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Motivation: can non-zero Chern number arise from magnon-phonon coupling?
• Topological magnon (R. Shindou et al PRB 2013) and topological phonon (L. Zhang et al PRL 2010) 

bands with non-zero Chern number implies existence of chiral edge states and non-zero thermal 
Hall conductivity.

• Magnon and phonon can naturally hybridize due to magnon-phonon coupling, with large Berry 
curvature at anticrossing region (Takahashi, Nagaosa PRL 2016)

• We give a toy model on triangular antiferromagnet where topologically trivial magnon and 
phonon hybridize to form topologically nontrivial magnetoelastic bands.

• Magnon-phonon interaction can modify the thermal Hall conductivity.

• Large Berry curvature is induced from magnon-phonon coupling
• Although the magnon-phonon Hamiltonian is often written using the 

fields

where a’s are Holstein Primakoff operators and b are phonon 
operators, this does not give the correct Berry curvature.

• We should write the Hamiltonian using

• Then,  Σ" ≡ $%&Φ" is bosonic BdG field:
[Σ",*, Σ",+] = ./ *+, Σ0" = .1Σ"&
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not open all of the gaps between the magnon and phonon.85

However, the application of external magnetic field removes86

all of the gap closing points, resulting in topological magnon-87

polaron bands with nonzero Chern number.88

In addition, in order to calculate the Berry curvature and89

the Chern number of magnon-polaron bands, we develop90

a method to diagonalize the magnetoelastic Hamiltonian.91

This step is necessary because, although the magnetoelastic92

Hamiltonian is often written in the Holstein-Primakoff (HP)93

operator and phonon operator basis [27– 29], calculating the94

Berry curvature in this basis does not give the correct Berry95

curvature for the magnon-polarons. The reason is that if we96

write the magnetoelastic Hamiltonian in the phonon basis,97

the phonon Hamiltonian is already diagonalized, so that the98

Berry curvature computed in this way cannot correctly capture99

the contribution from the phonon wave function. We find that100

the problem of diagonalizing magnetoelastic Hamiltonian can101

easily be solved by observing that the phonon Hamiltonian102

can be mapped to a bosonic BdG Hamiltonian by a simple103

transformation of basis. Thus, if we also write the magnon104

Hamiltonian in BdG form, the magnetoelastic Hamiltonian is105

also in BdG form, for which the problem of diagonalizing the106

Hamiltonian and computing the Berry curvature is well known107

[4,32].108

This paper is organized as follows. In Sec. II, we study109

the energy spectrum of magnon-polaron on triangular lattice.110

We show that in the presence of external magnetic field, all111

of the magnon-polaron bands become decoupled. In Sec. III,112

we compute the Berry curvature and the thermal hall con-113

ductivity, and show that the decoupled bands carry nonzero114

Chern numbers. In Sec. IV, we present a general formalism to115

diagonalize the magnetoelastic Hamiltonian, which is written116

by using HP operators in magnon sector, and displacement117

and momentum operators in the phonon sector. This method118

should be compared with the method where magnetoelastic119

Hamiltonian is written with the phonon operators. Although120

the two methods give the same energy spectrum, their Berry121

curvatures are different, as explained in Sec. V. We conclude122

in Sec. VI.123

II. MAGNON-POLARON SPECTRUM IN TRIANGULAR124

ANTIFERROMAGNET125

In this section, we present a toy model of topological126

magnon-polaron in a triangular antiferromagnet. We begin by127

examining the magnon spectrum and symmetries of Heisen-128

berg triangular antiferromagnet, and then introduce easy-axis129

anisotropy and external magnetic field. Then, we study the130

phonon spectrum in triangular lattice with external magnetic131

field. Finally, we turn on the interaction between magnons132

and the in-plane vibrations, which can naturally arise in non-133

collinear antiferromagnets, as will be explained below. In the134

presence of magnetic field and the magnon-phonon coupling,135

all of the bands decouple from each other.136

A. Magnon137

Let us study the magnon spectrum on a triangular lattice138

with the Hamiltonian given by139

Hm = HJ + HA + HH , (1)

K

(a) (b)

FIG. 1. (a) Triangular Heisenberg antiferromagnet with 120◦

Nèel order, in which the spins rotate by 120◦ counterclockwise for
translations by R1, R3, and − R2. Because of the magnetic ordering,
the unit cell of the magnetic ground state is enlarged, as indicated
by the yellow triangles. However, the translation symmetry of the
triangular lattice without magnetic order is restored in the magnon
spectrum. We have labeled some of the lattice sites for convenience.
(b) The convention for the Brillouin zone and the high-symmetry
momenta on it.

where HJ is the antiferromagnetic Heisenberg interaction, 140

HA is the easy axis anisotropy, and HH is the coupling to 141

the external magnetic field. Below, we will study each term 142

separately. The antiferromagnetic Heisenberg Hamiltonian is 143

given by 144

HJ = J
!

⟨i j⟩
Si · S j, (2)

where J > 0, and the summation is over the nearest neigh- 145

boring spins. Its ground state is the 120◦ Nèel state [33– 35] 146

shown in Fig. 1. 147

The magnon Hamiltonian can be found by introducing 148

local coordinates for each of the spins and by introducing the 149

HP operators with respect to the local coordinates. We always 150

choose the local z axis to point in the direction of the classical 151

magnetic order. We choose the local y axis to point out of the 152

plane, which leaves only one possibility for the local x axis. 153

Then, we write Si = Sx
i x̂i + Sy

i ŷi + Sz
i ẑi, where x̂i, ŷi, ẑi are the 154

local axes for the spin at position i. We find 155

Si · S j = Sy
i Sy

j + cos(θi − θ j )
"
Sz

i Sz
j + Sx

i Sx
j

#

+ sin(θi − θ j )
"
Sz

i Sx
j − Sx

i Sz
j

#
, (3)

where θi is measured with respect to the global x axis, which 156

is parallel to R1 in Fig. 1. The HP transformation with linear 157

spin wave approximation is Sz
i = S− a†

i ai, Sx
i =

√
2s
2 (ai + 158

a†
i ), Sy

i =
√

2S
2i (ai − a†

i ). Taking the Fourier transformation 159

ai =
!

k

eik·Ri ak, (4)

where Ri is the position of the ith atom, we obtain 160

HJ =
!

k

$
AJ

ka†
kak − 1

2
BJ

k(a†
ka†

− k + a− kak)
%
, (5)

where we kept only the terms quadratic in the HP 161

operators. Here, AJ
k = 3JS(1 + 1

2γk), BJ
k = 9

2 JSγk, and 162
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not open all of the gaps between the magnon and phonon.85

However, the application of external magnetic field removes86

all of the gap closing points, resulting in topological magnon-87

polaron bands with nonzero Chern number.88

In addition, in order to calculate the Berry curvature and89

the Chern number of magnon-polaron bands, we develop90

a method to diagonalize the magnetoelastic Hamiltonian.91

This step is necessary because, although the magnetoelastic92

Hamiltonian is often written in the Holstein-Primakoff (HP)93

operator and phonon operator basis [27– 29], calculating the94

Berry curvature in this basis does not give the correct Berry95

curvature for the magnon-polarons. The reason is that if we96

write the magnetoelastic Hamiltonian in the phonon basis,97

the phonon Hamiltonian is already diagonalized, so that the98

Berry curvature computed in this way cannot correctly capture99

the contribution from the phonon wave function. We find that100

the problem of diagonalizing magnetoelastic Hamiltonian can101

easily be solved by observing that the phonon Hamiltonian102

can be mapped to a bosonic BdG Hamiltonian by a simple103

transformation of basis. Thus, if we also write the magnon104

Hamiltonian in BdG form, the magnetoelastic Hamiltonian is105

also in BdG form, for which the problem of diagonalizing the106

Hamiltonian and computing the Berry curvature is well known107

[4,32].108

This paper is organized as follows. In Sec. II, we study109

the energy spectrum of magnon-polaron on triangular lattice.110

We show that in the presence of external magnetic field, all111

of the magnon-polaron bands become decoupled. In Sec. III,112

we compute the Berry curvature and the thermal hall con-113

ductivity, and show that the decoupled bands carry nonzero114

Chern numbers. In Sec. IV, we present a general formalism to115

diagonalize the magnetoelastic Hamiltonian, which is written116

by using HP operators in magnon sector, and displacement117

and momentum operators in the phonon sector. This method118

should be compared with the method where magnetoelastic119

Hamiltonian is written with the phonon operators. Although120

the two methods give the same energy spectrum, their Berry121

curvatures are different, as explained in Sec. V. We conclude122

in Sec. VI.123

II. MAGNON-POLARON SPECTRUM IN TRIANGULAR124

ANTIFERROMAGNET125

In this section, we present a toy model of topological126

magnon-polaron in a triangular antiferromagnet. We begin by127

examining the magnon spectrum and symmetries of Heisen-128

berg triangular antiferromagnet, and then introduce easy-axis129

anisotropy and external magnetic field. Then, we study the130

phonon spectrum in triangular lattice with external magnetic131

field. Finally, we turn on the interaction between magnons132

and the in-plane vibrations, which can naturally arise in non-133

collinear antiferromagnets, as will be explained below. In the134

presence of magnetic field and the magnon-phonon coupling,135

all of the bands decouple from each other.136

A. Magnon137

Let us study the magnon spectrum on a triangular lattice138

with the Hamiltonian given by139

Hm = HJ + HA + HH , (1)

