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Anderson localization in quantum mechanics

Quantum particle (electron, atom,...)
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Anderson localization in quantum mechanics

Quantum particle (electron, atom,...)

7'12
——V2(r) + V(r)y(r) = Ep(r)

2m

- - - E

Disordered potential V(r)

In 1D & 2D all eigenstates are localized
for arbitrarily weak disorder

Anderson, PR 109, 1492 (1958)



Anderson localization in quantum mechanics

Quantum particle (electron, atom,...)

7'12
——mVQw(r) + V(1)y(r) = Ey(r)

H ‘ H /_
M\UMAM\ ‘W‘v“%M’u\ \M\Un

—_—— — —_—— — — = F,

Disordered potential V(r)

In 3D a mobility edge E_ separates
localized and extended states

Anderson, PR 109, 1492 (1958)



Localization of classical waves: light, sound, etc.

V24 (r) + k2 [1 + 6p(r)] tu(r) = 0

“Fluctuating

- In 3D mobility edges w. separate... “dielectric constant”
...extended eigenmodes ...and localized eigenmodes
P (T) localization Yw(r)
/’_\
length &

Dielectric constant du(r) Dielectric constant du(r)

-In 1D and 2D all modes are localized whatever w



Classical waves are often vector waves

Light Elastic wave

compressional waves:
Kk——>

k shear waves:
k >
B

Does the vector character of excitations
have any importance?



Foldy-Lax equations for multiple scattering

Wave field Incident Scatterers

on the scatterers monochromatic
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= o (ry) + a(w ZG Iy, ;)Y S ©
JFN

H\

Foldy, Phys. Rev. 67, 107 (1945)
Lax, Rev. Mod. Phys. 23, 287 (1951)



Foldy-Lax equations for multiple scattering

Wave field Incident Scatterers
on the scatterers monochromatic
\‘ifave 'lpo
/ . ‘ | I‘n
= Yo(ryn) + a(w ZG r,,r;)y(r;)) — f
TR =]
r;
Incident  Scatterer Green’s function J
field properties  of Helmholtz equation

Foldy, Phys. Rev. 67, 107 (1945)
Lax, Rev. Mod. Phys. 23, 287 (1951)



Foldy-Lax equations for multiple scattering

Wave field Incident Scatterers
on the scatterers monochromatic
\‘:f&ve 'lpo
/ rn
= Yo(rsn) + ow Z Go(rn,t)Y(r;) — f
I‘j -

Incident  Scatterer Green’s function
field properties  of Helmholtz equation

Y=o +aw) [Gw) -]y ={p),.. N}

exp(ik|r, —r;|)

Gjn(CO) = i(Sjn -+ (1 — 5gn)

klr, —r;|

Foldy, Phys. Rev. 67, 107 (1945)
Lax, Rev. Mod. Phys. 23, 287 (1951)



A minimal model of disordered media

Real samples complex
Scatterer size
»<—— a ~ wavelength
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A minimal model of disordered media

Real samples complex
Scatterer size
=—— a ~ wavelength
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Our model simpler

2 RN Resonant
, point
t’®, o % 3 scatterers

__—’

\ e e, / = tatoms”

Cross-section o

Frequency w

a(w) = —(I'o/2)/(w — wo + iT'0/2)



Structure of the Green’s matrix




Structure of the Green’s matrix

One-atom dynamics:
G;; = i describes the decay e~'°! of the excitation
of an isolated excited atom. Deterministic (not random).



Structure of the Green’s matrix

Pairwise coupling between atoms 1 & 2:
Gio = e”:ko""”/korlg is the field at position 2
due to a source at position 1. Random.

Off-diagonal disorder: see, e.g., Eilmes, Romer, Schreiber,
Physica B 296, 46 (2001)



Green’s matrix as an effective Hamiltonian

Disordered system

Hermitian ReG and anti-Hermitian
ImG parts of Hqfr are correlated

G has correlated elements

see J. Phys. A: Math. Theor. 44,
065102 (2011)

Chaotic billiard

Hermitian (Hp) and anti-Hermitian
(—%VVT) parts of Hegr are
independent

Hgy and V have i.i.d. elements
— “simple"” theory

see Haake, Izrailev, Lehmann, Sa-
her, Sommers, Z. Phys. B 88,
359 (1992)



Quasi-modes of the system

n

Green’s matrix G describes
propagation of light
between pairs of atoms

Tin = Ty, — rj|
/G¢n — /\nlbn
(Right) eigenvectors: Eigenvalues (resonances):

