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OUTLINE OF THE WORK

e Key properties of the 1D aperiodic Kronig-
Penney model.

e Definition of two bidimensional random mod-
els with separable Hamiltonians.

e Connections between 2D separable models
and 1D K-P model. Structure of the elec-
tronic states.



1D APERIODIC KRONIG-PENNEY MODEL

Schrodinger equation

V" (z)+

E — i (U—I—un)5(a:nozozn)] Y(x) =0

n——oo

in units such that A%/2m =1

The K-P model can be analysed in terms of a
parametric oscillator

n——oo

x + {qQ— i (U—I—un)5(t—na—ozn)]a:=0

lLLocalisation of the <= Instability of the orbits
electronic states of the oscillator

A dynamical analysis of the parametric oscil-
lator makes possible to derive the |localisation
length for the Kronig-Penney model in the weak-
disorder case



HAMILTONIAN MAP APPROACH

Parametric oscillator

x4+ [qz— ioj (U—I—un)é(t—na—an)}xZO

n=——ox
Integrating the dynamical equation of the para-
metric oscillator over the time interval between

two kicks gives the map
Ln41 =T, In
Pn41 Pn

T, — cos [q (a + An)] + (U + up) éSin [q (a + AR)] %Sin [q (o + AL)]
—qgsin[g(a+ Ay)] + (U4 uy)cos[qg(a+ A,)] coslg(a—+ Ay)]

with

where

An — Oén_|_1 — On

Hamiltonian map <= Transfer matrix



THE INVERSE LOCALISATION LENGTH

LYAPUNOV EXPONENT

A= o (@ (ke) + (B2 Wa(ka)

—  2{unAy) cos (ko) W3(/€Oé)]

POWER SPECTRA

Wi (ka) = 142 i <“7z“”>+l> cos(2kal)
=1 un

Wo(ka) = 142 Z ”>+l> cos(2kal)

W5 (ka) = 142 Z A"’L:;D cos(2kal)

RESCALED DISORDER
U

sin (qa) ~
gsin(ka) ™ T Sin(ka) "

with



2D MODEL WITH RANDOM ANGULAR
POTENTIAL

Quantum particle in a “ring cake tin”

Cavity bounded by two truncated coaxial cylin-
ders with radii Ry and Ro; top and bottom hor-
izontal surfaces separated by distance dmax.

Separable potential

U(r,0,z) = U(r,0)U;(z)

with
[ if r<Rq
Us(r,0) = ¢ T%V(e) f Ry <r<Ro
| if Ro<r
and
00 if z<O
Uj(z) =« const. if 0 <z <dmax

00 it dmax < z



RANDOM POTENTIAL

V() = g: (U 4+ up)d (9 — %n — Oén>

n=1
RANDOM VARIABLES

Un, — compositional disorder

Ap =aap41 —an — structural disorder

STATISTICAL PROPERTIES

(un) =0 (ug) < U?
(A) =0 (A2)g? <1 ; WEAK DISORDER
" (AU <« 1

xa (k) =

xo(k) = 2225 BINARY CORRELATORS

xa(k) = ot




SCHRODINGER EQUATION

Separation of the z variable

Y(r,0,z) = Pi(r,0)sin (kzz)
Quantum number k;
¢(7“79,Z — O) Z@D(T,@,z = dmax) =0

U

ky = —"  with m=1,2,3,...

dmax

Schrddinger equation (R2/2m = 1)

—VEZ4+V(0) /3] wu(r,0) = (E — k2) i(r, 0)
with

10 [/ 0 1 92
tTvor Uar) T 12002



APPLICATION: MICROWAVE CAVITY (1)

The mathematical identity of the Schrodinger
and Helmholtz equations allows one to apply
the analysis to the electric field of a TM mode
in @ microwave cavity

Era(r,0,2) = Es(r, 0) sin (?% 7
0

Helmholtz equation for the electric field of the
m-th TM mode

2
g2 (T
{vth(do)

If the depth dg of the cavity is not constant,
but varies slowly with r, the Helmholtz eq.

takes the form
Ba(r0) = | — (mW)Q
A o c? dmax

2 2
5 mi mi
{_vt " [(d@: 5) (i)

w2
EZ('ra 6) — C—QEZ(Ta 9)

E.(r,0)




APPLICATION: MICROWAVE CAVITY (2)

Identity of Schrodinger and Helmholtz equa-
tions requires

V(@) 5 5 1 1
—— mM 7T —
r2 d2(r,0)  d&ax
|
d(?“,e) _ mﬂ'dmaxT

VdZhaxV (0) + (mar)?