K
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FIG. 1. (a) Triangular Heisenberg antiferromagnet with 120◦

Nèel order, in which the spins rotate by 120◦ counterclockwise for
translations by R1, R3, and − R2. Because of the magnetic ordering,
the unit cell of the magnetic ground state is enlarged, as indicated
by the yellow triangles. However, the translation symmetry of the
triangular lattice without magnetic order is restored in the magnon
spectrum. We have labeled some of the lattice sites for convenience.
(b) The convention for the Brillouin zone and the high-symmetry
momenta on it.

where HJ is the antiferromagnetic Heisenberg interaction, 140

HA is the easy axis anisotropy, and HH is the coupling to 141

the external magnetic field. Below, we will study each term 142

separately. The antiferromagnetic Heisenberg Hamiltonian is 143

given by 144

HJ = J
!

⟨i j⟩
Si · S j, (2)

where J > 0, and the summation is over the nearest neigh- 145

boring spins. Its ground state is the 120◦ Nèel state [33– 35] 146

shown in Fig. 1. 147

The magnon Hamiltonian can be found by introducing 148

local coordinates for each of the spins and by introducing the 149

HP operators with respect to the local coordinates. We always 150

choose the local z axis to point in the direction of the classical 151

magnetic order. We choose the local y axis to point out of the 152

plane, which leaves only one possibility for the local x axis. 153

Then, we write Si = Sx
i x̂i + Sy

i ŷi + Sz
i ẑi, where x̂i, ŷi, ẑi are the 154

local axes for the spin at position i. We find 155

Si · S j = Sy
i Sy

j + cos(θi − θ j )
"
Sz

i Sz
j + Sx

i Sx
j

#

+ sin(θi − θ j )
"
Sz

i Sx
j − Sx

i Sz
j

#
, (3)

where θi is measured with respect to the global x axis, which 156

is parallel to R1 in Fig. 1. The HP transformation with linear 157

spin wave approximation is Sz
i = S− a†

i ai, Sx
i =

√
2s
2 (ai + 158

a†
i ), Sy

i =
√

2S
2i (ai − a†

i ). Taking the Fourier transformation 159

ai =
!

k

eik·Ri ak, (4)

where Ri is the position of the ith atom, we obtain 160

HJ =
!

k

$
AJ

ka†
kak − 1

2
BJ

k(a†
ka†

− k + a− kak)
%
, (5)

where we kept only the terms quadratic in the HP 161

operators. Here, AJ
k = 3JS(1 + 1

2γk), BJ
k = 9

2 JSγk, and 162
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not open all of the gaps between the magnon and phonon.85

However, the application of external magnetic field removes86

all of the gap closing points, resulting in topological magnon-87

polaron bands with nonzero Chern number.88

In addition, in order to calculate the Berry curvature and89

the Chern number of magnon-polaron bands, we develop90

a method to diagonalize the magnetoelastic Hamiltonian.91

This step is necessary because, although the magnetoelastic92

Hamiltonian is often written in the Holstein-Primakoff (HP)93

operator and phonon operator basis [27– 29], calculating the94

Berry curvature in this basis does not give the correct Berry95

curvature for the magnon-polarons. The reason is that if we96

write the magnetoelastic Hamiltonian in the phonon basis,97

the phonon Hamiltonian is already diagonalized, so that the98

Berry curvature computed in this way cannot correctly capture99

the contribution from the phonon wave function. We find that100

the problem of diagonalizing magnetoelastic Hamiltonian can101

easily be solved by observing that the phonon Hamiltonian102

can be mapped to a bosonic BdG Hamiltonian by a simple103

transformation of basis. Thus, if we also write the magnon104

Hamiltonian in BdG form, the magnetoelastic Hamiltonian is105

also in BdG form, for which the problem of diagonalizing the106

Hamiltonian and computing the Berry curvature is well known107

[4,32].108

This paper is organized as follows. In Sec. II, we study109

the energy spectrum of magnon-polaron on triangular lattice.110

We show that in the presence of external magnetic field, all111

of the magnon-polaron bands become decoupled. In Sec. III,112

we compute the Berry curvature and the thermal hall con-113

ductivity, and show that the decoupled bands carry nonzero114

Chern numbers. In Sec. IV, we present a general formalism to115

diagonalize the magnetoelastic Hamiltonian, which is written116

by using HP operators in magnon sector, and displacement117

and momentum operators in the phonon sector. This method118

should be compared with the method where magnetoelastic119

Hamiltonian is written with the phonon operators. Although120

the two methods give the same energy spectrum, their Berry121

curvatures are different, as explained in Sec. V. We conclude122

in Sec. VI.123

II. MAGNON-POLARON SPECTRUM IN TRIANGULAR124

ANTIFERROMAGNET125

In this section, we present a toy model of topological126

magnon-polaron in a triangular antiferromagnet. We begin by127

examining the magnon spectrum and symmetries of Heisen-128

berg triangular antiferromagnet, and then introduce easy-axis129

anisotropy and external magnetic field. Then, we study the130

phonon spectrum in triangular lattice with external magnetic131

field. Finally, we turn on the interaction between magnons132

and the in-plane vibrations, which can naturally arise in non-133

collinear antiferromagnets, as will be explained below. In the134

presence of magnetic field and the magnon-phonon coupling,135

all of the bands decouple from each other.136

A. Magnon137

Let us study the magnon spectrum on a triangular lattice138

with the Hamiltonian given by139

Hm = HJ + HA + HH , (1)

K
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FIG. 1. (a) Triangular Heisenberg antiferromagnet with 120◦

Nèel order, in which the spins rotate by 120◦ counterclockwise for
translations by R1, R3, and − R2. Because of the magnetic ordering,
the unit cell of the magnetic ground state is enlarged, as indicated
by the yellow triangles. However, the translation symmetry of the
triangular lattice without magnetic order is restored in the magnon
spectrum. We have labeled some of the lattice sites for convenience.
(b) The convention for the Brillouin zone and the high-symmetry
momenta on it.

where HJ is the antiferromagnetic Heisenberg interaction, 140

HA is the easy axis anisotropy, and HH is the coupling to 141

the external magnetic field. Below, we will study each term 142

separately. The antiferromagnetic Heisenberg Hamiltonian is 143

given by 144

HJ = J
!

⟨i j⟩
Si · S j, (2)

where J > 0, and the summation is over the nearest neigh- 145

boring spins. Its ground state is the 120◦ Nèel state [33– 35] 146

shown in Fig. 1. 147

The magnon Hamiltonian can be found by introducing 148

local coordinates for each of the spins and by introducing the 149

HP operators with respect to the local coordinates. We always 150

choose the local z axis to point in the direction of the classical 151

magnetic order. We choose the local y axis to point out of the 152

plane, which leaves only one possibility for the local x axis. 153

Then, we write Si = Sx
i x̂i + Sy

i ŷi + Sz
i ẑi, where x̂i, ŷi, ẑi are the 154

local axes for the spin at position i. We find 155

Si · S j = Sy
i Sy

j + cos(θi − θ j )
"
Sz

i Sz
j + Sx

i Sx
j

#

+ sin(θi − θ j )
"
Sz

i Sx
j − Sx

i Sz
j

#
, (3)

where θi is measured with respect to the global x axis, which 156

is parallel to R1 in Fig. 1. The HP transformation with linear 157

spin wave approximation is Sz
i = S− a†

i ai, Sx
i =

√
2s
2 (ai + 158

a†
i ), Sy

i =
√

2S
2i (ai − a†

i ). Taking the Fourier transformation 159

ai =
!

