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Cooperativity and Disorder in Complex Systems

Emergence: due to coopertative effects,
new properties emerge which belong to
the system as a whole and not to its
parts.

It refers to the appearance of
(unexpected) features on a (bigger)
scale that were not present on another
(smaller) scale,

Examples: Superconductivity,
Superradiance, etc...Understanding
Emergence is one of the main
challenges of CMP. Robustness to noise
and Functional role.

Inrterplay of different cooperative effects:
Imaginary Mobility Edge⇒ localization
of Light in cold atomic systems.

Emergence of Fractal
Crystal Structure
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Localization of Light in Cold Atomic Clouds

Cold Atoms: λ� L
Robin Kaiser Lab

Vnm = −cos(k0rnm)

k0rnm
− i

sin(k0rnm)

k0rnm
,

A Challenging Problem:
1. Disorder: positional and

diagonal
2. Long Ramge Interactions
3. Open quantum systems
4. Cooperative effects:

Super-subradiance
5. Qualifies as a complex

systems!
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PART I

ANDERSON LOCALIZATION

AND

ITS SIGNATURES
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Two Level System
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Excitation Transfer in Two Level Systems
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Anderson Localization as an emergent phenomenon
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Anderson Localization
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Charactherization of Anderson localization

Localized wave functions

J. Billy et al., Nature, 2008. 453: 891-4.

|ψ| ∼ e−|x−x0|/ξ

ξ : localization length.

Participation Ratio:

PR =
1∑N

i=1 |ψ(i)|4
.

EXTENDED:

〈i |ψ〉 =
1√
N
⇒ PR ∝ N

LOCALIZED:

〈i |ψ〉 = 1⇒ PR = const .

M.I.T.: DIVERGENCE OF PR AT THE MOBILITY EDGE
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Localization in 3D
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PART II

ANDERSON LOCALIZATION

AND

LONG RANGE INTERACTION
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Localization and long range.

Levitov, PRL 64, 547 1990: "IT
IS KNOWN THAT IN
SYSTEMS WITH DIMENSION
d WITH r−α INTERACTION,
LOCALIZATION CAN EXIST
ONLY IF α > d . FOR α ≤ d A
DIVERGING NUMBER OF
RESONANCES DESTROYS
LOCALIZED STATES”.

ANDERSON (1958): More distant
sites are not important because the
probability of finding one with the
right energy increases much more
slowly with distance than the
interaction decreases

Number of Resonances:

Nres =
Vk

W
Nk ∝ Rd−α →∞ for α < d
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RANDOM VS NON RANDOM INTERACTIONS

Absence of Localization of Vibrational Modes Due to
Dipole-Dipole Interaction, L. S. Levitov, Europhys. Lett. 9, 83
(1989); Phys. Rev. Lett. 64, 547 (1990);

Anderson transitions, F. Evers and A. D. Mirlin, Rev. Mod.
Phys. 80, 1355 (2008).

Transition from localized to extended eigenstates in the
ensemble of power-law random banded matrices, A. D.
Mirlin, Yan V. Fyodorov, F.-M. Dittes, J. Q., and T. H. Seligman
Phys. Rev. E 54, 3221 (1996).

Kastner, New J. Phys. 17 063021 (2015), PRX 3, 031015
(2013). Suppression of information spreading in long range
systems (Lieb-Robinson Bounds).

Anderson localization on a simplex, A Ossipov, Journal of
Physics A: Mathematical and Theoretical, Volume 46, (2013)
H =

∑
E0

i |i〉〈i | − γ
∑ |i〉〈i |

PR and all its moments independent of N.

How do we explain such contradiction?
G.L.Celardo Chiricov Conference



Infinite Range interactions
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Cooperative Shielding

Dynamical Evolution can be
determined by an effective short
range Hamiltonian, even in
presence of long range.

Given a system H = H0 + V , we
can eliminate V from the
dynamics up to a time scale
diverging with the system size.

H = H0 + V , H0: ANDERSON
MODEL, V : LONG RANGE
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V does not affect the evolution
(shielding) up to a time scale that

grows with N (cooperativity).
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Shielding in Many Body Systems

Cooperative Shielding in Many-Body Systems with Long-Range Interaction

Lea F. Santos
Department of Physics, Yeshiva University, New York, New York 10016, USA and ITAMP,
Harvard-Smithsonian Center for Astrophysics, Cambridge, Massachusetts 02138, USA

Fausto Borgonovi and Giuseppe Luca Celardo
Dipartimento di Matematica e Fisica and ILAMP, Universitá Cattolica del Sacro Cuore, 25121 Brescia, Italy

and Istituto Nazionale di Fisica Nucleare, sez. Pavia, 27100 Pavia, Italy
(Received 1 November 2015; revised manuscript received 26 February 2016; published 21 June 2016)

In recent experiments with ion traps, long-range interactions were associated with the exceptionally fast
propagation of perturbation, while in some theoretical works they have also been related with the
suppression of propagation. Here, we show that such apparently contradictory behavior is caused by a
general property of long-range interacting systems, which we name cooperative shielding. It refers to
shielded subspaces that emerge as the system size increases and inside of which the evolution is unaffected
by long-range interactions for a long time. As a result, the dynamics strongly depends on the initial state: if
it belongs to a shielded subspace, the spreading of perturbation satisfies the Lieb-Robinson bound and may
even be suppressed, while for initial states with components in various subspaces, the propagation may be
quasi-instantaneous. We establish an analogy between the shielding effect and the onset of quantum Zeno
subspaces. The derived effective Zeno Hamiltonian successfully describes the short-ranged dynamics
inside the subspaces up to a time scale that increases with system size. Cooperative shielding can be tested
in current experiments with trapped ions.

DOI: 10.1103/PhysRevLett.116.250402

Introduction.—A better understanding of the nonequili-
brium dynamics of many-body quantum systems is central to
a wide range of fields, from atomic, molecular, and con-
densed matter physics to quantum information and cosmol-
ogy. New insights into the subject have been obtained thanks
to the remarkable level of controllability and isolation of
experiments with optical lattices [1–7] and trapped ions
[8,9]. Recently there has been a surge of interest in the
dynamics of systems with long-range interactions, triggered
by experiments with ion traps [8,9], where the range of
interactions in one-dimensional (1D) spin models can be
tuned with great accuracy. Other realistic systems that
contain long-range interaction include cold atomic clouds
[10], natural light-harvesting complexes [11–13], helium
Rydberg atoms [14], and cold Rydberg gases [15]. Long-
range interacting systems display features that are not often
observed in other systems, such as broken ergodicity
[16–19] and long-lasting out-of-equilibrium regimes [20].
According to the usual definition [21], in d dimension,

an interaction decaying as 1=rα (where r is the distance
between two bodies), is short range when α > d and is long
range when α ≤ d. A major topic of investigation has been
whether the propagation of excitations in systems with
long-range interaction remains confined or not to an
effective light cone [22–30], as defined by the Lieb-
Robinson bound [31] and its generalizations ([30] and
references therein). In the aforementioned experiments with
trapped ions, it was observed that for short-range inter-
action, the propagation of perturbation is characterized by a

constant maximal velocity, being bounded to an effective
light cone. As α decreases, the propagation velocity
increases and eventually diverges. For long-range inter-
action, α < 1, the light-cone picture is no longer valid and
the dynamics becomes nonlocal. However, examples of
constraint dynamics in long-range interacting systems have
also been reported, including logarithmic growth of entan-
glement [23], light-cone features [30], self-trapping [32],
and slow decays at critical points [33].
Here, we show that these contradictory results are due to

a general effect present in long-range interacting systems,
which we name cooperative shielding. It corresponds to the
onset of approximate superselection rules that cause a
strong dependence of the dynamics on the initial state.
Inside a superselection subspace, long-range interactions
do not affect the system evolution (shielding) up to a time
scale that grows with system size (cooperativity). The
dynamics can then be described by an effective short-
ranged Hamiltonian that either leads to a propagation
within the Lieb-Robinson light cone or to localization.
In contrast, for an initial state with components over several
subspaces, the propagation of excitations is affected by
long-range interactions and can be unbounded.
To explain how shielding can arise in a very trivial case,

let us consider the total HamiltonianH ¼ H0 þ V, describ-
ing a many-body quantum system, where H0 has one-body
terms and possible short-range interactions, and V corre-
sponds to some additional interactions. If ½H0; V� ¼ 0 and
V is highly degenerate in one of its eigensubspaces V, so