The desired potential can be obtained by ap-
propriately shaping the distance between the
top and bottom plates of the cavity. Insertion
of radially directed trapezoidal slabs mimicks
the potential

N
Ve(0) = Z Unne (60 — 6n)

n=1

with

n(0) = { 2i€ if 0¢[—e¢,¢]
0 if 6¢][—e,¢]



APPLICATION: MICROWAVE CAVITY (3)

Schematic section of a microwave cavity (dif-
ferent length scales used along the z- and y-
axis)

Top plate

CCZCDrm® e

\

al

7
VIIIIIIII&(IIIIIII gl

Bottom plate

Actual cavity
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VARIABLE SEPARATION

Wavefunction (cylindrical coordinates)

Y(r,0,z) = R(r)©(0)sin (k,z)

Quantum number k;
Y(r,0,z =0) = (r,0,z = dmax) = O

N2
ky = —"  with m=1,2,3,...

dmax

Schrddinger equation (R2/2m = 1)

d2 —I—E (U—I—u)5<9 —n a)@—q2@
mn — — mn
S de? ' = N

and
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o

K.-P. MODEL FOR THE ANGULAR
VARIABLE ©(9) (1)

Schrodinger equation

e X
2 + ) Und (0 — an — ap) © = ¢°O
n=1

with o = 27 /N (lattice step)
Periodic boundary condition

©(0) = o(2n)
Hamiltonian map

en—l—l ) — T ( On )
< O t1 "\ o,
with
On=0((na+t+an)”) O, =0((na+an))

cos[q(a+ A+ (U + un) —sin[qg (a 4+ Ay)] %sin [q (o + Ay)]
—gsinfg (o + A)] + (U + un) cos[g (o + A)] €08 [q (o + An)]
where

12



K.-P. MODEL FOR THE ANGULAR
VARIABLE (1I)

Corresponding tight-binding model
1 o n 1
sinfg(a+An)] " sinfg(a+ A1)

— {cot [q (o + An)] 4 cot [q(a+ A, 1)] + = 4; “”} On

en—l

Tight-binding model with diagonal and off-diagonal
disorder

13



VANISHING DISORDER
Tight-binding model

@n—i—l +O,-1=2

cos(qa) + v Sin(qa)] On
2q

Eigenstates: Bloch waves
sin [q(8 — an)]
sin(qa)

o®) () = eikan {COS [q(6 — an)] + [e“‘?a — Cos(qoz)}}

with 6 € [an,a(n 4+ 1)].
Bloch vector

2
k=2""p with n=0,1,...,N—1.
N

Band structure (U = 5.7 and N = 40)

100 | N=2 s ]

N=3 ----seeeee
80 ‘.x*"x xxxxxxx
r %, X
“x,& ,(xx
60 | T, o~
Ee(n) *x,x.*% ‘_*.xx
94y =%
40 + |
L 'l.,.“"‘.-
e '-‘-""-l..
20 ’.--i-“"“. '."""-'...r
fiiniaton o o oaesaesaETTEy
O Il Il
-Tr w2 0 w2 s
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WEAK DISORDER

Weak disorder

(u2) K U?, (A2YEp < 1, and (A2)U < 1.

Inverse localisation length

1 1 sin?(qa) , 5 2/ A2
lIOC — 8sin2(ka) (qa)z (un)W1i(ka) + U (A7) Wa(ka)

_ 2Usmq(§a) (unAp) cos (k) Wa(ka)

Power spectra
Wi (ka) = 142 iojl <“?Z§;Fl> cos(2kal)
W (ka) = 1 +2l§ <AZ‘AA%"’L>+Z> cos(2kal)

_ — {(UnDy4)
W3 (ka) = 1—|—2;:1 v cos(2kal)
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CORRELATED DISORDER