k

eik·Ri ak, (4)

where Ri is the position of the ith atom, we obtain 160

HJ =
!

k

$
AJ

ka†
kak − 1

2
BJ

k(a†
ka†

− k + a− kak)
%
, (5)

where we kept only the terms quadratic in the HP 161

operators. Here, AJ
k = 3JS(1 + 1

2γk), BJ
k = 9

2 JSγk, and 162
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not open all of the gaps between the magnon and phonon.85

However, the application of external magnetic field removes86

all of the gap closing points, resulting in topological magnon-87

polaron bands with nonzero Chern number.88

In addition, in order to calculate the Berry curvature and89

the Chern number of magnon-polaron bands, we develop90

a method to diagonalize the magnetoelastic Hamiltonian.91

This step is necessary because, although the magnetoelastic92

Hamiltonian is often written in the Holstein-Primakoff (HP)93

operator and phonon operator basis [27– 29], calculating the94

Berry curvature in this basis does not give the correct Berry95

curvature for the magnon-polarons. The reason is that if we96

write the magnetoelastic Hamiltonian in the phonon basis,97

the phonon Hamiltonian is already diagonalized, so that the98

Berry curvature computed in this way cannot correctly capture99

the contribution from the phonon wave function. We find that100

the problem of diagonalizing magnetoelastic Hamiltonian can101

easily be solved by observing that the phonon Hamiltonian102

can be mapped to a bosonic BdG Hamiltonian by a simple103

transformation of basis. Thus, if we also write the magnon104

Hamiltonian in BdG form, the magnetoelastic Hamiltonian is105

also in BdG form, for which the problem of diagonalizing the106

Hamiltonian and computing the Berry curvature is well known107

[4,32].108

This paper is organized as follows. In Sec. II, we study109

the energy spectrum of magnon-polaron on triangular lattice.110

We show that in the presence of external magnetic field, all111

of the magnon-polaron bands become decoupled. In Sec. III,112

we compute the Berry curvature and the thermal hall con-113

ductivity, and show that the decoupled bands carry nonzero114

Chern numbers. In Sec. IV, we present a general formalism to115

diagonalize the magnetoelastic Hamiltonian, which is written116

by using HP operators in magnon sector, and displacement117

and momentum operators in the phonon sector. This method118

should be compared with the method where magnetoelastic119

Hamiltonian is written with the phonon operators. Although120

the two methods give the same energy spectrum, their Berry121

curvatures are different, as explained in Sec. V. We conclude122

in Sec. VI.123

II. MAGNON-POLARON SPECTRUM IN TRIANGULAR124

ANTIFERROMAGNET125

In this section, we present a toy model of topological126

magnon-polaron in a triangular antiferromagnet. We begin by127

examining the magnon spectrum and symmetries of Heisen-128

berg triangular antiferromagnet, and then introduce easy-axis129

anisotropy and external magnetic field. Then, we study the130

phonon spectrum in triangular lattice with external magnetic131

field. Finally, we turn on the interaction between magnons132

and the in-plane vibrations, which can naturally arise in non-133

collinear antiferromagnets, as will be explained below. In the134

presence of magnetic field and the magnon-phonon coupling,135

all of the bands decouple from each other.136

A. Magnon137

Let us study the magnon spectrum on a triangular lattice138

with the Hamiltonian given by139

Hm = HJ + HA + HH , (1)

K
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FIG. 1. (a) Triangular Heisenberg antiferromagnet with 120◦

Nèel order, in which the spins rotate by 120◦ counterclockwise for
translations by R1, R3, and − R2. Because of the magnetic ordering,
the unit cell of the magnetic ground state is enlarged, as indicated
by the yellow triangles. However, the translation symmetry of the
triangular lattice without magnetic order is restored in the magnon
spectrum. We have labeled some of the lattice sites for convenience.
(b) The convention for the Brillouin zone and the high-symmetry
momenta on it.

where HJ is the antiferromagnetic Heisenberg interaction, 140

HA is the easy axis anisotropy, and HH is the coupling to 141

the external magnetic field. Below, we will study each term 142

separately. The antiferromagnetic Heisenberg Hamiltonian is 143

given by 144

HJ = J
!

⟨i j⟩
Si · S j, (2)

where J > 0, and the summation is over the nearest neigh- 145

boring spins. Its ground state is the 120◦ Nèel state [33– 35] 146

shown in Fig. 1. 147

The magnon Hamiltonian can be found by introducing 148

local coordinates for each of the spins and by introducing the 149

HP operators with respect to the local coordinates. We always 150

choose the local z axis to point in the direction of the classical 151

magnetic order. We choose the local y axis to point out of the 152

plane, which leaves only one possibility for the local x axis. 153

Then, we write Si = Sx
i x̂i + Sy

i ŷi + Sz
i ẑi, where x̂i, ŷi, ẑi are the 154

local axes for the spin at position i. We find 155

Si · S j = Sy
i Sy

j + cos(θi − θ j )
"
Sz

i Sz
j + Sx

i Sx
j

#

+ sin(θi − θ j )
"
Sz

i Sx
j − Sx

i Sz
j

#
, (3)

where θi is measured with respect to the global x axis, which 156

is parallel to R1 in Fig. 1. The HP transformation with linear 157

spin wave approximation is Sz
i = S− a†

i ai, Sx
i =

√
2s
2 (ai + 158

a†
i ), Sy

i =
√

2S
2i (ai − a†

i ). Taking the Fourier transformation 159

ai =
!

k

eik·Ri ak, (4)

where Ri is the position of the ith atom, we obtain 160

HJ =
!

k

$
AJ

ka†
kak − 1

2
BJ

k(a†
ka†

− k + a− kak)
%
, (5)

where we kept only the terms quadratic in the HP 161

operators. Here, AJ
k = 3JS(1 + 1

2γk), BJ
k = 9

2 JSγk, and 162
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not open all of the gaps between the magnon and phonon.85

However, the application of external magnetic field removes86

all of the gap closing points, resulting in topological magnon-87

polaron bands with nonzero Chern number.88

In addition, in order to calculate the Berry curvature and89

the Chern number of magnon-polaron bands, we develop90

a method to diagonalize the magnetoelastic Hamiltonian.91

This step is necessary because, although the magnetoelastic92

Hamiltonian is often written in the Holstein-Primakoff (HP)93

operator and phonon operator basis [27– 29], calculating the94

Berry curvature in this basis does not give the correct Berry95

curvature for the magnon-polarons. The reason is that if we96

write the magnetoelastic Hamiltonian in the phonon basis,97

the phonon Hamiltonian is already diagonalized, so that the98

Berry curvature computed in this way cannot correctly capture99

the contribution from the phonon wave function. We find that100

the problem of diagonalizing magnetoelastic Hamiltonian can101

easily be solved by observing that the phonon Hamiltonian102

can be mapped to a bosonic BdG Hamiltonian by a simple103

transformation of basis. Thus, if we also write the magnon104

Hamiltonian in BdG form, the magnetoelastic Hamiltonian is105

also in BdG form, for which the problem of diagonalizing the106

Hamiltonian and computing the Berry curvature is well known107

[4,32].108

This paper is organized as follows. In Sec. II, we study109

the energy spectrum of magnon-polaron on triangular lattice.110

We show that in the presence of external magnetic field, all111

of the magnon-polaron bands become decoupled. In Sec. III,112

we compute the Berry curvature and the thermal hall con-113

ductivity, and show that the decoupled bands carry nonzero114

Chern numbers. In Sec. IV, we present a general formalism to115

diagonalize the magnetoelastic Hamiltonian, which is written116

by using HP operators in magnon sector, and displacement117

and momentum operators in the phonon sector. This method118

should be compared with the method where magnetoelastic119

Hamiltonian is written with the phonon operators. Although120

the two methods give the same energy spectrum, their Berry121

curvatures are different, as explained in Sec. V. We conclude122

in Sec. VI.123
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ANTIFERROMAGNET125

In this section, we present a toy model of topological126

magnon-polaron in a triangular antiferromagnet. We begin by127

examining the magnon spectrum and symmetries of Heisen-128

berg triangular antiferromagnet, and then introduce easy-axis129

anisotropy and external magnetic field. Then, we study the130

phonon spectrum in triangular lattice with external magnetic131

field. Finally, we turn on the interaction between magnons132

and the in-plane vibrations, which can naturally arise in non-133

collinear antiferromagnets, as will be explained below. In the134

presence of magnetic field and the magnon-phonon coupling,135

all of the bands decouple from each other.136

A. Magnon137

Let us study the magnon spectrum on a triangular lattice138

with the Hamiltonian given by139

Hm = HJ + HA + HH , (1)

K
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FIG. 1. (a) Triangular Heisenberg antiferromagnet with 120◦

Nèel order, in which the spins rotate by 120◦ counterclockwise for
translations by R1, R3, and − R2. Because of the magnetic ordering,
the unit cell of the magnetic ground state is enlarged, as indicated
by the yellow triangles. However, the translation symmetry of the
triangular lattice without magnetic order is restored in the magnon
spectrum. We have labeled some of the lattice sites for convenience.
(b) The convention for the Brillouin zone and the high-symmetry
momenta on it.

where HJ is the antiferromagnetic Heisenberg interaction, 140

HA is the easy axis anisotropy, and HH is the coupling to 141

the external magnetic field. Below, we will study each term 142

separately. The antiferromagnetic Heisenberg Hamiltonian is 143

given by 144

HJ = J
!