PRL 116, 250402 (2016) P HY S I CA L R EV I EW LE T T ER S
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Shielding in single excitation

PHYSICAL REVIEW B 94, 144206 (2016)

Shielding and localization in the presence of long-range hopping

G. L. Celardo,1,2,3,4 R. Kaiser,5 and F. Borgonovi1,2

1Dipartimento di Matematica e Fisica and Interdisciplinary Laboratories for Advanced Materials Physics,
Università Cattolica, via Musei 41, 25121 Brescia, Italy

2Istituto Nazionale di Fisica Nucleare, Sezione di Pavia, via Bassi 6, I-27100, Pavia, Italy
3Center for Theoretical Physics of Complex Systems, Institute for Basic Science, Daejeon, Korea

4Instituto de Fı́sica, Benemérita Universidad Autónoma de Puebla, Apartado Postal J-48, Puebla 72570, Mexico
5Université Côte d’Azur, CNRS, INLN, France

(Received 26 April 2016; published 14 October 2016)

We investigate a paradigmatic model for quantum transport with both nearest-neighbor and infinite-range
hopping coupling (independent of the position). Due to long-range homogeneous hopping, a gap between the
ground state and the excited states can be induced, which is mathematically equivalent to the superconducting
gap. In the gapped regime, the dynamics within the excited-state subspace is shielded from long-range hopping,
namely it occurs as if long-range hopping would be absent. This is a cooperative phenomenon since shielding is
effective over a time scale that diverges with the system size. We named this effect cooperative shielding. We also
discuss the consequences of our findings on Anderson localization. Long-range hopping is usually thought to
destroy localization due to the fact that it induces an infinite number of resonances. Contrary to this common lore
we show that the excited states display strong localized features when shielding is effective even in the regime
of strong long-range coupling. A brief discussion on the extension of our results to generic power-law decaying
long-range hopping is also given. Our preliminary results confirm that the effects found for the infinite-range
case are generic.

DOI: 10.1103/PhysRevB.94.144206

I. INTRODUCTION

In recent years, technological advancement has allowed
us to engineer several systems in which the role of quantum
coherence is essential to understanding their dynamics. In view
of these considerations, searching for novel coherent effects is
fundamental to exploit quantum properties in technological
devices such as quantum wires, quantum computers, and
quantum sensors. Of particular interest is the topic of transport
of energy or charge in the quantum coherent regime, due to
its relevance in many technological applications, such as in
light-harvesting systems [1], molecular wires [2], and in other
mesoscopic systems [3].

Recently, great attention has been devoted to quantum
transport in models with long-range interactions due to their
relevance in many condensed matter physical systems. Indeed
long-range interactions between the constituents of a system
do not arise only from microscopic interactions, but in many
condensed matter systems they can be induced by the coupling
with environmental modes having a wavelength larger than
the system size. This mediated long-range interaction arises
in several systems: in ion traps [4] due to the coupling of the
trapped ions with large wavelength phonon modes, in cold
atoms [5], and in natural light harvesting systems [1], due to
the coupling with the electromagnetic field (EMF) when the
wavelength of the photon is much larger than the system size.
Long-range interacting systems display particular features
that are not often observed in other systems, such as broken
ergodicity [6] and long-lasting out-of-equilibrium regimes [7].
Out-of-equilibrium dynamics of such models have been widely
analyzed both experimentally [4] and theoretically [8–10],
showing nontrivial cooperative effects and strong dependence
of the dynamical evolution on the initial state. Together with
a very fast spreading of information [4] and the destruction of
localization [11], also the opposite behavior has been reported

in case of long-range interacting system: the suppression
of information spreading [8,9,12] and strong signatures of
localization [13–15].

In a recent publication [10] by some of the authors of the
present paper, a common feature of long-range interacting
systems was found, named cooperative shielding. This effect
has been discussed in a many-body spin system in Ref. [10],
where it was shown that shielding is able explain many
contradictory dynamical and transport features in systems with
long-range interactions, as the ones mentioned above. Indeed,
contrary to the common lore, which claims that propagation
of perturbation is very fast in long-range interacting systems,
it was found that even in the regime of very large long-range
interaction strength there are subspaces where the evolution is
determined by an emergent short-ranged Hamiltonian.

Here we analyze the cooperative shielding effect in a
different model: a single excitation model of transport with
long-range hopping. We also discuss the consequences of
such effect on transport and localization. Specifically, here
we focus on models with an infinite interaction range, which
are representative of the whole class of long-range interacting
systems [16–18]. Despite its apparent simplicity, infinite-range
hopping can be realized experimentally in ion traps [4] where
linear spin chains have been recently emulated with a spin-spin
interaction decaying with the distance as 1/rα with 0 � α � 3.
The case α = 0 corresponds to an infinite interaction range,
which is discussed here. Moreover, it is routinely used to
model superconductivity in ultrasmall metallic grains [19]
and nonequilibrium phenomena around a phase transition in
strongly correlated materials [20].

II. MODEL AND ENERGY GAP

We discuss the shielding effect by means of a paradigmatic
model for quantum transport, e.g., a one-dimensional (1D)

2469-9950/2016/94(14)/144206(11) 144206-1 ©2016 American Physical Society

We found effective Short Range Hamiltonian for α = 0 and
signatures of Shielding for α 6= 0
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Duality in Power-Law Localization in Disordered One-Dimensional Systems
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(Received 14 July 2017; revised manuscript received 15 January 2018; published 16 March 2018)

The transport of excitations between pinned particles in many physical systems may be mapped to
single-particle models with power-law hopping, 1=ra. For randomly spaced particles, these models present
an effective peculiar disorder that leads to surprising localization properties. We show that in one-
dimensional systems almost all eigenstates (except for a few states close to the ground state) are power-law
localized for any value of a > 0. Moreover, we show that our model is an example of a new universality
class of models with power-law hopping, characterized by a duality between systems with long-range hops
(a < 1) and short-range hops (a > 1), in which the wave function amplitude falls off algebraically with the
same power γ from the localization center.