A few points to remember:

e Power spectra wich vanish over continuum
energy intervals create effective localisation-
delocalisation transitions

e Disorder correlations can suppress localisa-
tion in certain energy windows and enhace
it in the complementary intervals

e FOor any given power spectrum, a corre-
sponding random sequence can be gener-
ated (inverse problem)

16



CORRELATED DISORDER: EXAMPLE

Compositional and structural disorder with the
same spectrum:

Wi(k) = Wa(k) = { 2 (ko — k1) it ke [k, ko]
0 it k€ [O, kl] U [k’g, g]
Binary correlators
(Ui4nw) — (D) _ 1 : n) — si n
w?) (A7) 2(ke—k)n [sin (2k2n) — sin (2k1n)]

Inverse localisation length

1 Sing 2
e = ok ( p ) (um) W1 (k) + U (A Wa(k)
Slnq

U\/ (A2YW1(k)Wa(k) cosksin (2n)

17



0.2

0.15 r

LYAPUNOV EXPONENT
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2nd band

Data obtained for U = 5.7, \/(A2) = 0.05,

\/@ = 0.4. Mobility edges set at k1 = 0.267
and k> = 0.27w. Blue line: positive cross-
correlations; green line: no cross-correlations;
red line: negative cross-correlations.
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TWO NATURAL QUESTIONS

T he analysis carried out so far leaves open two
questions:

e [ he theoretical results for the localisation
length are obtained for a K.P. model with
infinite barriers. Can one apply them to
the present case, with a finite number of
barriers?

e How does the 2D nature of the model man-
ifest itself?

19



LOCALISATION IN A K.P. MODEL WITH A
FINITE NUMBER OF BARRIERS

The finite domain of the angle variable, and
the limited number of barriers that it entails,
do not matter much if disorder is strong enough
for the localisation length to satisfy the condi-
tion

lioc K 27

For K.-P. models with N wells, the degree of
localisation can be measured via the entropic
localisation length

InN = exp [Sy]

with Spr being the Shannon entropy of the an-
gular eigenstate ©(4) associated to the mo-
mentum g

N
Z |@(q)|2 In @(q)|2

20
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NUMERICAL RESULTS

y

N = 40 barriers

Case considered { Structural disorder with

| /(A7) =0.076 rad

Entropic localisation length for a single reali-

sation of the disorder:

Uncorrelated disorder

In

30

28 +

26 +

24 +

22 +

20 +

18

Correlated disorder

The correlations of disorder enhance localisa-
tion and produce angular localisation of spe-

cific eigenstates

21

22



THE RADIAL SCHRODINGER EQUATION

Schrodinger equation

d°R  1dR 5 G2
— E—kk—-—=—|R=0
dr?2 T r dr T ! S
Solution

Ry(r) = c1Jq(VE — k2r) + eoYy(\ E — k27)

Boundary conditions R4(r1) = Ry(rp) = 0 give

Yo(VE — k2r1)Jq(VE — k2r3) = J,(VE — k2r)Yy(\/ E — k215)

which determines the energy eigenvalues E, ; ..

11

10 r

9 -

v (GH2)

w B [¢)] ()] ~ ©
T T T T T

-TT -12 0 2 m

Eigenfrequencies v of the microwave cavity
vs. Bloch wavevector k
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2D NATURE OF THE MODEL

The partial overlapping of the energy bands
corresponding to different values of the radial
quantum number s makes possible the angular
localisation within the same energy window of
states with different radial quantum number

0.8

Pl i s=1, numer, ——
07 + Pl $=2, numer. —— |
. H : H Fl, analyt ............

s=2, analyt.
0.6

05

04

A (rad™d

03 f
02 r

01 r

AVAN

35 4 4.5 5 55
v (GHZ2)

Inverse localisation length A\ vs.
eigenfrequency v for the first allowed bands
corresponding to s =1 and s = 2. Structural

self-correlated disorder with strength
(A2) = 0.076 rad.
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2D MODEL WITH RANDOM RADIAL
POTENTIAL

e Problem: quantum particle in a 2D central
potential, formed by a sequence of circu-
lar delta-barrier of random strengths and
positions

e [ WO related questions:

1. Localisation of the eigenstates when the
sequence of barriers is infinite

2. Transmission through a finite number of
random barriers

24



SCHRODINGER EQUATION

Schrddinger equation (R2/2m = 1)