Y, = {2, ... YN} An = ReAp + iImA,




Quasi-modes of the system

n

) .\'I‘jn Green’'s matrix G describes
."’D , propagation of light
) .fb.j between pairs of atoms
> Tin — 0 — rj|
Gwn — /\nlbn
(Right) eigenvectors: Eigenvalues (resonances):
Yn = {Uh, va, ... n } An = ReAp + ilmA,
Fregquency Decay rate
of the mode of the mode



Green’s matrixfor N > 1

ImA o< decay rate

Gi,bn — /\nlbn
15t N = 1000
p/k3 = 0.12
10
5
Ot e
~10 5 0 5

ReA x frequency shift

EPL 96, 34005 (2011)



Green’s matrix for NV > 1

[
o

M~ N

hn

ImA o< decay rate

~10 =5 0 5
ReA x frequency shift

EPL 96, 34005 (2011)



Green’s matrixfor N > 1

15

[
o

hn

ImA o< decay rate

C?@bn,==:/\n@bn

N = 1000
p/k3 = 0.12

~10 5 0 5

ReA x frequency shift

M < N

Localized:

%10

EPL 96, 34005 (2011)



ImA o< decay rate

Green’s matrixfor N > 1

[
o

hn

5 0 5
ReA x frequency shift

PRl
- -

e e e e e ==

LLocalized:
M<K N
IPR, = —=1 5~
N 2
(_zlwn(r@-n )
=

for a mode localized on M atoms

1=

EPL 96, 34005 (2011)



IPR at a sufficiently high density

In(ImA) o In(decay rate)

Band of Y 0 I
_i5. localized ——| . :
states L p/kE = 0.2016
A N = 5000
_20 . ol |
- = 0 5 10

ReA « frequency shift

Eigenvalue domain boundary from the diffusion theory
Subradiant states localized on 2 closely located atoms

PRL 112, 023905 (2014)



Dimensionless conductance = normalized decay rate

[
o

A
ow ~ ImA — “mode width”

hn

ImA o< decay rate

~10 =5 0 5
ReA x frequency shift



Dimensionless conductance = normalized decay rate

[
o

A
ow ~ ImA — “mode width”

hn

ImA o< decay rate

ReA x frequency shift

ﬁh

Aw ~ ReA,11 — ReA,; — “mode spacing”



Dimensionless conductance = normalized decay rate

@
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3 o o dw ~ ImA — “mode width”
©
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S OW
— g p—
ol e |y <AW>
. T houless parameter
=10 P 0 S dimensionless conductance
ReA x frequency shift
—  ——

Aw ~ ReA,11 — ReA,; — “mode spacing”



Scaling theory of Anderson localization

Main idea: Study how g evolves with sample size R

If the modes are extended, g grows with R
If the modes are localized, g decreases with R

At the critical point g = g, is independent of R

R+ AR

Abrahams et al., PRL 42, 673 (1979)



Scaling of dimensionless conductance

Scalar model

dlng
In kg R

B(g) = 5

PRL 112, 023905 (2014)



Critical behavior around the mobility edge

Extended states
Diffuse transport

(r',0)

Localized states
Transport blocked

localization Yw(T)
length &

Diffusion coefficient
D(F) x |E — E.|*

Localization length
§(E) o |E— Ec|™"
/

>
Mobility edge E. Energy E

Critical exponents s = v (in 3D)



Thouless conductance & scaling

N scatterers at density p

eikOTij

Gij = b + (1 —dy)

_ korij
(in the scalar case)

PRB 94, 064202 (2016)



Thouless conductance & scaling

Eigenvalues of

N scatterers at density p the Green’s matrix
Gn = Ntbn

Gi; = i6;; + (1 — d;5)

(in the scalar case)

korij

PRB 94, 064202 (2016)



Thouless conductance & scaling

Eigenvalues of

N scatterers at density p the Green’s matrix =~ Thouless conductance
Gn = Ntbn
15 - dw = ImA
11
< | \
EY mdlas,, N
_ R 9@) = TR
3 . “'. 4
Ot e ® /
ikors; ~10 -5 0 5 B
Gy = idj+ (1 — 5ij)'ek—0 ' 2wy —w)/To=ReA (Aw) = (Wnt1 — Wp)
OTij

(in the scalar case)

PRB 94, 064202 (2016)



Thouless conductance & scaling

Eigenvalues of

N scatterers at density p the Green’s matrix =~ Thouless conductance
Gn = Ntbn
dw = ImA
5