⟨i j⟩
Si · S j, (2)

where J > 0, and the summation is over the nearest neigh- 145

boring spins. Its ground state is the 120◦ Nèel state [33– 35] 146

shown in Fig. 1. 147

The magnon Hamiltonian can be found by introducing 148

local coordinates for each of the spins and by introducing the 149

HP operators with respect to the local coordinates. We always 150

choose the local z axis to point in the direction of the classical 151

magnetic order. We choose the local y axis to point out of the 152

plane, which leaves only one possibility for the local x axis. 153

Then, we write Si = Sx
i x̂i + Sy

i ŷi + Sz
i ẑi, where x̂i, ŷi, ẑi are the 154

local axes for the spin at position i. We find 155

Si · S j = Sy
i Sy

j + cos(θi − θ j )
"
Sz

i Sz
j + Sx

i Sx
j

#

+ sin(θi − θ j )
"
Sz

i Sx
j − Sx

i Sz
j

#
, (3)

where θi is measured with respect to the global x axis, which 156

is parallel to R1 in Fig. 1. The HP transformation with linear 157

spin wave approximation is Sz
i = S− a†

i ai, Sx
i =

√
2s
2 (ai + 158

a†
i ), Sy

i =
√

2S
2i (ai − a†

i ). Taking the Fourier transformation 159

ai =
!

k

eik·Ri ak, (4)

where Ri is the position of the ith atom, we obtain 160

HJ =
!

k

$
AJ

ka†
kak − 1

2
BJ

k(a†
ka†

− k + a− kak)
%
, (5)

where we kept only the terms quadratic in the HP 161

operators. Here, AJ
k = 3JS(1 + 1

2γk), BJ
k = 9

2 JSγk, and 162
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FIG. 2. Magnon spectrum along the high-symmetry line in the
unit of meV. (a) The magnon band with only the Heisenberg interac-
tion with J = 2 meV, S= 2. (b) The magnon band with anisotropy
A = −0.02 meV and magnetic field H = 0.5 meV. The role of the
anisotropy is to remove all of the Goldstone modes. The role of the
magnetic field is to remove all of the band degeneracies between
magnon and phonons.

γk = 1
6

!
δ eik·δ, where δ are the vectors pointing towards the163

six nearest neighbors from a given site.164

Let us note that if we define165

φk =
"

ak

a†
−k

#
, (6)

and define τi to be the 2 × 2 Pauli matrices that relate parti-166

cle and hole, we have the following relations, which define167

bosonic BdG field operators:168

[φk,i,φ
†
k, j] = (τz )i j, φ−k = τxφ

†
k . (7)

Since we can write169

HJ = 1
2

$

k

φ†
k

"
AJ

k BJ
k

BJ
k AJ

k

#
φk

=
$

k

φ†
kHJ (k)φk, (8)

where HJ (k) is a bosonic BdG Hamiltonian. For notational170

simplicity, we will write φ†
k for either ( a†

k
a−k

) or (a†
k a−k)171

depending on the context. The magnon spectrum can be found172

by diagonalizing HJ (k) by a matrix TJ (k) that satisfies173

T †
J (k)HJ (k)TJ (k) = 1

2 ω̃J
k, TJ (k)†τzTJ (k) = τz, (9)

in which174

ω̃J
k =

"
ω̃J

k,1
ω̃J

k,−1

#
, (10)

where ω̃J
k,±1 are non-negative. Such a problem can be solved175

by using the Colpa’s method [32], which is reviewed in176

Appendix B. We show the magnon spectrum of HJ (k) (i.e.,177

ω̃J
k,1) in Fig. 2(a).178

Let us note that although the magnetic order breaks the179

translation symmetry generated by R1 = (a, 0) and R2 =180

( 1
2 a,

√
3

2 a), where a is the lattice constant, the Hamiltonian181

written in terms of HP operators respects the translation sym-182

metry. This is because the magnetic ordering vector always183

rotates by 120◦ counterclockwise (clockwise) about the global184

z axis when translated by R1 (R2) while the terms quadratic in185

HP operators depend only on the cosine of the relative angle,186

as can be inferred from Eq. (3) [see also Appendix A 1]. Thus187

we can still take the Bravais lattice generated by R1 and R2, 188

and define R3 = R1 − R2. The reciprocal lattice vectors are 189

then G1 = 2π
a (1,− 1√

3
), G2 = 2π

a (0, 2√
3

). The Hamiltonian 190

also has a threefold rotation symmetry about the center of the 191

yellow triangles in Fig. 1 (C3), a twofold rotation about the 192

line through sites 1 and 4 (C′
2y), and a twofold rotation about 193

the line through sites 1 and 2 (C2x). These are the symmetries 194

that are relevant for gapless points between magnon and 195

phonon bands, and their exact definitions are given in detail 196

in Appendix A 1. 197

The magnon spectrum with just the Heisenberg interaction 198

has three Goldstone modes [36] at &, K , and K ′. For the 199

toy model, we will remove these Goldstone modes by adding 200

easy-axis anisotropy along the direction of the magnetic or- 201

dering (local z axis defined above), 202

HA =
$

i

A
%
Sz

i

&2
, (11)

where A < 0. This removes all the Goldstone modes, but we 203

will have to introduce an external magnetic field to remove the 204

band degeneracies between magnon and phonon bands along 205

&K and M&, as explained in Sec. II C. 206

We can remove all the band degeneracies between 207

magnons and phonons by applying external magnetic field 208

along the global z axis, 209

HH =
$

i

H⃗ · S⃗i. (12)

This will tilt the magnetization direction towards the z axis, 210

which can be described by using mean-field approximation 211

[37]. Namely, let us assume that the spins will cant uniformly 212

away from the plane [38]. The energy per site is given by 213

E = AS2 cos2 θ + HSsin θ + 3
2 JS2(2 sin2 θ − cos2 θ ), (13)

where θ is the canting angle of the spin away from the 214

2D plane (θ > 0 corresponds to out-of-plane canting). By 215

minimizing the energy, we obtain 216

sin θ = − H/S
9J − 2A

. (14)

If we perform the HP transformation for the full magnon 217

Hamiltonian by taking into account the canting angle [40], we 218

find 219

Hm =
$

k

φ†
kHm(k)φk, Hm(k) = 1

2

"
Ak Bk
Bk Ak

#
,

Ak

S
= − H

S
sin θ + A(1 − 3 cos2 θ ) − 6J (1 − cos2 θ + γ̃k),

Bk

S
= A sin2 θ + 3J

2
(1 + 2 cos2 θ − 2 sin2 θ )γk. (15)

Here, we have defined γ̃k = 1
12 Re[(1 + sin2 θ − 2 cos2 θ + 220

2i
√

3 sin θ )(eiR12·k + eiR23·k + eiR31·k)]. It can be checked that 221

this formula reduces to the one defined previously if we turn 222

off the anisotropy and magnetic field. 223

The spectrum with the anisotropy and the magnetic field 224

is shown in Fig. 2(b). If we assume that the Landé g factor is 225

about 1.6, H ∼ 0.1 meV corresponds to magnetic field of 1 T. 226

We use the parameter H = 0.5 meV, which would correspond 227
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FIG. 3. Phonon spectrum along the high-symmetry line in the
unit of meV. (a) The phonon spectrum with h̄2γ /M = 40 (meV)2 and
no effective magnetic field. (b) The phonon spectrum with effective
magnetic field hh̄ = −0.5 meV.

to magnetic field of about 5 T. We also use A = −0.02 meV228

[30], which is a realistic value for RMnO3 when R = Y and229

Lu [41].230

Since there is only one magnon band, one cannot ex-231

pect any topological band structure unless additional bosonic232

bands are taken into account. Moreover, the magnon Hamilto-233

nian is real, so that the Berry curvature is zero.234

B. Phonon235

Let us consider the phonon Hamiltonian for a triangular236

lattice. For simplicity, we will only consider the in-plane237

vibrations because there is no coupling between the out-of-238

plane vibration and the magnon in the approximation we use239

[see Eq. (22)]. The phonon Hamiltonian without magnetic240

field is given by241

Hp = 1
2

!