DOI: 10.1103/PhysRevLett.120.110602

Long-range interactions are crucial in many disordered
systems. In particular, dipole-induced transport of excita-
tions, with a hopping amplitude decaying with interparticle
distance r as 1=r3, plays a key role in disparate scenarios,
including magnetic atoms [1], polar molecules [2], Rydberg
atoms [3], nitrogen vacancy centers in diamonds [4], and
nuclear spins in solid-state systems [5]. Interestingly, systems
with tunable power-law interactions 1=ra have been recently
proposed. In the presence of laser-driven coupling, trapped
ions may realize power-law-decaying spin interactions with
tunable 0 < a < 3 [6,7]. Spin models with an arbitrary
power-law interaction can be also engineered between atoms
trapped in a photonic crystal waveguide [8]. These tunable
systems can be realized in low dimensions, opening in-
triguing questions on transport with truly long-range inter-
actions, i.e., for a < d, with d as the dimensionality.
Most of the previous works considered excitation trans-

port among regularly spaced particles, e.g., by pinning
them in an uniformly filled lattice with on-site disorder. In
addition, long-range hopping has been considered either
anisotropic with zero angular average (e.g., dipole hopping
[9,10]) or random with zero ensemble average [11]. Under
such conditions, the interplay of on-site disorder and long-
range hops may result in localization, critical behavior, or
fully extended states. In his seminal work, Levitov sug-
gested that these cases occur for a > d, a ¼ d, and a < d,
respectively [9]. Later studies for d ¼ 1 using a super-
symmetric nonlinear sigma-model approach confirmed this
suggestion [11]. Intense efforts have been devoted to the

critical power-law banded random matrix (PLBRM)
ensemble (d ¼ a ¼ 1) [12–18]. Dipolar excitations in a
2D lattice with on-site disorder (d ¼ a ¼ 2) exhibit a
purely critical behavior only for the time-reversal-invariant
case and may have a “metal-insulator” transition if the
invariance is broken [10].
Notwithstanding these details, the common wisdom until

recently was that, for noninteracting particles with on-site
disorder, long-range hopping is a delocalizing factor that
destroys localization for a ≤ d. Only few recent works have
stood out of this paradigm. Surprisingly, all states appeared
to be localized for the exotic case of linear hopping
(a ¼ −1) between randomly placed points in a 1D system
[19]. A second example is provided by a simplex (a ¼ 0),
where all excited states were found to be localized [20]. This
peculiar behavior was linked in Ref. [20] to the macroscopic
degeneracy of the perturbation matrix. The role of degen-
eracy in this model was recently further emphasized and
extended to a > 0 in Refs. [21,22], where it was argued that
the long-range hopping has no effect on the system
dynamics as long as the width of the disorder-broadened
(N − 1)-fold degenerate level (with N as the number of
sites) is smaller than the gap between the ground and excited
states for a ¼ 0. Since this gap is proportional to N1−a and
the bandwidth is N independent, the long-range hopping is
“shielded” in the thermodynamic limit for all 0 < a < 1,
and the localization of excited states is preserved.
In this Letter, we consider the physically relevant case of

excitation transport due to power-law hops among randomly

PHYSICAL REVIEW LETTERS 120, 110602 (2018)

0031-9007=18=120(11)=110602(5) 110602-1 © 2018 American Physical Society

“Power-law localization emerges
because long-range (1/rα) hops are
not fully shielded, but rather become

effectively short range.”
Wave functions have power law tail

with

γ(α) = γ(2− α)

Shielding in 3D and role of Anisotropy
The effect of anisotropy of long-range hopping on localization in three-dimensional

lattices

J. T. Cantin, T. Xu, and R. V. Krems
Department of Chemistry, University of British Columbia, Vancouver, B.C., V6T 1Z1, Canada

(Dated: May 29, 2018)

It has become widely accepted that particles with long-range hopping do not undergo Anderson
localization. However, several recent studies demonstrated localization of particles with long-range
hopping. In particular, it was recently shown that the effect of long-range hopping in 1D lattices
can be mitigated by cooperative shielding, which makes the system behave effectively as one with
short-range hopping. Here, we show that cooperative shielding, demonstrated previously for 1D
lattices, extends to 3D lattices with isotropic long-range r−α hopping, but not to 3D lattices with
dipolar-like anisotropic long-range hopping. We demonstrate the presence of localization in 3D
lattices with uniform (α = 0) isotropic long-range hopping and the absence of localization with
uniform anisotropic long-range hopping by using the scaling behaviour of eigenstate participation
ratios. We use the scaling behaviour of participation ratios and energy level statistics to show that
the existence of delocalized, non-ergodic extended, or localized states in the presence of disorder
depends on both the exponents α and the isotropy of the long-range hopping amplitudes.

I. INTRODUCTION

There is increasing interest in disordered lattice mod-
els with long-range hopping, defined as hopping with the
amplitude t ∝ 1/rα, where α ≤ d and d is the dimension
of the lattice. The particular case of α = 3 is exhibited by
excitons in molecular crystals with topological disorder
[1], organic semiconductors with impurities [2], diluted
ensembles of atoms and molecules trapped in optical lat-
tices [3–8], J-aggregates [9], photo-synthetic complexes
[10, 11], and ensembles of Rydberg atoms [12–14].

The effect of long-range hopping on Anderson local-
ization was considered already in the original paper of
Anderson [15]. Anderson concluded, via a locator expan-
sion, that particles with long-range hopping do not local-
ize [15]. This problem was later revisited by Levitov who
examined the resonance behaviour of particles with dipo-
lar hopping in three-dimensional (3D) disordered lattices
and concluded that they delocalize because the number of
resonances diverges with the lattice size [16–18]. The ar-
guments of Levitov have recently been applied to study
many-body localization of particles with long-range in-
teractions [19]. It has thus become widely accepted that
non-interacting particles with long-range hopping (e.g.
t ∝ 1/r in 1D lattices or t ∝ 1/r3 in 3D lattices) do not
undergo Anderson localization.

The generality of this conclusion has, however, been
questioned by several recent authors. For example, Deng
et al. [20] have used exact diagonalization and analysis
of the multi-fractal spectrum to demonstrate algebraic
localization for a particle with long-range hopping in a
1D system with off-diagonal disorder. Nandkishore and
Sondhi have shown using field-theory techniques that
many-body systems with long-range interactions in 1D
and 2D can localize and hypothesized that the same is
true in 3D [21]. Nandkishore and Sondhi even go so far as
to question the validity of the locator expansion and res-
onance arguments for systems with long-range hopping.

Furthermore, Santos et al. [22] and Celardo et al. [23]

have discovered a phenomenon, cooperative shielding,
that causes effective short-range behaviour in a sys-
tem with long-range interactions or hopping. Cooper-
ative shielding precludes the resonance arguments used
to demonstrate delocalization in the presence of on-site
disorder and allows localization to take place. Celardo
et al. [23] have in particular demonstrated localization in
1D for particles with long-range hopping. Ossipov has
also demonstrated localization of particles with uniform
hopping on a d -dimensional simplex, via a similar mech-
anism [24].

In an earlier paper, Burin and Maksimov [25] predicted
the localization of particles with long-range hopping via a
renormalization procedure. The authors suggested that
their conclusion was different from that of Levitov [16]
because of the different symmetries of the hopping am-
plitudes considered: Levitov explored the system with
anisotropic dipolar hopping, while Burin and Maksimov
considered isotropic long-range hopping. All of the more
recent papers demonstrating the localization of particles
with long-range hopping have considered isotropic hop-
ping. However, the effect of anisotropy of long-range hop-
ping in high-dimensional lattices has not been examined.

Here, we show that the cooperative shielding demon-
strated previously for 1D lattices extends to particles
with isotropic long-range hopping in 3D systems. How-
ever, this cooperative shielding does not extend to parti-
cles in 3D systems with anisotropic dipolar hopping. We
also provide numerical and analytical evidence for the lo-
calization of particles with long-range isotropic hopping
in 3D lattices.

The remainder of the paper is organized as follows:
Following the description of the models, we discuss the
phenomenon of cooperative shielding in 3D systems. We
analytically diagonalize the Hamiltonian with isotropic
hopping t ∝ 1/rα for 3D lattices for arbitrary α and ilus-
trate that it exhibits the same energy level structure as
that of a 1D system with cooperative shielding. We find
this to be the case for both periodic and open boundary
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PART III

SUPER and SUB-RADIANCE

AND

INTERPLAY WITH DISORDER
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Super and Sub-Radiance

Dicke, PR 93, 99 (1954).