» g(w) = (IA—@

Giy = i+ (15, 2wo — w)/To = ReA  (Aw) = (Wnt1 — Wr)
korij
(in the scalar case) ’

We are going to study statistical properties of g(w) at
high p > 0.1k3 at which localized states are expected

PRB 94, 064202 (2016)



Scaling of the average Ing

: 3 _ A 4 s N
p/kg = 0.15 . _ 5000
- : 4000
[ . 6000
- 'l ocalized - 8000
2[ | states: | ] j 10000
C L ho 12000
\E/ ol .\.,’/ ’ %2888
Extended i ~ i Extended
_ot states: i | states:
RTE, . RTE,
diffusion i i diffusion
4 -3 -2 -1 0 1

PRB 94, 064202 (2016)



Distribution of conductance

0SS os ReAT 05
0 45 extended
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PRB 94, 064202 (2016)



Single-parameter scaling

/\ 1

R — system size Ingg = Fy(R/E) § X (Reh — ReA,)”

~
— localization
length
Ing, = Fy(R/§) = Fy|R(ReA —ReA.)"]
= F, [RY"(ReA — ReA.)] Fo(, 9)

Relevant scaling variable:
W = Rl/”u(ReA — ReA.), u(z)=wuiz+ Uox® + . ..

Irrelevant scaling variable:
¢ = R™Yv(ReA — ReA,), v(x) = vy + vix + vox? + ...

Slevin, Markos, Ohtsuki, PRB 67, 155106 (2003)



Finite-size scaling of percentiles
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PRB 94, 064202 (2016)



Best-fit parameters

(ReA,) = —0.503 & 0.007 |
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The value of critical exponent following
from the fits is close to v ~ 1.57 ex-
pected for the 3D orthogonal symmetry

We conclude that the observed transi-
tion is likely to belong to the same sym-
metry class as the Anderson transi-
tion in a system of spinless elec-
tromns.

PRB 94, 064202 (2016)



Phase diagram for scalar waves
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Anderson

tE
localization
k
B > ® >
390
4 ';h

Pioneering theoretical works: John, PRL 53, 2169 (1984)
Anderson, Philos. Mag. B 52, 505 (1985)

Experiments inconclusive: Wiersma et al., Nature 390, 671 (1997)
Sperling et al., Nat. Photonics 7, 48 (2013)
Sperling et al., New J. Phys. 18, 013039 (2016)



Light is a vector wave

“Schrodinger waves”
or sound

Ww(r,t) k

o

Propagation
direction




Light is a vector wave

“Schrodinger waves” Electromagnetic waves
or sound
tE(r,t)
Y(r,t) k k
@ > >
Propagation Propagation

direction B(r, t) direction




Green’s matrix for light

Green’s matrix G describes
propagation of light

between pairs of atoms
rjn =TIn — I‘j

m
3 etkorjn : : T?nr;jn
+ (1 —=0jn)= P(ikorjn)du + Q(ikorjn) —5—
2 k()’l"jn in
W, V=2,Y, 2 natural basis
z
Plz)=1-1/x+1/2* Q(z)=—-1+3/x —3/x”
Y



Structure of the Green’s matrix




Structure of the Green’s matrix

((i 0 0] Gis Gii Gi3 o G GEE
0 i 0 Gh GE G .. Gy GI Gl
00 i) G G, G iv Giv Giy
LN 4 xz 1 0 O oo
Gi‘z’}” G% Ggé 0
21 21 21 1 O | ..
7 Gof 22 0 0 )
szil gzvzl Gz\le ..................... (1 0 0)
N1 N1 W frrreeee e 2 0

One-atom dynamics:

Excitation of an isolated excited atom decays as e~1o*




Structure of the Green’s matrix

Pairwise coupling between atoms 1 & 2:
G715 is the y component of the field at position 2
due to a dipole oscillating along x at position 1



Inverse participation ratio for light

In(ImA) o In(decay rate)

PR, = —= .
~of ., Scalar [ lene)
= 0 IR 05
oy me a
. o plky = 1.500
“10} | e ) 0 el N = 4000
10 _s 0 5 10

ReA « frequency shift

Eigenvalue domain boundary from the diffusion theory
Subradiant states localized on 2 closely located atoms

PRL 112, 023905 (2014)



No Anderson localization for light in 3D

Scalar model

Vector model

. No localization

5| transition

- dlng L
Bl = GinkoR

3 4 5 6

PRL 112, 023905 (2014)