—V2+ V()| e(r,0) = Ey(r,0)
2d Laplacian

v2

10 ( a) 1 52
= — r ——

ror \ Or r2 002
Random potential (N = o0)

@)

V(r) = Z (U4 un)d(r—rn)

n=1
Random variables

Barrier positions: rn = na + (6r)n
Barrier strengths: Up, =U + un,

We focus on the case of weak disorder

25



SEPARATION OF THE VARIABLES

Wavefunction

x ()
,0) = SIC,
Y (r,0) o (0)
Angular part
d°e 1,
4P =0 = O0) = o ez
d6? T (9) \/2776
Radial part
d?x 2 —-1/4
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HAMILT ONIAN MAP APPROACH

Dynamical equation

2 o0
T+ {qz - l t21/4 - Z (U + un)d(t — tn)] r =0

n=1

Oscillator with time-varying frequency perturbed
(weak disorder!) by a sequence of random
kicks

Integrating over the time interval [t%_),t,,(,;k)l]

gives
Pn+1 Pn

T, — ( (Tn)11 (Tn)12 )

with

(Tn)21 (Tn)22

27



(Tn)ll

(Tn)12

(Tn)Ql

(Tn)22

m + +

+ + 4+ 4+ 4

TRANSFER MATRIX

g {0/ tat1tn [Ji(atn1)Y/ (atn) — Yi(atn+1) ] (atn)]

Lt g ) YiCate) — Yilatngs)Ji(ata)]
(U + Un) \V tpt1tn [}/l(qtn—l—l)Jl(qtn) - Jl(qtn—l-l)yi(qtn)]}

gm [Yi(qtn_kl)t]l(qtn) — Jl(qtn+1)i/l(qtn)]

7T
5 {@®V/tot1tn [J](atns1) Y] (atn) — Y/ (qtns1)J] (qtn)]

1 [t , ,
S0y 7 [ Catn ) Yilatn) = Y/ (gtn41)i(gtn)]
1 tn / /
S0/ [ Ji(gtn41)Y/ (gtn) — Yi(qtnt1)J] (gtn)]
n—+1

1
q(U + Un)\/ tnt1tn [n/(qtn—l-l)Jl(qtn) - Jl/(qtn—l-l)yz(qtn)}
1 tn
EQ(U + up) o [Yi(qtn+1)Ji(qtn) — Jz(qtn+1)Yz(qtn)]}

7T
5 {a\/tnt1tn Y/ (qtns1) Ji(qtn) — J{(qtnt1)Yi(qtn)]

2 tn—i—l

[Yl(qtn+l)Jl(qtn) - Jl(qtn-l-l)}/z(qtn)]}
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ASYMPTOTIC BEHAVIOUR OF THE
TRANSFER MATRIX

For large times, the evolution matrix can be
expanded in power of 1/t

_ 0 P=1/4_(2)
T, =T, 2qt% Ty + ...

Zero-th order term

TO :( cos g (a+ An)] + (U + un) %Sin [q (a + Q)] %Sin lq (a + An)])
—gsin[g(a+ Ap)] + (U +up) cos[g(a+ Ay)]  coslqg(a+ Ay)]
Second-order term
(TP = |3 +u) —a = A sinlg(a + &)
(U + un)(a+ Ay) coslg(a + An)]

q

(Ti2 = —ksinfg(a+ A+ ta+ An)cosg(a+ An)]
(T{)o1 = [14 (U +uw)(a+ A)]sin[g(a+ Ay)]
+ q(a+ Ap)cosqg(a+ Ay)]
(T%Q))zl = —(a+ Ay)sin[qg(a+ Ay)]
where

Ap = (57“)n—l—1 — (6r)n

29



LYAPUNOV EXPONENT

The 1/t2 correction is obscured by noise when

L < a7~ VD

and does not affect the Lyapunov exponent
The Lyapunov exponent A for the 2D K.-P.
model with rotationally invariant disorder co-
incides with A for the 1D K.-P. model. This
conclusion is confirmed by numerical results.
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NUMERICAL RESULTS

0.018

Numerical data ——
0.016 | Theoretical formula |

0.014
0.012

0.01
0.008
0.006
0.004
0.002

0]