 Atom 1  Atom 2

 effective interaction mediated by the common environment

One atom:

P(t) ∝ e−γt/~

with γ/~ = 2π
~ |A|2ρ from FGR:

Two atoms: If I start with one atom

P1,2 → 1/4

Single Excitation Superradiance: The
Super of Superradiance Marlan O.
Scully et al., Science, 325, 1510
(2009). Single Atom:

e−γt/~

|k〉 = |0〉1|0〉2....|1〉k ....|0〉N

Cooperative Emission of N entangled
atoms:

|Superradiant〉 =
1√
N

∑
k=1,N

|k〉,

e−ΓSR t/~, ΓSR = Nγ

Subradiant, Γsub = 0
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Interaction with EM and effective Hamiltonian

The effective Non-Hermitian Hamiltonian:

H =
N∑

i=1

e0|i〉〈i |+
∑
i 6=j

∆ij |i〉〈j | −
i
2

N∑
i,j=1

Qij |i〉〈j |. (1)

∆nm = 3γ
4

[(
− cos(k0rnm)

(k0rnm) + sin(k0rnm)
(k0rnm)2 + cos(k0rnm)

(k0rnm)3

)
µ̂n · µ̂m+

-
(
− cos(k0rnm)

(k0rnm) + 3 sin(k0rnm)
(k0rnm)2 + 3 cos(k0rnm)

(k0rnm)3

)
(µ̂n · r̂nm) (µ̂m · r̂nm)

]
,

Qnm = 3γ
2

[(
sin(k0rnm)
(k0rnm) + cos(k0rnm)

(k0rnm)2 − sin(k0rnm)
(k0rnm)3

)
µ̂n · µ̂m+

-
(

sin(k0rnm)
(k0rnm) + 3 cos(k0rnm)

(k0rnm)2 − 3 sin(k0rnm)
(k0rnm)3

)
(µ̂n · r̂nm) (µ̂m · r̂nm)

]
,

VECTORIAL AND SCALAR MODEL
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Complex Eigenvalues and Eigenmodes

Dicke Example:

Heff =

(
E0 − iγ/2 Ω − iγ/2
Ω − iγ/2 E0 − iγ/2

)
Complex Eigenvalues:
Ek = E0

k − iΓk/2

Triplet: |+〉 = (|1〉+ |2〉)/
√

2, with
Γ+ = 2γ,

Singlet: |−〉 = (|1〉 − |2〉)/
√

2, with Γ− = 0,

|ψ(t)〉 = c+e−iE+t/~|+〉+ c−e−iE−t/~|−〉

|E〉: eigenstate of the non-Hermitian
Hamiltonian,

P(k) =
|〈k |E〉|2∑
k |〈k |E〉|2

(2)

Conditional probability to find the
excitation on site k given that the
excitation is in the system and not in
the photon field.

|ψ(t)〉 = e−iHeff t/~|ψ0〉,

|ψ(t)〉: projection on the single
excitation manifold of the molecular
aggregate full wave function (including
also the photon field degrees of
freedom) at time t .
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Interplay of Superradiance and Disorder: Shielding in
Subradiant states

Cooperativity can affect the response of
the system to disorder in a drastic way:
while superradiant states show robust-
ness to disorder, in the subradiant
subspace, long range interaction is
effectively shielded and signature of
localization can emerge

Subradiant hybrid states in the open 3D
Anderson-Dicke model, A. Biella, F.
Borgonovi, R. Kaiser, G.L. Celardo,
EuroPhys. Lett. 103 57009, (2013).
Interplay of superradiance and disorder
in the Anderson Model G.L. Celardo, A.
Biella, L. Kaplan and F. Borgonovi,
Fortschritte der Physik 61, 250 (2013).

G.L.Celardo Chiricov Conference



Robustness and Shielded subradiant states
Open Anderson model:

Heff = HAM + Q

HAM =
∑

E0
i |i〉〈i |+Ω

∑
|i〉〈i + 1|

Q = −iγ/2
∑
|i〉〈j |
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Common lore: no localization with long
range..connection with CS
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PART IV

LIGHT LOCALIZATION

IN

COLD ATOMIC CLOUDS
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Localization of Light in Cold Atomic Clouds
Cold Atoms: λ� L
Robin Kaiser Lab

Vnm = −cos(k0rnm)

k0rnm
− i

sin(k0rnm)

k0rnm
,

Optical thickness:

b0 = L/l = ρ
4π
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0
(
N
ρ

)1/3 ≈ N
M

Super and Subradiance: optical
thickness
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Observation de la sous-radiance de Dicke dans 
un nuage d’atomes froids
Mars 2016

Des physiciens viennent pour la première fois d’observer un ralentissement de 
la fluorescence d’atomes froids dû à des effets d’interférence. La caractérisation 
de cet effet est essentielle dans la recherche des signatures potentielles d’une 
localisation d’Anderson de la lumière à trois dimensions.

Après avoir été observée pour différents systèmes, types d’ondes ou 
dimensionnalités, la localisation d’Anderson de la lumière à trois dimensions 
reste encore élusive. La piste actuellement privilégiée pour cette observation 
consiste à observer la décroissance temporelle de la fluorescence d’un nuage 
d’atomes froids alors que ce dernier n’est plus excité. Outre la nécessité de 
réaliser des nuages d’atomes mille fois plus denses que ceux que l’on sait 
réaliser actuellement, il faut aussi s’assurer que le ralentissement de la 
décroissance de la fluorescence est bien caractéristique de l’effet attendu. Or 
un second effet, connu depuis les années 50, pourrait être à l’origine de ce 
ralentissement : la sous-radiance de Dicke. Une équipe de l’INLN (CNRS/Univ. 
Nice Sophia Antipolis) vient pour le première fois de mettre en évidence cet 
effet à trois dimensions et de le caractériser. Ce travail est publié dans la revue 
Physical Review Letters.

La sous-radiance de Dicke apparaît lorsqu’un grand nombre d’atomes identiques 
sont excités par une même onde lumineuse. Ces conditions d’apparition, qui 
favorisent les effets d’interférence entre les ondes émises par les différents 
atomes, sont les mêmes que pour la super-radiance, mais contrairement à ce 
phénomène facilement observable, la sous-radiance est extrêmement difficile 
à observer car elle ne concerne qu’une infime partie de la lumière émise. 

Ainsi, en plus de la production d’un nuage d’atomes froids suffisamment dense 
et contenant un grand nombre d’atomes, la mesure de cet effet nécessite de 
maitriser une difficulté expérimentale majeure : la détection d’un signal optique 
très faible. Dans l’expérience, les physiciens ont tout d’abord préparé un nuage 
d’atomes de rubidium 87 refroidis par laser contenant un milliard d’atomes, 
dans un volume de l’ordre du millimètre cube. L’épaisseur optique d’un tel 
nuage pour une lumière résonante est de 100, ce qui permet d’avoir une très 
forte probabilité de diffusion de la lumière par les atomes, même lorsque le 
désaccord avec la transition résonnante est important. Ensuite, les chercheurs 
ont envoyé des impulsions lasers de 30 microsecondes sur un nuage d’atomes 
froids dont la taille était contrôlée juste avant l’envoi des impulsions. Après la 
coupure de ces impulsions laser, la lumière de fluorescence a été détectée à 
un angle de 35° de la direction incidente du laser à l’aide de détecteurs en 
régime de comptage de photons. La proportion très faible de la fluorescence 
décroissant lentement (inférieure à 1 % de la fluorescence totale) a imposé 
l’utilisation de détecteurs particuliers ne présentant pas de réponse parasite, 
telle que des post-impulsions, qui auraient masqué la sous-radiance. Grâce à 
une dynamique de détection de quatre ordres de grandeur, les chercheurs ont 
observé une décroissance lente bien visible dans le fond du signal, jusqu’à 100 
fois plus lente que pour un atome unique. En vérifiant que la durée de vie des 
photons dans le nuage d’atomes froids est proportionnelle à l’épaisseur optique 
à résonance et indépendante du désaccord du laser, les chercheurs ont ainsi 
montré qu’il ne s’agit non pas d’un phénomène de diffusion multiple, mais bien 
de la sous-radiance prévue par Dicke en 1954. Ce qui est surprenant est que 
cette modification du taux de désexcitation des atomes intervient aussi dans 
un régime où les atomes sont distants de bien plus que la longueur d’onde du 
rayonnement émis, avec une distance interatomique moyenne de 5 microns 
pour une longueur d’onde d’émission de 780 nm.

