys. & Informaion Dyn. 4 (1997) 241-280 .

Foundation of statistical mechanics

in quantum mechanics – only second mechanism
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Emergence of chaotic states 

α n- basis of - basis ofH 0H
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Chaotic eigenstates
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Delocalization in energy shell 
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Strength functions (LDOS) 
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V.V.Flambaum and F.M.I., “Statistical theory of finite Fermi systems 
based on the structure of chaotic eigenstates”, Phys. Rev. E 56 
(1997) 5144; V.V.Flambaum, F.M.I., G.Casati, Phys. Rev. E 54 
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“ A type of “microcanonical” partition function is introduced and 
expressed in terms of the average shape of eigenstates                 
where E is the total energy of the system. This partition function 
plays the same role as the canonical expression                         
for open systems in a thermal bath…”

The following problems have been considered:

(a) the distribution of occupation numbers and its relevance to the 
canonical and Fermi-Dirac distribution;

(b) criteria of equilibrium and thermalization;
(c) the thermodynamical equation of state and the meaning of 

temperature;
(d) the meaning of temperature, entropy and heat capacity;
(c) the increase of temperature due to the interaction….”
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