O 10 75 37710 275 w2 3775 77710 4775 97710 7T

ka
Lyapunov exponent A\ vs. Bloch vector ka
0.018

" Numerical data ——
0.016 | Theoretical formula i

0.014
0.012

0.01
0.008
0.006
0.004

0.002

0 L
0] 10 20 30 40 50 60 70 80 90

Lyapunov exponent A vs. angular energy g2

Data obtained for U = 8, 1/(A2) = 0.02, and /(u2) = 0.02. Self-
correlations generate an effective mobility edge at ka = =w/5; no
Cross-correlations.
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TRANSMISSION THROUGH A FINITE
NUMBER OF )-BARRIERS

Statement of the problem: Central antenna
irradiating circular waves from the origin which
impinge on a sequence of N Jd-barriers.
Schrodinger equation for the radial part R(r)

d°R; 1dR, N 12

B R qQ—Z(U—I—un)(S(T—rn)—T—Q R; =0

r dr =1

Solution in the central disk: Incoming wave +
reflected wave

Ry(r) = AgH™M (qr) + BoH ? (gr)

Solution in the n-th well:

Ry(r) = AnHP (qr) + BoHP (gr)

Solution beyond the last barrier: Outgoing wave:

Ry(r) = AnH™Y (gr)
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TRANSMISSION COEFFICIENT

Probability current

j — % [w*(’r) 9)p¢(ra 9) + C-C-]

Transmission coefficient: definition

2w R
/ lout - Fly=, 7ndO

TN — 2T ) R
0 [Jin ) r]fr:frl ’I“]_de
Transmission coefficient: value
Ty = [An|?
|Apl?
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TRANSFER MATRIX APPROACH

Transfer matrix in wave representation

An—l—l An
=M
( Bpi1 > " ( B )

with
(Mn)11 = 1—iZrp1 (U + 1) H (qrpp ) B (qrng1)
M1z = ~iFrapa (U + ud) (B (arg)]
(Mn)o1 = igrpe1(U + upyq) [Hl(l)(qrn+1)]2
(Mn)oz = 14 iZry (U + upy 1) HY (grng 1D HP (grpg1)

Total transfer matrix

MN:MN'MN—l---Ml

Transmission coefficient
1

(Mpy)22]?

Ty =

34



RECURSIVE RELATION

After eliminating the B,, coefficient from the

map
An—l—l An
=M
< Bpt1 ) " ( By )
one obtains the recursive relation for the ratio

2
Tn+1(U + Upy1) [HZ(Q)(Q?“n+1)] 1 o
- = 2

(U + un) [HZ(Q)(an)] Rn
— i1 (U A ) H D (@) H D (arg1)

2
Tn4+1U + up41) [HZ(Q)(an+1)]

_|_

U+ un) (B (gr)|

X |14 73%%4-1((] + un—I—l)Hl(l)(qrn—Fl)Hl(z)(qrn—Fl)

Transmission coefficient
N
InT}, = 2 Z In | Rp|

n=1
35



TRANSMISSION COEFFICIENT:
THEORETICAL EXPECTATIONS AND
NUMERICAL RESULTS

SPS hypothesis < Ty = f (M)

lioc
We expect Ty ~ 1 whenever A ~ 0. The pre-

diction agrees with the numerical results.

-

| i
10 | fU
E

InTy

-15 +

-20 +

Numerical data ——
Asymptotic formula

0 10 20 30 40 50 60 70 80 90

q2

-25

In Ty vs ¢°. The blue line represents the asymtptotic for-
mula In7Ty ~ —2AN valid in the localised regime. Data
obtained for N = 200 barriers with r; = 200, U = §,
m = 0.02, and \/@ = 0.02. Self-correlations
generate an effective mobility edge at ka = =/5; no

Cross-correlations.
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TRANSMISSION COEFFICIENT:

NUMERICAL RESULTS

In TN VS q2
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i
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‘ Asymptotic formula ——
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CONCLUSIONS

e [wO 2D disordered models with separable
Hamiltonians: one with angular disorder,
the other invariant under rotations

e Mathematical problems reduced to man-
ageable 1D cases although the models re-
tain 2D features

e Correlated angular disorder can be used to
focus beams in specific directions; corre-
lated radial disorder can be used to select
the energy of the transmitted beams.
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