RR′

"
p(R)2 1

M
+ u(R′)K (R′ − R)u(R)

#
. (16)

Here, R and R′ are the unit cell positions, u is the displace-242

ment, p is the momentum, and K is the spring constant ma-243

trix. For simplicity, we only consider the longitudinal spring244

constant γ for the nearest neighbors, which is typically several245

times larger than the transverse spring constant. For the spring246

constant matrix between sites 1 and 2, this can be done by247

taking248

K (R1) =
$

−γ 0
0 0

%
. (17)

Due to the triangular lattice symmetry of phonon, which we249

review in Appendix A 2, we have K (R2) = C6K (R1)C−1
6 and250

K (R3) = C3K (R1)C−1
3 . Finally, K (R = 0) = diag(3γ , 3γ )251

follows from the constraint that
&

R K (R) = 0. The phonon252

Hamiltonian thus constructed is naturally symmetric with253

respect to C6z, C2x, and C′
2y symmetries.254

The dynamical matrix is defined to be255

K (k) =
!

R

1
M

K (R)eik·R, (18)

where M is the mass of the ion, Kxx(k) = γ
M (3 − 2 cos kx −256

cos kx
2 cos

√
3ky

2 ), Kxy(k) = Kyx(k) = γ
M

√
3 sin kx

2 sin
√

3ky

2 , and257

Kyy(k) = 3 γ
M (1 − cos kx

2 cos
√

3ky

2 ). The resulting phonon band258

structure is shown in Fig. 3(a). We see that there are two 259

acoustic phonon bands which are degenerate at " and K . 260

To lift the degeneracy between the phonon bands, we can 261

introduce external magnetic field. We review the details of 262

how this can be done in Sec. IV A. For our purposes, it suffices 263

to note that the phonon Hamiltonian with magnetic field can 264

be written as 265

Hp =
!

k

x†(k)Hp(k)x(k). (19)

Here, we have redefined p(k) →
√

M p(k) and u(k) → 266

u(k)/
√

M and defined the operator 267

x(k) =
$

p(k)
u(k)

%
, (20)

and the matrices 268

Hp(k) = 1
2

$
Isd −A
A D(k)

%
, A =

$
0 h

−h 0

%
, (21)

where D(k) = −A2 + K (k). The parameter h is the phe- 269

nomenological coupling between phonon and magnetization, 270

known as the Raman coupling [5,42,43]. 271

The energy spectrum can be found by solving the Hamilto- 272

nian equation of motion [see Eq. (48)]. The phonon spectrum 273

with magnetic field is shown in Fig. 3(b). We note that 274

the energy scale associated with the magnetic field is hh̄ ∼ 275

0.002 meV for magnetic field about 1 T at 5.45 K [6,12] 276

for a paramagnet, which is quite small. We will put hh̄ = 277

−0.5 meV to clarify the role of magnon-phonon interaction. 278

C. Magnon-phonon coupling 279

Let us use the exchange magnetostriction model for the 280

magnon-phonon coupling [44], 281

Hc =
!

⟨i j⟩
KmpRi j · #ui jSi · S j, (22)

where Ri j = 1
a (Ri − R j ) is a unit vector and #u = ui − u j . 282

This form of the Hamiltonian can be obtained from the 283

Heisenberg model by assuming that the exchange integral J 284

depends on the distance between the atoms, J (|ri − r j |) ≈ 285

J + KmpRi j · #ui j , where ri = Ri + ui. Note that out-of-plane 286

vibration will not couple to magnons in this model. For a 287

noncollinear antiferromagnet, magnon-phonon coupling can 288

arise naturally in quadratic order because Si · S j contains 289

terms linear in the HP operators. 290

In Sec. IV B, we will discuss two methods to solve the 291

magnon-phonon coupling problem: we can work either with 292

293

$k =
'
ak, a†

−k, pT
k , uT

k

(
, (23)

where u(k) is the displacement and p(k) is the conjugate 294

momentum in the Fourier space, or with 295

%k = (ak, b1,k, b2,k, a†
−k, b†

1,−k, b†
2,−k ), (24)

where b1,k and b2,k are the phonon operators in the Fourier 296

space. Although the energy spectrum of these two methods 297

are the same, their Berry curvature will be different. In order 298

to calculate the thermal Hall conductivity, the correct Berry 299

curvature is computed by working in $k basis. In order to 300
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FIG. 7. (a) Thermal Hall conductivity κxy computed by using
Hs(k). The blue line is κxy for phonon with parameters given in Fig. 3.
The red line is κxy for magnon-polaron with parameters given in
Fig. 4. The green line is computed with the same parameters except
the easy-axis anisotropy, which is reduced to A = −0.002. The x
axis is temperature in Kelvins and the y axis is the dimensionless
thermal Hall conductivity, h̄κxy/k2

B. (b) Thermal Hall conductivity
κxy computed by using H̃me(k). The contribution to the thermal Hall
conductivity from phonon is completely missed.

energies. On the other hand, if we reduce the anisotropy491

from a = −0.02 to −0.002 meV, the magnon dispersion492

near " falls below the highest phonon energy at the ". The493

result is that magnon and phonon can hybridize significantly494

also at lower energy. This is accompanied by a topological495

phase transition so that the Chern numbers of the magnon496

polaron bands are now 0, 2, −2, from bands with highest497

energy to lowest energy. The thermal Hall conductivity for498

this case is shown in green line, and we see that the thermal499

Hall conductivity is now significantly renormalized at lower500

temperatures. This is because excitations with large Berry501

curvature, resulting from magnon-phonon coupling, are now502

thermally active at lower temperatures.503

To emphasize why Hs(k) should be used, we show the504

thermal Hall conductivity calculated from H̃me(k) in Fig. 7(b).505

As can be seen, the thermal hall conductivity signal from506

phonon is completely missed in Fig. 7(b), which is in sharp507

contrast to Fig. 7(a) where the phonon makes a significant508

contribution for temperature around 20 K. In a material with509

strong spin-phon coupling, the thermal Hall conductivity can510

arise from magnon, phonon, and their coupling. In such cases,511

the Berry curvature should be computed by using Hs(k), not512

by using H̃me(k)513

IV. DIAGONALIZATION OF514

MAGNETOELASTIC HAMILTONIAN515

In this section, we clarify the relation between the magne-516

toelastic Hamiltonian and the BdG Hamiltonian. To introduce517

the notations used for phonons, we begin with a brief review518

of the theory of phonon in a two dimensional lattice with519

net out-of-plane magnetization, which couples to phonons520

through the Raman interaction [5,6,14]. Then, we clarify the521

relation between the phonon Hamiltonian to the BdG Hamil-522

tonian. Using this, we then present a method to diagonalize the523

magnetoelastic Hamiltonian without introducing the phonon524

operators, based on Colpa’s method of diagonalizing bosonic525

BdG Hamiltonian, which is reviewed in Appendix B. For526

complicated systems, this can simplify the work involved in527

solving the hybridization problem. We will always put h̄ = 1.528

A. Review of phonon Hamiltonian in effective magnetic field 529

The Hamiltonian of an ion moving in a static out-of- 530

plane magnetic field B can be written by making the sub- 531

stitution p → p − qA where p is the momentum conjugate 532

to the displacement u, q is the charge of the ion, and A = 533
1
2 B × u is the vector potential. Then, the kinetic part of the 534

Hamiltonian is 535

1
2m

!!!p − q
2

B × u
!!!
2

= 1
2m

!!!!p −
"

0 − qB
2

qB
2 0

#
u
!!!!
2

. (41)