Subradiance in a large cloud of cold atoms, 
W. Guérin1, M. O. Araujo1,2 et R. Kaiser1, Physical Review Letters (2016)

En savoir plus

Robin Kaiser, directeur de recherche CNRS

Contact chercheur

1 Institut Non Linéaire de Nice (INLN)
2 CAPES Fundation, Ministry of Education of Brazil

Informations complémentaires

Décroissance de la fluorescence en fonction du temps. Le laser excitateur est coupé à t = 0 
et l’axe des temps est en unité de la durée de vie d’un atome unique (26 ns). Les différentes 
courbes correspondent à différentes épaisseurs optiques à résonance et le désaccord du 
laser est de cinq fois la largeur naturelle de la transition. 

ΓSR ∝ b0
ΓSub ∝ 1/b0
∆E ∝ b0
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Comparison with Anderson Model

ANDERSON MODEL COLD ATOMS

1) Sites in an ordered lattice

2) Nearest-Neighbor Interactions

3) Closed Systems

1) Atoms randomlly distributed 

2) Long range 1/r interactions

3) Open System

4) Cooperativity: 

in a 3D Volume

Sub and Super-radiance

T. Kottos and A. Mendez-Bermudez

HM = �
n=1

−�

��n��n + 1� + �n + 1��n�� . �2�

Using standard methods1 one can write the scattering ma-
trix in the form24,25

S�E� = 1 − 2i sin�k�WT�E − Heff�−1W , �3�

where 1 is the M 	M unit matrix, k=arccos �E /2� is the
wave vector supported in the leads, and Heff is an effective
non-Hermitian Hamiltonian given by

Heff = H0 − eikWWT. �4�

Here, W is a N	M matrix that specifies at which site of the
sample we attach the leads. Its elements are equal to zero or
�w, with 0��w�1, where w is the coupling strength be-
tween the closed sample and the leads. Below, unless stated
otherwise, we will always consider the case of perfect cou-
pling, w=1 �Ref. 28�. Moreover, since arccos �E /2� changes
only slightly in the center of the band, we set E=0 and ne-
glect the energy dependence of Heff. The poles of the S ma-
trix are then equal to the complex zeros of

det�E − Heff	 = 0. �5�

From Eqs. �3� and �5� it is clear that the formation of reso-
nances is closely related to the dynamics in the scattering
region, governed by H0.

In order to investigate the distributions of resonance
widths we used samples with L=20 as a maximum size. For
better statistics a considerable number of different disorder
realizations was considered. In all cases we had at least
10 000 data for statistical processing.

III. DISTRIBUTION OF RESONANCE WIDTHS: RESULTS
AND DISCUSSION

A. Metallic regime

When the disorder strength W is smaller than Wc, but still
large enough so that the mean free path is smaller than the
system size, the system is in the metallic regime.

Recently, a lot of research activity was devoted to the
understanding of the statistical properties of various physical
quantities �such as conductance, local density of states, cur-
rent relaxation times� in finite-size random systems in the
metallic regime. The outcome of these studies indicated that
the tails of these distribution functions show large deviations
from the universal random matrix theory �RMT� results, ex-
pected to be valid29 in the limit of infinite dimensionless
conductance g=�Th/
=DL. Here, �Th�D /L2 is the typical
inverse �Thouless� time that an excitation needs to diffuse
�with diffusion coefficient D� in order to reach the boundary
of a system with linear size L; 
�1/L3 is the mean level
spacing.

The origin of these deviations was found to be related to
the existence of eigenstates which are unusually localized
around a center of localization. These states are precursors of
the Anderson localization and were termed prelocalized
states.30–33 In 3D conductors they have sharp amplitude
peaks on the top of a homogeneous background.30,31

We start our analysis by investigating the effects of pre-
localized states in the distribution of resonance widths. It is
natural to expect that these states with localization centers at
the bulk of the sample are affected only weakly when open-
ing the system at the boundaries. Therefore, prelocalized
states decay very slowly to the continuum leading us to the
conclusion that the corresponding resonance widths �inverse
lifetime� � are smaller than the mean level spacing 
. Hence,
assuming the validity of standard first order perturbation
theory �that can be applied if the coupling of the sample to
the leads is weak, w�1� we get

�

2
= ���W†W��� 
 �

n�boundary

��n��2 � L2���L�
2, �6�

where ���L��2 is the wave function intensity of a prelocal-
ized state at the boundary of the sample. At the same time,
the distribution of wave function components at the bound-
ary was found to be31

P��� � exp�− C1 ln3���	 , �7�

with �−1=L��L� and C1
g. Using Eq. �7� together with Eq.
�6� we obtain

P�1/�� � exp�− C2 ln3�1/��	 , �8�

where C2
g.
As can be seen from Fig. 2 the prediction of Eq. �8�,

obtained using perturbation theory, holds even for strong
coupling. Indeed, the reported data for the 3D Anderson
model in the diffusive regime, plotted as ln P�1/�� vs
ln3�1/��, shows a linear behavior. This comes as a surprise
since in Fig. 2 we have considered perfect coupling, w=1.
Differences in slope correspond to different dimensionless
conductances g induced by the varying values of disorder
strengths.

Next, we turn to the analysis of P��� for ���Th�
. In
order to go on we need to recall that the inverse of � repre-
sents the quantum lifetime of a particle in a resonant state
escaping into the leads. Moreover, we assume that the par-
ticles are uniformly distributed inside the sample and spread

FIG. 1. Scattering setup. The sample is a cubic lattice of linear
length L. To each of the M =L2 sites of the layer nx=1 semi-infinite
single mode leads are attached.

WEISS, MÉNDEZ-BERMÚDEZ, AND KOTTOS PHYSICAL REVIEW B 73, 045103 �2006�

045103-2

G.L.Celardo Chiricov Conference



Extended Subradiant States 6

Supplementary material
Localization of light in subradiant Dicke states: a mobility
edge in the imaginary axis.

I. EXTENDED SUBRADIANT STATE

Here we show an example of a typical extended subradi-
ant state in presence of no diagonal disorder W/b0 = 0, see
Fig. (5). This figure should be compared with Fig. (1) of
the main text where a typical localized subradiant state with
W/b0 = 0.4 is shown. Comparing the two figures one can
see that disorder in the transition frequencies of the atoms can
induce localized states in the subradiant subspace. In both
Fig. (5) of Supp. Mat. and Fig. (1) of the main text, in the
upper panels each atom is shown by a small sphere. The
probability |Ψj(r)|2 for the eigenstate to be on that atom is
given by the color and the radius R of the sphere accord-
ing to the relation R(r) = 1.5(|Ψj(r)|2/|Ψj(r)|2max)2/7,
where |Ψj(r)|2max is the maximal probability for the case
W/b0 = 0.4. This normalization relation was chosen to im-
prove visibility. In the lower panels the projection on the x−y
plane of |Ψj(r)|2 on a grid of 60 × 60 is shown. To improve
the quality of the representation, each grid point has been av-
eraged by the surrounding points, with a weighting inversely
proportional to their distances squared.