No Anderson localization for light in 3D

Scalar model Vector model

. No localization

5| transition
S dlng R
Bl = GinkoR
3456
In g
Explanation stems from near-field effects (dipole-dipole coupling):
1 ~ 1
Gscalar(r)|q~_>0 X s Gem(r) 0 ¢ -3

PRL 112, 023905 (2014)



Anderson
localization

of light in a magnetic field




Atoms in a magnetic field

Resonance frequencies:
Wy, = wo + mI'gA




Atoms in a magnetic field

Resonance frequencies:
Wy, = wo + mI'gA

Magnetic field suppresses
near-field coupling
between atoms by
longitudinal fields

Afrousheh et al., PRA 73, 063403 (2006)



From natural to spiral basis

P natural basis

> 3 ST AZ
Atom 7 Atom n i
Jg=0 —>
GHY = ibjndu v
3 etkorjn : : T?nr;jn
-+ (1 — (Sjn)— P(Zkorjn)duv + Q(’Ll{?()?"jn) 2
2 korjn in
l’l/j V = ‘,E) y? <

Plx)=1—-1/z+1/2*, Q(x)=—-14+3/x —3/z°



From natural to spiral basis

natural basis

3 a ~) e m=1 4z
Atom 7 Atom n “ )
Jg=0 —>
Gl = iBind ;o
3 etkoTjn . rlitnr’./n
(L= 8m)=s P(ikor )0, + Q(ikorjn) 22
2 I{()’T'jn jn
l’l/7 V = 337 y? <
Plz)=1-1/x+1/2* Q(z)=—-1+3/x —3/x*
N4k
0
Gmm'(r) = " 3R, Z Ay Gy (X)) i1 spiral basis

v
m, m' =—1,0,1 OC-»
) m = — +1 0



Green’s matrix in a magnetic field

, 2
— (Z - QmA) 6ejmen - h:[‘ (1 - 5ejmenm,)
0
’iko’f“n
X § :d, R A Ljn_
€imGi Gn€., .1 3 R YR
J J nm T o—"

Jgmn // ® \\\
P
< o
. 2 \® L */
’ {5uu 1 —ikorjn — (korjn)]  \o "o/ | B

rt pv

— gn2 Jn [3 3?,ko?°3n — (k()?“jn)ﬂ }

Tjn

A = geppB/RT

d

€im4gj

= <Jem|]5j|*]go>

see also Pinheiro et al., Acta. Phys. Pol. A 105, 339 (2004)



ImA o decay rate

Eigenvalues in a strong magnetic field

Light interacting
with Am = 1 transition

Light interacting
with Am = 0 transition

Light interacting
with Am = -1 transition

30 ’ C /
DD DD .
(a) N — 8000 Low density
201 A = 1000
p/ks = 0.02
10}
O = = . I &4 .ooomm : HA & - - e casres oo
—2015 —2000 ~1985 77, . -15 0 15 77, 1985 2000 2015
30 >0 >0 . .
(b) o . L High density
p/ky =0.2 L eecslhgzss
20} ey AN AR
o B, %,
10}
. . \ ¢ (- . : ¢t . .
—2015 —2000 -1985 77 -15 0 15 /7 1985 2000 2015

ReA x frequency shift

PRL 114, 053902 (2015)



Average inverse participation ratio

Light interacting Light interacting Light interacting
with Am = 1 transition _/yvith Am =0 transitioi ( with Am = -1 transition
(a) ’ L

Low
density

In(ImA) o In(decay rate)

High
. densit
Localized states y
p/ki = 0.2
_15 ‘ . ‘ { . . . (< ‘ : ‘
—2015 2000 — 1985 —15 0 15 7 |ORA 2000 2015

ReA x frequency shift
PRL 114, 053902 (2015)



Finite-size scaling of percentiles

Percentile g,:

q= 7p(9)d9

PRL 121, 093601 (2018)
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Critical parameters

(a) ;... (ReA) = 0924001

0.00 0.01 0.02 0.03 0.04 0.05 2 0k (b) (v) =1.57£0.07 ]

Mobility edge ReA.
S & & &
o o o
E o oS %

~0.96}

e,

000 00l 002 003 004 005
Percentile rank q

PRL 121, 093601 (2018)



Critical parameters

Mobility edge ReA.
S & & &
o o o
E o oS %

~0.96}

(2) ;...  (ReA,) = —0.9240.01

0.00 0.01 0.02 0.03

Percentile rank ¢

PRL 121, 093601 (2018)