The effective Hamiltonian of lattice vibration in the pres- 536

ence of magnetization can be written in a similar way. Let 537

uα (R) denotes the two-dimensional displacement vector of an 538

ion multiplied by the square root its mass, mα . Here, R is the 539

unit cell position and α is the sublattice index. Similarly, let 540

pα (R) be the conjugate momentum divided by square root 541

of the mass. We will denote the charge of ion α by qα , α = 542

1, . . . , s, where s is the number of sublattice. We will often 543

omit the sublattice index and write, for example, u to mean 544

(u1, . . . , us). The phonon Hamiltonian is given by [5,42] 545

Hp = 1
2

$

αβRR′

[{pα (R)2 + 2uα (R)Aαα pα (R)}δαβδR,R′

+ uα (R){Kαβ (R − R′) − (A2)αβ}uβ (R′)]. (42)

Here, A is a block diagonal matrix with blocks Aαβ = δαβ&α , 546

where &α is a d × d matrix and d is the spatial dimension, 547

which is 2 for the present case. This matrix contains the 548

coupling between the ions and the effective magnetic field 549

&α =
"

0 h
−h 0

#
, (43)

where we have defined hα = −qαB/2mα . As we have men- 550

tioned before, B is the effective magnetic field, which is 551

proportional to the local magnetization in the z direction. 552

This coupling between u and p can occur by the Raman-type 553

interaction of the form gM · (u × p), where M is the average 554

magnetization [43]. 555

We use the following convention for the Fourier transfor- 556

mation of phonons: 557

uα (R) = 1√
N

$

R

uα (k)ei(R+δα )·k. (44)

Here, R is the position of the cell, δα is the displacement from 558

R to the equilibrium position of the atom in that cell, and N 559

is the total number of unit cells. The Hamiltonian after the 560

Fourier transformation is given by [5] 561

Hp = 1
2

$

αβk

[{pα (−k) · pα (k) + 2uα (−k)Aαα pα (k)}δαβ

+ uα (−k)Dαβ (k)uβ (k)]

=
$

k

x(−k)T Hp(k)x(k), (45)
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FIG. 7. (a) Thermal Hall conductivity κxy computed by using
Hs(k). The blue line is κxy for phonon with parameters given in Fig. 3.
The red line is κxy for magnon-polaron with parameters given in
Fig. 4. The green line is computed with the same parameters except
the easy-axis anisotropy, which is reduced to A = −0.002. The x
axis is temperature in Kelvins and the y axis is the dimensionless
thermal Hall conductivity, h̄κxy/k2

B. (b) Thermal Hall conductivity
κxy computed by using H̃me(k). The contribution to the thermal Hall
conductivity from phonon is completely missed.

energies. On the other hand, if we reduce the anisotropy491

from a = −0.02 to −0.002 meV, the magnon dispersion492

near " falls below the highest phonon energy at the ". The493

result is that magnon and phonon can hybridize significantly494

also at lower energy. This is accompanied by a topological495

phase transition so that the Chern numbers of the magnon496

polaron bands are now 0, 2, −2, from bands with highest497

energy to lowest energy. The thermal Hall conductivity for498

this case is shown in green line, and we see that the thermal499

Hall conductivity is now significantly renormalized at lower500

temperatures. This is because excitations with large Berry501

curvature, resulting from magnon-phonon coupling, are now502

thermally active at lower temperatures.503

To emphasize why Hs(k) should be used, we show the504

thermal Hall conductivity calculated from H̃me(k) in Fig. 7(b).505

As can be seen, the thermal hall conductivity signal from506

phonon is completely missed in Fig. 7(b), which is in sharp507

contrast to Fig. 7(a) where the phonon makes a significant508

contribution for temperature around 20 K. In a material with509

strong spin-phon coupling, the thermal Hall conductivity can510

arise from magnon, phonon, and their coupling. In such cases,511

the Berry curvature should be computed by using Hs(k), not512

by using H̃me(k)513

IV. DIAGONALIZATION OF514

MAGNETOELASTIC HAMILTONIAN515

In this section, we clarify the relation between the magne-516

toelastic Hamiltonian and the BdG Hamiltonian. To introduce517

the notations used for phonons, we begin with a brief review518

of the theory of phonon in a two dimensional lattice with519

net out-of-plane magnetization, which couples to phonons520

through the Raman interaction [5,6,14]. Then, we clarify the521

relation between the phonon Hamiltonian to the BdG Hamil-522

tonian. Using this, we then present a method to diagonalize the523

magnetoelastic Hamiltonian without introducing the phonon524

operators, based on Colpa’s method of diagonalizing bosonic525

BdG Hamiltonian, which is reviewed in Appendix B. For526

complicated systems, this can simplify the work involved in527

solving the hybridization problem. We will always put h̄ = 1.528

A. Review of phonon Hamiltonian in effective magnetic field 529

The Hamiltonian of an ion moving in a static out-of- 530

plane magnetic field B can be written by making the sub- 531

stitution p → p − qA where p is the momentum conjugate 532

to the displacement u, q is the charge of the ion, and A = 533
1
2 B × u is the vector potential. Then, the kinetic part of the 534

Hamiltonian is 535

1
2m

!!!p − q
2

B × u
!!!
2

= 1
2m

!!!!p −
"

0 − qB
2

qB
2 0

#
u
!!!!
2

. (41)

The effective Hamiltonian of lattice vibration in the pres- 536

ence of magnetization can be written in a similar way. Let 537

uα (R) denotes the two-dimensional displacement vector of an 538

ion multiplied by the square root its mass, mα . Here, R is the 539

unit cell position and α is the sublattice index. Similarly, let 540

pα (R) be the conjugate momentum divided by square root 541

of the mass. We will denote the charge of ion α by qα , α = 542

1, . . . , s, where s is the number of sublattice. We will often 543

omit the sublattice index and write, for example, u to mean 544

(u1, . . . , us). The phonon Hamiltonian is given by [5,42] 545

Hp = 1
2

$

αβRR′

[{pα (R)2 + 2uα (R)Aαα pα (R)}δαβδR,R′

+ uα (R){Kαβ (R − R′) − (A2)αβ}uβ (R′)]. (42)

Here, A is a block diagonal matrix with blocks Aαβ = δαβ&α , 546

where &α is a d × d matrix and d is the spatial dimension, 547

which is 2 for the present case. This matrix contains the 548

coupling between the ions and the effective magnetic field 549

&α =
"

0 h
−h 0

#
, (43)

where we have defined hα = −qαB/2mα . As we have men- 550

tioned before, B is the effective magnetic field, which is 551

proportional to the local magnetization in the z direction. 552

This coupling between u and p can occur by the Raman-type 553

interaction of the form gM · (u × p), where M is the average 554

magnetization [43]. 555

We use the following convention for the Fourier transfor- 556

mation of phonons: 557

uα (R) = 1√
N

$

R

uα (k)ei(R+δα )·k. (44)

Here, R is the position of the cell, δα is the displacement from 558

R to the equilibrium position of the atom in that cell, and N 559

is the total number of unit cells. The Hamiltonian after the 560

Fourier transformation is given by [5] 561

Hp = 1
2

$

αβk

[{pα (−k) · pα (k) + 2uα (−k)Aαα pα (k)}δαβ

+ uα (−k)Dαβ (k)uβ (k)]

=
$

k

x(−k)T Hp(k)x(k), (45)
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FIG. 3. Phonon spectrum along the high-symmetry line in the
unit of meV. (a) The phonon spectrum with h̄2γ /M = 40 (meV)2 and
no effective magnetic field. (b) The phonon spectrum with effective
magnetic field hh̄ = −0.5 meV.

to magnetic field of about 5 T. We also use A = −0.02 meV228

[30], which is a realistic value for RMnO3 when R = Y and229

Lu [41].230

Since there is only one magnon band, one cannot ex-231

pect any topological band structure unless additional bosonic232

bands are taken into account. Moreover, the magnon Hamilto-233

nian is real, so that the Berry curvature is zero.234

B. Phonon235

Let us consider the phonon Hamiltonian for a triangular236

lattice. For simplicity, we will only consider the in-plane237

vibrations because there is no coupling between the out-of-238

plane vibration and the magnon in the approximation we use239

[see Eq. (22)]. The phonon Hamiltonian without magnetic240

field is given by241

Hp = 1
2

!

RR′

"
p(R)2 1

M
+ u(R′)K (R′ − R)u(R)

#
. (16)

Here, R and R′ are the unit cell positions, u is the displace-242

ment, p is the momentum, and K is the spring constant ma-243

trix. For simplicity, we only consider the longitudinal spring244

constant γ for the nearest neighbors, which is typically several245

times larger than the transverse spring constant. For the spring246

constant matrix between sites 1 and 2, this can be done by247

taking248

K (R1) =
$

−γ 0
0 0

%
. (17)

Due to the triangular lattice symmetry of phonon, which we249

review in Appendix A 2, we have K (R2) = C6K (R1)C−1
6 and250

K (R3) = C3K (R1)C−1
3 . Finally, K (R = 0) = diag(3γ , 3γ )251

follows from the constraint that
&

R K (R) = 0. The phonon252

Hamiltonian thus constructed is naturally symmetric with253

respect to C6z, C2x, and C′
2y symmetries.254

The dynamical matrix is defined to be255

K (k) =
!