In order to show that in absence of disorder most of the
states of the system are indeed delocalized here we show a
figure, Fig. (6), similar to Fig. (4) of the main text, but for a
very small value of diagonal disorder W/b0 = 0.005. In the
upper panel of Fig. (6) we show that most of the states are
delocalized, apart from few ones with a small PR which cor-
responds to pair physics [1, 2]. In the lower panel of Fig. (6)
we show that, in absence of disorder, the PR of all the states
(independently of the value of Γ) increases with the system
size in striking contrast with Fig. (4) lower panel of the main
text.

II. CRITICAL DISORDER IN THE DILUTE LIMIT

Here we give a closer look at the localization transition ex-
tending the results shown in Fig. (2) of the main text to sev-
eral decay width windows. In order to analyze the localization
transition we will consider the participation ratio of the eigen-
modes of the system, as we did in the main text. We note that
the eigenfunctions of the non-Hermitian Hamiltonian repre-
sent the projection of the total eigenfunctions on the single
excitation manifold of the atomic degrees of freedom. Thus
the quantity |ψk|2 which is used to compute the PR repre-
sents the conditional probability to find the system on atom k,
given that one quantum of excitation is stored in the system.
The state |k〉 is the state where the atom k is excited while all
the other atoms are in the ground state. The PR thus measures
over how many sites the excitation is distributed.

The eigenmodes of the system have been analyzed in dif-
ferent decay width windows for which Γmin < Γ < Γmax.
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FIG. 5: (Color online) Representations of a typical extended subra-
diant state. Here is N = 6400, ρλ3 = 5 so that b0 ≈ 17.3 and
W/b0 = 0. For the state shown we have E = −0.0758,Γ = 0.05.
The participation ratio PR, defined in Eq. (3) of the main text, of the
state shown in this figure is PR = 1941.

In Fig. (7) we show the participation ratio PR of the states
in several decay widths window as a function of the nor-
malized disorder W/b0, where b0 is the optical thickness de-
fined in the main text. As one can see for subradiant states
Γ < 1 a transition to localization (PR becomes independent
of N ) occurs above a critical value of the normalized disor-
der given by Eq. (4) in the main text, which we report here:
W/b0 ≈ 1.61Γ + 0.053. Note that in Fig. (7) and Fig. (8) we
used Γ = (Γmax − Γmin)/2 to obtain the critical disorder. On
the other side, superradiant states Γ > 1 do not show any tran-
sition to localization in the range of disorder considered here,
so that our estimate of the critical disorder does not apply for
them.

In Fig. (8) the normalized participation ratio is plotted ver-
sus the normalized disorder for the same decay width win-
dows shown in Fig. (7). As one can see for the subradiant
states a crossing occurs at a specific value of W/b0. Such
crossing allowed us to extract the critical normalized disor-
der which has been fitted with Eq. (4) in the main text. The
results presented here clearly show the dependence of the crit-
ical disorder on the decay width and the fact that a localization
transition is a generic property of subradiant states. Note that
the data shown in Fig.s (7) and (8) refer to a density ρλ3 = 5,
but our analysis has been extended also to other densities, see
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Absence of Localization

Absence of Anderson Localization of Light in a Random Ensemble of Point Scatterers

S. E. Skipetrov1,* and I. M. Sokolov2,†
1Université Grenoble 1/CNRS, LPMMC UMR 5493, B.P. 166, 38042 Grenoble, France

2Department of Theoretical Physics, State Polytechnic University, 195251 St. Petersburg, Russia
(Received 19 March 2013; published 16 January 2014)

As discovered by Philip Anderson in 1958, strong disorder can block propagation of waves and lead to
the localization of wavelike excitations in space. Anderson localization of light is particularly exciting in
view of its possible applications for random lasing or quantum information processing. We show that,
surprisingly, Anderson localization of light cannot be achieved in a random three-dimensional ensemble of
point scattering centers that is the simplest and widespread model to study the multiple scattering of waves.
Localization is recovered if the vector character of light is neglected. This shows that, at least for point
scatterers, the polarization of light plays an important role in the Anderson localization problem.

DOI: 10.1103/PhysRevLett.112.023905 PACS numbers: 42.25.Dd, 42.25.Ja

Anderson localization—the appearance and dominance
of localized states in strongly disordered systems—is
believed to be a universal phenomenon for all quantum
and classical waves [1–3]. In particular, three-dimensional
(3D) disordered systems are expected to exhibit a transition
from the “metallic” phase with extended states to the
“insulating” one with localized states, upon increasing
the disorder [4]. This transition was observed for electrons
in disordered solids [5], ultrasound [6], and cold atoms
[7–9]. Reports of the Anderson localization of light in
3D also exist [10–12]. Here, we present a theoretical study
of light scattering in a 3D ensemble of resonant point
scatterers (atoms) at random positions. We show that
Anderson localization takes place only in the scalar
approximation and disappears when the vector character
of light is taken into account. Our results raise the issue of
the role that polarization effects play in the problem of
Anderson localization of light in general. They suggest that
it might be important to better understand these effects in
more complex photonic media used in experiments: semi-
conductor [10,13] or dielectric [11,12] powders, porous
semiconductors [14], or disordered photonic crystals [15].
The point-scatterer model is useful to understand the

generic behavior of waves in disordered media [16,17]. In
addition, this model is excellent for ensembles of cold
atoms that, therefore, provide a fantastic and practically
realizable playground for testing the theory [18]. Let us
apply the point-scatterer model to study the Anderson
localization of light and try to go as far as possible without
additional approximations. For concreteness, we assume
that the point scatterers are immobile two-level atoms each
having a nondegenerate ground state jgii with energy Eg
and the total angular momentum Jg ¼ 0 and an excited
state jeii with Ee ¼ Eg þ ℏω0, Je ¼ 1, and lifetime 1=Γ0

(ℏ is the Planck’s constant and the index i ¼ 1;…; N
denotes quantities corresponding to the atom i among N
atoms). The excited state is thus triply degenerate and splits

in three substates jeimi with different projections m ¼ −1,
0, 1 of the angular momentum Je on the quantization axis z.
The system is described by a standard Hamiltonian [19,20]

Ĥ ¼
XN
i¼1

X1
m¼−1

ℏω0jeimiheimj

þ
X
s⊥k

ℏck

�
â†ksâks þ

1

2

�
−XN

i¼1

D̂i⋅ÊðriÞ

þ 1

2ϵ0

XN
i≠j

D̂i⋅D̂jδðri − rjÞ; (1)

where the first two terms correspond to noninteracting
atoms and the free electromagnetic field, respectively, the
third term describes the interaction between the atoms and
the field in the dipole approximation, and the last, contact
term ensures the correct description of the electromagnetic
field radiated by the atoms [19]. Here, â†ks and âks are
operators of creation and annihilation of a photon having
the wave vector k and the polarization s, c is the speed of
light in free space, D̂i is the dipole operator of the atom i,
and ÊðriÞ is the electric displacement vector divided by the
vacuum permittivity ϵ0 at the position ri of the atom i.
Formally solving Heisenberg equations of motion for âks,
substituting the solution into equations for atomic oper-
ators, and applying the so-called polar approximation (i.e.,
neglecting retardation effects [21]), one obtains a system of
equations for the latter operators only, with the coupling
between atoms described by the so-called “Green’s matrix”
G [22–24]. It is essentially built up of Green’s functions of
Maxwell equations, describing the propagation of light
from one atom to another. G is a 3N × 3N random matrix
of which a particular realization is determined by the
ensemble of random positions frig of N atoms in 3D
Euclidean space [22,23]
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“Localization only in the scalar model
for high density”

Magnetic field and localization

 

Localization Transition for Light Scattering by Cold Atoms
in an External Magnetic Field

S. E. Skipetrov*

Université Grenoble Alpes, CNRS, LPMMC, 38000 Grenoble, France

(Received 11 May 2018; published 29 August 2018)

We establish a localization phase diagram for light in a random three-dimensional (3D) ensemble of
motionless two-level atoms with a threefold degenerate upper level, in a strong static magnetic field.
Localized modes appear in a narrow spectral band when the number density of atoms ρ exceeds a critical
value ρc ≃ 0.1k30, where k0 is the wave number of light in the free space. A critical exponent of the
localization transition taking place upon varying the frequency of light at a constant ρ > ρc is estimated to
be ν ¼ 1.57� 0.07. This classifies the transition as an Anderson localization transition of 3D orthogonal
universality class.