0.04

Critical exponent v

Transition of 3D orthogonal
universality class

(= spinless electrons in the presence
of time-reversal invariance)

I,

Wil #f-*f’_f{'% e %ﬁ:

000 00l 002 003 004 005
Percentile rank q



Breakdown of time-reversal invariance

tob(k,e > k' €) #t,B(—k',€ - —k,¢)

Van Tiggelen & Maynard (1998)



Breakdown of time-reversal invariance

tob(k,e > k' €) #t,B(—k',€ - —k,¢)

topk,e > k' €)=t, _B(—k',€ - —k,¢€)

Van Tiggelen & Maynard (1998)



Breakdown of time-reversal invariance

Atom 1 Atom 2
/4
> ~» ~
e —
Probability amplitude A1_5 B
Atom 1 Atom 2

QIQC @

Probability amplitude Ag_,1

A1—>2 — A2—>1

PRL 121, 093601 (2018)



Phase diagram for light in magnetic field

Wy = wWo + mI'gA

m = *1
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Density p/kg
PRL 121, 093601 (2018)



Phase diagram for light in magnetic field

Aw
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Anderson localization of elastic waves

Pour faire leur expérience, les chercheurs ont envoyé dans
un échantillon de billes daluminium de 4,11 mm de diamétre
(ci-dessus) des ultrasons... Ci-contre : distribution spatiale
du son transmis a travers |'échantillon. Les pics sont
caracteristiques de la localisation d'Anderson.

Image from Le Journal du CNRS (December 2008)



Elastic wave equation

0 0,

/ Oz, ‘axkul N

mechanical . excitation
displacement elasticity
in the direction | tensor

Cijkl = A0; 0k + (00,1 + 010 51)

N/

Lamé parameters

compressional waves: shear waves:
k > k >
velocity o = % velocity 3 = \/%



Point-scatterer model

Real sample Model

Hu et al., Natdire Physics 4, 4 (208)

Identical aluminum beads Identical point scatterers
with many resonances with a single resonance



Elastic Green’s function

ko

G(r) =

|

ka:

QIE

«

B

, kg =

;

fevi

tkar
X
A (N4 2u) {316@7“

eikﬁr

3k5T

, T =

1+ (1 — 37

[—21 + (1 — 37 ® 7)] (

r

7

Typically, « > 8 (/8 ~ 2 for aluminium)

Equipartition principle:

(Energy of shear waves)

& )] (—1—ﬁ+

__1._.!§3__%
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ka’f'
3
(kpgr)?

3
_ =2(2) >1
(Enerfy of compressional waves) 3
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Elastic Green’s function in the near field

A ko etkar L 31 3
G(I') — 47T(A n 2@) X {3kafr' [IL + (IL —3r® T’)] (—1 — @ + (kaT)Q)
3 ikgr )
o\ 3 ks L 31 3

Near-field behavior:
_ 1 /8 2 ,8 2 ~ ~ 1
r—0 8ﬂp062r{[14_(&) ]14_[1__(&> ]r@@r}oc;

Similar to the scalar case and different from the
electromagnetic one:

~ 1
Gem(r)

G(r)

(X [
r—0 7"3




Finite-size scaling of percentiles

Percentile g,:

q= 7p(9)dg

Scaling function In g,
dn

230 25 —20 -15 -10 -05
Frequency ReA = —(2/T'g)(w — wop)

p/ks =0.15
a/f =2 PRB 98, 064206 (2018)



Finite-size scaling of percentiles

Percentile g,:

q= 7p(9)dg

Scaling function In g,
dn

230 25 —20 -15 -10 -05
Frequency ReA = —(2/T'g)(w — wop)

g x exp(—L/§) |:> Ing = —L/£ + const

p/ks =0.15
a/f =2 PRB 98, 064206 (2018)



Finite-size scaling of percentiles
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Finite-size scaling of percentiles
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Finite-size scaling of percentiles
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Mobility edge and critical exponent
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Anderson transition for vector waves in 3D
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1. PRL 112, 023905 (2014)
2. PRB 94, 064202 (2016)
3. PRB 98, 064206 (2018)
4. PRL 121, 093601 (2018)



Vector nature of wave excitations turns out to be
important for the Anderson localization problem

In a strongly scattering medium, different vector
waves can behave in qualitatively different ways

Anderson localization of light should be observable
for light scattering by atoms in a strong magnetic
field

Anderson localization of elastic waves is similar
to that of scalar waves



Thank you for your attention

s 7t MM DAL CL

—