R

1
M

K (R)eik·R, (18)

where M is the mass of the ion, Kxx(k) = γ
M (3 − 2 cos kx −256

cos kx
2 cos

√
3ky

2 ), Kxy(k) = Kyx(k) = γ
M

√
3 sin kx

2 sin
√

3ky

2 , and257

Kyy(k) = 3 γ
M (1 − cos kx

2 cos
√

3ky

2 ). The resulting phonon band258

structure is shown in Fig. 3(a). We see that there are two 259

acoustic phonon bands which are degenerate at " and K . 260

To lift the degeneracy between the phonon bands, we can 261

introduce external magnetic field. We review the details of 262

how this can be done in Sec. IV A. For our purposes, it suffices 263

to note that the phonon Hamiltonian with magnetic field can 264

be written as 265

Hp =
!

k

x†(k)Hp(k)x(k). (19)

Here, we have redefined p(k) →
√

M p(k) and u(k) → 266

u(k)/
√

M and defined the operator 267

x(k) =
$

p(k)
u(k)

%
, (20)

and the matrices 268

Hp(k) = 1
2

$
Isd −A
A D(k)

%
, A =

$
0 h

−h 0

%
, (21)

where D(k) = −A2 + K (k). The parameter h is the phe- 269

nomenological coupling between phonon and magnetization, 270

known as the Raman coupling [5,42,43]. 271

The energy spectrum can be found by solving the Hamilto- 272

nian equation of motion [see Eq. (48)]. The phonon spectrum 273

with magnetic field is shown in Fig. 3(b). We note that 274

the energy scale associated with the magnetic field is hh̄ ∼ 275

0.002 meV for magnetic field about 1 T at 5.45 K [6,12] 276

for a paramagnet, which is quite small. We will put hh̄ = 277

−0.5 meV to clarify the role of magnon-phonon interaction. 278

C. Magnon-phonon coupling 279

Let us use the exchange magnetostriction model for the 280

magnon-phonon coupling [44], 281

Hc =
!

⟨i j⟩
KmpRi j · #ui jSi · S j, (22)

where Ri j = 1
a (Ri − R j ) is a unit vector and #u = ui − u j . 282

This form of the Hamiltonian can be obtained from the 283

Heisenberg model by assuming that the exchange integral J 284

depends on the distance between the atoms, J (|ri − r j |) ≈ 285

J + KmpRi j · #ui j , where ri = Ri + ui. Note that out-of-plane 286

vibration will not couple to magnons in this model. For a 287

noncollinear antiferromagnet, magnon-phonon coupling can 288

arise naturally in quadratic order because Si · S j contains 289

terms linear in the HP operators. 290

In Sec. IV B, we will discuss two methods to solve the 291

magnon-phonon coupling problem: we can work either with 292

293

$k =
'
ak, a†

−k, pT
k , uT

k

(
, (23)

where u(k) is the displacement and p(k) is the conjugate 294

momentum in the Fourier space, or with 295

%k = (ak, b1,k, b2,k, a†
−k, b†

1,−k, b†
2,−k ), (24)

where b1,k and b2,k are the phonon operators in the Fourier 296

space. Although the energy spectrum of these two methods 297

are the same, their Berry curvature will be different. In order 298

to calculate the thermal Hall conductivity, the correct Berry 299

curvature is computed by working in $k basis. In order to 300
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FIG. 3. Phonon spectrum along the high-symmetry line in the
unit of meV. (a) The phonon spectrum with h̄2γ /M = 40 (meV)2 and
no effective magnetic field. (b) The phonon spectrum with effective
magnetic field hh̄ = −0.5 meV.

to magnetic field of about 5 T. We also use A = −0.02 meV228

[30], which is a realistic value for RMnO3 when R = Y and229

Lu [41].230

Since there is only one magnon band, one cannot ex-231

pect any topological band structure unless additional bosonic232

bands are taken into account. Moreover, the magnon Hamilto-233

nian is real, so that the Berry curvature is zero.234

B. Phonon235

Let us consider the phonon Hamiltonian for a triangular236

lattice. For simplicity, we will only consider the in-plane237

vibrations because there is no coupling between the out-of-238

plane vibration and the magnon in the approximation we use239

[see Eq. (22)]. The phonon Hamiltonian without magnetic240

field is given by241

Hp = 1
2

!

RR′

"
p(R)2 1

M
+ u(R′)K (R′ − R)u(R)

#
. (16)

Here, R and R′ are the unit cell positions, u is the displace-242

ment, p is the momentum, and K is the spring constant ma-243

trix. For simplicity, we only consider the longitudinal spring244

constant γ for the nearest neighbors, which is typically several245

times larger than the transverse spring constant. For the spring246

constant matrix between sites 1 and 2, this can be done by247

taking248

K (R1) =
$

−γ 0
0 0

%
. (17)

Due to the triangular lattice symmetry of phonon, which we249

review in Appendix A 2, we have K (R2) = C6K (R1)C−1
6 and250

K (R3) = C3K (R1)C−1
3 . Finally, K (R = 0) = diag(3γ , 3γ )251

follows from the constraint that
&

R K (R) = 0. The phonon252

Hamiltonian thus constructed is naturally symmetric with253

respect to C6z, C2x, and C′
2y symmetries.254

The dynamical matrix is defined to be255

K (k) =
!

R

1
M

K (R)eik·R, (18)

where M is the mass of the ion, Kxx(k) = γ
M (3 − 2 cos kx −256

cos kx
2 cos

√
3ky

2 ), Kxy(k) = Kyx(k) = γ
M

√
3 sin kx

2 sin
√

3ky

2 , and257

Kyy(k) = 3 γ
M (1 − cos kx

2 cos
√

3ky

2 ). The resulting phonon band258

structure is shown in Fig. 3(a). We see that there are two 259

acoustic phonon bands which are degenerate at " and K . 260

To lift the degeneracy between the phonon bands, we can 261

introduce external magnetic field. We review the details of 262

how this can be done in Sec. IV A. For our purposes, it suffices 263

to note that the phonon Hamiltonian with magnetic field can 264

be written as 265

Hp =
!

k

x†(k)Hp(k)x(k). (19)

Here, we have redefined p(k) →
√

M p(k) and u(k) → 266

u(k)/
√

M and defined the operator 267

x(k) =
$

p(k)
u(k)

%
, (20)

and the matrices 268

Hp(k) = 1
2

$
Isd −A
A D(k)

%
, A =

$
0 h

−h 0

%
, (21)

where D(k) = −A2 + K (k). The parameter h is the phe- 269

nomenological coupling between phonon and magnetization, 270

known as the Raman coupling [5,42,43]. 271

The energy spectrum can be found by solving the Hamilto- 272

nian equation of motion [see Eq. (48)]. The phonon spectrum 273

with magnetic field is shown in Fig. 3(b). We note that 274

the energy scale associated with the magnetic field is hh̄ ∼ 275

0.002 meV for magnetic field about 1 T at 5.45 K [6,12] 276

for a paramagnet, which is quite small. We will put hh̄ = 277

−0.5 meV to clarify the role of magnon-phonon interaction. 278

C. Magnon-phonon coupling 279

Let us use the exchange magnetostriction model for the 280

magnon-phonon coupling [44], 281

Hc =
!