DOI: 10.1103/PhysRevLett.121.093601

The search for Anderson localization of light in three-
dimensional (3D) disordered media has been an active
research direction since the mid 1980s when John [1]
and Anderson [2] independently noticed that light could
be localized by strong disorder in a way analogous to
electron localization in disordered solids [3]. It was
rapidly recognized that optical localization in a dielectric
material is difficult to achieve because, on the one hand, of
the way in which the disorder enters the optical wave
equation [the position-dependent dielectric function εðrÞ
of the material multiplies the second-order time derivative
of the electric field] and, on the other hand, of the
relatively low values of ε of available transparent materi-
als at optical frequencies [4]. Unfortunately, even the
materials composed of particles with the largest available
dielectric constants did not allow for an indisputable
observation of disorder-induced light localization in three
dimensions thus far [5–7].
A random spatial arrangement of motionless atoms

represents an alternative to dielectric media for reaching
Anderson localization of light [8,9]. Indeed, the coherent
backscattering (CBS) of light, considered as a precursor of
localization, was observed in cold atomic gases almost
20 years ago [10–12]. However, the vector character of
light and the associated dipole-dipole interactions between
atoms have been predicted to prevent Anderson localization
in atomic systems [13,14]. A static external magnetic field
partially suppresses the interatomic dipole-dipole inter-
actions and can induce localization of light that is quasire-
sonant with a Jg ¼ 0 → ðJe ¼ 1; m ¼ �1Þ transition
(Jg and Je are the total angular momenta of the atomic
ground and excited states, respectively, and m is the
magnetic quantum number of the excited state) [15]. It
is important to stress that the role played here by the
magnetic field is different from that reported in Ref. [12]

where the field enhances the CBS contrast for light
scattered by a cloud of Rb atoms. In the latter case, the
magnetic field lifts the degeneracy of the atomic ground
state (Jg > 0) and thus suppresses Raman scattering and
lengthens the coherence length of light. We consider atoms
with a nondegenerate ground state (Jg ¼ 0) and no Raman
scattering. The magnetic field can have only a negative
impact on such interference effects as CBS because the
contrast of the latter is already maximum in the absence of
the field. Therefore, understanding of Anderson localiza-
tion in our system cannot be achieved with far-field
interference arguments and requires dealing with near-field
effects, such as the dipole-dipole interactions.
Although the presence of localized modes in the atomic

system subjected to an external magnetic field has been
already established in Ref. [15], the transition between
extended and localized regimes has not been studied yet.
This transition takes place in a dense medium that is
made strongly anisotropic by the magnetic field, and in the
presence of near-field couplings between atoms separated
by less than a wavelength in distance. Questions thus arise
concerning the nature of this transition: Towhich extent can
it be considered a genuine, disorder-induced Anderson
transition? What is its universality class? Does the
anisotropy of the atomic medium in a strong magnetic
field play any role? It is the purpose of this Letter to provide
exhaustive answers to these questions and thereby motivate
the experimental work on Anderson localization of light by
cold atoms.
An ensemble of N identical two-level atoms (resonance

frequency ω0, Jg ¼ 0 for the ground state, Je ¼ 1 for the
excited states) at positions frjg, j ¼ 1;…; N, subjected to a
constant external magnetic field Bkez and interacting with
a free electromagnetic field, is described by the following
Hamiltonian [16–18]:
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Localized Subradiant States

Localization of light in subradiant Dicke states: a mobility edge in the imaginary axis.
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Anderson localization of light in three dimensions has challenged experimental and theoretical research for
the last decades. Localization of light in cold atomic systems presents strong differences from the standard
problem of localization since one needs to deal with an open quantum wave problem in presence of long range
hopping which induces strong cooperative effects, such as super and subradiance. Contrary to common believe,
we show that localization of light is possible in the dilute regime for subradiant states. Additional disorder in
atomic transition frequencies leads to the emergence of a mobility edge in the immagibary axis, independent of
the real energy. The existence of a critical lifetime above which subradiant Dicke states are localized appears as
a general feature of scalar wave localization.

PACS numbers:

Strong localization, i.e. the absence of diffusion in a dis-
ordered sample, is an interference phenomenon proposed by
Anderson in 1958 to explain the transition between a metal-
lic and an insulating phase [1]. Since then, interferences in
disordered systems have thus been at the focus of an ever in-
creasing research community, ranging from condensed matter
to acoustics, optics, and ultra-cold matter waves as well as
quantum memories based on cold atoms [2–12]. Light has
been an obvious candidate to study Anderson localization of
non-interacting waves, which has triggered continuous efforts
since the mid-80s [13–23]. Anderson localization of light in
three dimensions however challenges this common believe. It
has now been shown that past experiments on Anderson lo-
calization of light [16–18] do not provide a signature for the
Anderson transition in three dimensions [19–23]. The mere
existence of an Anderson phase transition for light is now be-
ing questioned [1, 2] and a possible solution implying a time-
reversal symmetry breaking magnetic field has been proposed
to overcome limitations due to near field coupling in the dense
limit [26]. Here we propose a novel route towards localiza-
tion of light in the dilute limit, where interatomic distances
are large compared to the wavelength of the atomic transition.

In the standard Anderson localization problem, an excita-
tion can tunnel to nearest-neighbor sites placed in a regular
lattice with disordered energies (diagonal disorder) or disor-
dered coupling (off-diagonal disorder). On the other side,
light localization presents many features which strongly dif-
fers from Anderson localization problem: atoms have random
positions in a three dimensional volume, leading to positional
disorder and light induces complex long range hopping be-
tween the atomic sites, leading to cooperative effects such
as Dicke sub- and superradiance [27–30]. Moreover the ex-
citation can leave the system not only from the boundaries
but from all atoms. This constitutes a major difference even
w.r.t. open Anderson models, where the excitation can leave
the system only from the boundaries [3]. Thus, the possi-
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FIG. 1: (Color online) Subradiant localized eigenstate. Upper
panel : Three dimensional representation of the eigenstate with
Γ = 0.094, E = 0.1 and a participation ratio PR ≈ 7. Here the
radius representating each atom is proportional to its excitation prob-
ability |Ψj(r)|2, also coded in color [50]. Lower panel: The same
eigenstate projected on the x − y plane. Here N = 6400, ρλ3 = 5
corresponding to b0 ≈ 17.3 and W/b0 = 0.4.

bility to have a transition to localization in such systems is
highly non-trivial, since we are dealing with an open quan-
tum (wave) problem, where long range hopping and coopera-
tive effects significantly change the transport properties. For
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Mobility Edge in the Imaginary axis
4

10
-1

Γ
cr

- Γ

10
1

 ξ
=

2
.2

 (
P

R
)1

/3

10
-2

10
-1

10
0

 Γ

10
1

10
2

10
3

P
R

N=19200
N=6400
N=3200
N=800

b)

FIG. 4: (Color online) Mobility edge in the imaginary axis. Upper
panel: Participation ratio of the eigenstates (see legend on the right)
in the complex plane E,Γ of the eigenvalues of each state for N =
9600, ρλ3 = 5, b0 ≈ 19.8 and W/b0 = 0.8. The critical width for
the transition to localization (Eq.(4)) is indicated by the red dashed
horizontal line. Lower panel: Participation ratio as a function of the
decay width of the eigenstates for W/b0 = 0.8, ρλ3 = 5. Here
PR is averaged over the range −0.1 < E < 0.25. The vertical red
dashed line indicates the critical width obtained from Eq. (4). In the
inset we plot the estimated localization length ξ vs Γcr − Γ. The
dashed-dot line shows (Γcr − Γ)1.2. Horizontal lines show the size
L for different values of N = 800, 3200, 6400, 19200.

a combination of the coupling strength determined by b0 and
the Γ dependent mean energy spacing.

Mobility edge in the imaginary axis– From Eq. (4) one can
determine the critical decay width for fixed b0, N, ρ,W be-
low which we have localized states. Indeed from Eq. (4) we
can write for subradiant states (Γ < Γ0): Γcr ≈ (W/b0 −
0.053)/1.61. Fig.(4 a) shows the relevance of Γcr: for all
values of the energy E, a sharp transition in the participa-

tion ratio is visible below Γ = Γcr, indicated by the dashed
horizontal line, which corresponds to the appearance of a lo-
calized component on top a flat background. The appearance
of a critical decay width is a novel feature of the transition to
localization in open quantum wave systems in presence of co-
operativity (sub- and superradiance). Interestingly it points to
the existence of a “mobility edge” in the imaginary axis, Γcr,
at which the PR of the subradiant states diverges, see Fig. 4 b.
Remarkably the imaginary mobility edge is independent of E
as shown in Fig. 4 a and further discussed in [50].

A preliminary study of how the localization length ξ di-
verges at the immaginary mobility edge is presented in the
inset of Fig.(4 (b)). Since the PR gives the number of atoms
over which the excitation is concentrated, for exponentially
localized states in 3D, when PR � 1, we have PR ∝ ρξ3,
aloowing us to use the PR to estimate ξ close to the mobility
edge. In the inset of Fig.(4 (b)) we plot ξ = A × PR1/3

vs Γcr − Γ (A is a fitting constant) for different values of
N and a fixed density. The dashed-dotted red line indicates
ξ ∝ (Γcr − Γ)−ν with ν ≈ 1.2, indicating a power law di-
vergence of the localization length at the immaginary mobility
edge. Even if the estimated critical exponent is close to that of
the Anderson universality class, more analysis is needed to es-
tablish its value more accurately. In the inset of Fig.(4 b), we
also plot the length of the sample L as horizontal lines. Note
that both ξ and L are given in units of λ. By setting A = 2.2
we find that the PR becomes roughly independent ofN when
ξ < L, for all the different N considered. This is consistent
with our interpretation of ξ ∝ (PR/ρ)1/3.

Conclusions.– We considered a model [1, 2, 44] well suited
to describe coherent multiple scattering of light in a dilute
sample of two-level systems at low excitation level. The
unique features emerging from our analysis is the existence
of a ”mobility edge” in the imaginary axis which is indepen-
dent of energy. We demonstrate that disorder induces a diver-
gence of the partition ratio at a finite critical decay width of
the eigenmodes of the system, in analogy to the divergence of
the participation ratio at a finite energy corresponding to the
mobility edge of the Anderson model.
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Discussion

Critical Decay Width

Γcr ≈ (W/b0 − 0.053)/1.61

Critical decay width at which PR
diverges

Divergence is consistent with a
power law: (Γcr −Γ )ν with ν ≈ 1.2

Opetical thickness b0 determines
strength of the coupling.

Mean Level Spacing and Decay Width 9
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FIG. 10: (Color online) Increase of the mean level spacing with the
widths. The mean level spacing in the complex plane D is plotted vs
the decay widths Γ (red circle) for the case N = 3200, ρ − 5 and
W = 0. The mean level spacing has been computed by counting the
number of complex eigenvalues per unit area in the complex plane
for −0.1 < E < 0.25 and different ranges of Γ. The mean level
spacing D has been obtained by taking the square root of the inverse
density of complex eigenvalues. Note that an increase of the mean
level spacing is observed even if one compute the distance in the real
energy axis of the complex eigenvalues.

tonian, the PR has a more indirect link to transport properties
and we do not aim to discuss this link in this manuscript. Nev-
ertheless, also in this case, 1/(E − H) is the propagator for
the excitation in the system. For this reason, a change in the
structure of the eigenmodes of H as signaled by the PR repre-
sents a real physical change in the way excitations propagate
through the system.

IV. LOCALIZATION AND DENSITY

Here we compare our analysis of the localization proper-
ties of the scalar model for cold atomic clouds with the results
obtained in previous works, which used a resonance overlap
or Thouless parameter as indicator for localization [1, 2]. As
reported in Ref. [1, 2] the analysis of the Thouless parame-
ter in the scalar model predicts Anderson localization at high
densities in cold atomic clouds (mainly due to the positional
disorder) even in the absence of diagonal disorder. In Fig. 11
the mean participation ratio PR, defined in Eq. (3) of the main
text, is shown as a function of the density of a group of sub-
radiant states at a fixed and negligible disorder (considerably
lower thanWcr, see Eq. (4) of the main text). When the densi-
ties are large enough (ρλ3 > 24) these states are indeed local-
ized, above a critical density which is in excellent agreement
with Ref. [1, 2]. In order to avoid such a high density transi-
tion, we kept the densities analyzed in the main text at values
well below that critical value. Note however that at large den-
sities the scalar model is not a good description of atom-light
coupling and a more refined models, including polarization
and near field dipole-dipole coupling, does not show signa-
tures of localization in the dense limit [1, 2]. On the other
side, the localization transition observed in the dilute limit in
the main text is experimentally relevant. As a final remark,
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FIG. 11: (Color online) Average participation ratio of a group of
subradiant states with 0.01 < Γ < 1 as a function of the density ρλ3

at fixed very small disorder W ≈ 0.1. The transition to localization
occur at ρ ≈ 24 (red dashed line), in agreement with the results in
Ref. [1, 2].

let us note that the fact the analysis of the Thouless parame-
ter done in Ref. [1, 2] is in agreement with our analysis is a
surprising result. Indeed, as it will be clear from the discus-
sion in the next section, in open quantum wave problems, the
Thouless parameter can fail to signal localization transition.

V. LOCALIZATION TRANSITION AND THE THOULESS
PARAMETER

In the main text we gave evidence of a transition to localiza-
tion occurring as the parameter W/b0 crosses a critical value.
We remind that W is the strength of the disorder and b0 is the
optical thickness defined in Eq. (1) of the main text. The tran-
sition to localization has been analyzed by looking at a direct
measure of localization: the participation ratio PR, defined
in Eq. (3) of the main text. It was shown that above a crit-
ical value of W/b0 the PR of the subradiant states becomes
independent of the system size, if the density is kept fixed,
see Fig. (2a,b) of the main text. This is a clear signature of
localized eigenstates.

Often the problem of localization is analyzed using the
Thouless parameter (or conductance) g [11, 12]. Roughly g
can be defined as the ratio of the average decay width over the
mean level spacing and it measures the overlapping between
the eigenmodes of the system. In the localized regime we have
that g < 1 and it should decrease with the systems size, on the
other side, in the extended regime we have that g > 1 and it
increases as the system size.

The g parameter can be defined, see in Ref. [1, 2], as:

g = 〈 (2/Γ)−1

∆E
〉 (5)

where 1/∆E is the inverse nearest-neighbor average level
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Conclusions and Perspectives

1. Interplay of cooperative effectes can lead to interesting effects:
Mobility edge in the imaginary axis. (see G. L. C., M. Angeli, R.
Kaiser, arXiv:1702.04506.)

2. Criticality and Experimental realization

THANK YOU!!!
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