⟨i j⟩
KmpRi j · #ui jSi · S j, (22)

where Ri j = 1
a (Ri − R j ) is a unit vector and #u = ui − u j . 282

This form of the Hamiltonian can be obtained from the 283

Heisenberg model by assuming that the exchange integral J 284

depends on the distance between the atoms, J (|ri − r j |) ≈ 285

J + KmpRi j · #ui j , where ri = Ri + ui. Note that out-of-plane 286

vibration will not couple to magnons in this model. For a 287

noncollinear antiferromagnet, magnon-phonon coupling can 288

arise naturally in quadratic order because Si · S j contains 289

terms linear in the HP operators. 290

In Sec. IV B, we will discuss two methods to solve the 291

magnon-phonon coupling problem: we can work either with 292

293

$k =
'
ak, a†

−k, pT
k , uT

k

(
, (23)

where u(k) is the displacement and p(k) is the conjugate 294

momentum in the Fourier space, or with 295

%k = (ak, b1,k, b2,k, a†
−k, b†

1,−k, b†
2,−k ), (24)

where b1,k and b2,k are the phonon operators in the Fourier 296

space. Although the energy spectrum of these two methods 297

are the same, their Berry curvature will be different. In order 298

to calculate the thermal Hall conductivity, the correct Berry 299

curvature is computed by working in $k basis. In order to 300
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FIG. 3. Phonon spectrum along the high-symmetry line in the
unit of meV. (a) The phonon spectrum with h̄2γ /M = 40 (meV)2 and
no effective magnetic field. (b) The phonon spectrum with effective
magnetic field hh̄ = −0.5 meV.

to magnetic field of about 5 T. We also use A = −0.02 meV228

[30], which is a realistic value for RMnO3 when R = Y and229

Lu [41].230

Since there is only one magnon band, one cannot ex-231

pect any topological band structure unless additional bosonic232

bands are taken into account. Moreover, the magnon Hamilto-233

nian is real, so that the Berry curvature is zero.234

B. Phonon235

Let us consider the phonon Hamiltonian for a triangular236

lattice. For simplicity, we will only consider the in-plane237

vibrations because there is no coupling between the out-of-238

plane vibration and the magnon in the approximation we use239

[see Eq. (22)]. The phonon Hamiltonian without magnetic240

field is given by241

Hp = 1
2

!

RR′

"
p(R)2 1

M
+ u(R′)K (R′ − R)u(R)

#
. (16)

Here, R and R′ are the unit cell positions, u is the displace-242

ment, p is the momentum, and K is the spring constant ma-243

trix. For simplicity, we only consider the longitudinal spring244

constant γ for the nearest neighbors, which is typically several245

times larger than the transverse spring constant. For the spring246

constant matrix between sites 1 and 2, this can be done by247

taking248

K (R1) =
$

−γ 0
0 0

%
. (17)

Due to the triangular lattice symmetry of phonon, which we249

review in Appendix A 2, we have K (R2) = C6K (R1)C−1
6 and250

K (R3) = C3K (R1)C−1
3 . Finally, K (R = 0) = diag(3γ , 3γ )251

follows from the constraint that
&

R K (R) = 0. The phonon252

Hamiltonian thus constructed is naturally symmetric with253

respect to C6z, C2x, and C′
2y symmetries.254

The dynamical matrix is defined to be255

K (k) =
!

R

1
M

K (R)eik·R, (18)

where M is the mass of the ion, Kxx(k) = γ
M (3 − 2 cos kx −256

cos kx
2 cos

√
3ky

2 ), Kxy(k) = Kyx(k) = γ
M

√
3 sin kx

2 sin
√

3ky

2 , and257

Kyy(k) = 3 γ
M (1 − cos kx

2 cos
√

3ky

2 ). The resulting phonon band258

structure is shown in Fig. 3(a). We see that there are two 259

acoustic phonon bands which are degenerate at " and K . 260

To lift the degeneracy between the phonon bands, we can 261

introduce external magnetic field. We review the details of 262

how this can be done in Sec. IV A. For our purposes, it suffices 263

to note that the phonon Hamiltonian with magnetic field can 264

be written as 265

Hp =
!

k

x†(k)Hp(k)x(k). (19)

Here, we have redefined p(k) →
√

M p(k) and u(k) → 266

u(k)/
√

M and defined the operator 267

x(k) =
$

p(k)
u(k)

%
, (20)

and the matrices 268

Hp(k) = 1
2

$
Isd −A
A D(k)

%
, A =

$
0 h

−h 0

%
, (21)

where D(k) = −A2 + K (k). The parameter h is the phe- 269

nomenological coupling between phonon and magnetization, 270

known as the Raman coupling [5,42,43]. 271

The energy spectrum can be found by solving the Hamilto- 272

nian equation of motion [see Eq. (48)]. The phonon spectrum 273

with magnetic field is shown in Fig. 3(b). We note that 274

the energy scale associated with the magnetic field is hh̄ ∼ 275

0.002 meV for magnetic field about 1 T at 5.45 K [6,12] 276

for a paramagnet, which is quite small. We will put hh̄ = 277

−0.5 meV to clarify the role of magnon-phonon interaction. 278

C. Magnon-phonon coupling 279

Let us use the exchange magnetostriction model for the 280

magnon-phonon coupling [44], 281

Hc =
!

⟨i j⟩
KmpRi j · #ui jSi · S j, (22)

where Ri j = 1
a (Ri − R j ) is a unit vector and #u = ui − u j . 282

This form of the Hamiltonian can be obtained from the 283

Heisenberg model by assuming that the exchange integral J 284

depends on the distance between the atoms, J (|ri − r j |) ≈ 285

J + KmpRi j · #ui j , where ri = Ri + ui. Note that out-of-plane 286

vibration will not couple to magnons in this model. For a 287

noncollinear antiferromagnet, magnon-phonon coupling can 288

arise naturally in quadratic order because Si · S j contains 289

terms linear in the HP operators. 290

In Sec. IV B, we will discuss two methods to solve the 291

magnon-phonon coupling problem: we can work either with 292

293

$k =
'
ak, a†

−k, pT
k , uT

k

(
, (23)

where u(k) is the displacement and p(k) is the conjugate 294

momentum in the Fourier space, or with 295

%k = (ak, b1,k, b2,k, a†
−k, b†

1,−k, b†
2,−k ), (24)

where b1,k and b2,k are the phonon operators in the Fourier 296

space. Although the energy spectrum of these two methods 297

are the same, their Berry curvature will be different. In order 298

to calculate the thermal Hall conductivity, the correct Berry 299

curvature is computed by working in $k basis. In order to 300
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compare these two methods, we will present the results by301

using both methods.302

Let us first work in the !k basis. It can be shown that up to303

terms linear in the HP operators,304

S1 · S j = ca1 + c∗a†
1 − c∗a2 − ca†

2, j = 2, 10, and 12, (25)

where c = S3/2

2

!
3
2 cos θ − 3S3/2 cos θ sin θ

2
√

2
i. Similarly, we have305

S1 · S j = − c∗a1 − ca†
1 + ca3 + c∗c†

3, j = 3, 4, and 11.

(26)

This pattern arises from the difference in the ordering direc-306

tion of j = 2, 10, and 12 and j = 3, 4, and 11 with respect307

to the spin at site 1.308

Let us now note that the Hamiltonian for the magnon-309

phonon coupled system also has the translation symmetry310

of the underlying triangular lattice. This is because Si · S j311

only depends on whether the direction of ⟨S j⟩ (classical312

spin direction) is rotated clockwise or counterclockwise by313

120◦ about the global z axis compared to ⟨Si⟩, as can be314

seen from Eqs. (25) and (26). Taking the Fourier transform315

by taking into account the translation symmetry, we obtain316

the following contribution to the magnetoelastic Hamiltonian317

from translations of the magnon-phonon coupling between the318

pair (1,2) [45]:319

H(1,2)
c =

"

σ=1,2,k

2

#
h̄
M

Kmp R12 · [ϵσ (k)bk,σ + ϵ∗
σ (− k)b†

k,σ ]

× [Re(− ce− ik·R12 )a− k + Re(− c∗e− ik·R12 )a†
k], (27)

where ϵσ (k) and bk,σ are the polarization vector and the320

phonon operator defined in Sec. IV A. The contribution from321

the other bonds can be found by permuting the indices of Ri j .322

For the pair (1,10), H(1,10)
c is obtained by permuting (1, 2) →323

(2, 3), and H(1,12)
c is obtained by permuting (2, 3) → (3, 1).324

Therefore the total magnon-phonon coupling Hamiltonian is325

Hc = H(1,2)
c + H(1,10)

c + H(1,12)
c326

Collecting the magnon, phonon, and the magnon-phonon327

coupling Hamiltonian, we can write328

H =
"

k

! †
k H̃me(k)!k. (28)

The matrix H̃me(k) has the bosonic BdG form because the329

magnon and phonon operators satisfy the bosonic canonical330

commutation relation. Thus the Hamiltonian can be diagonal-331

ized by using the Colpa’s method [32], which is reviewed in332

Appendix B.333

The spectrum of H̃me(k) without magnetic field is shown334

in Figs. 4(a) and 4(c). We have plotted the magnon and335

phonon spectrum without magnon-phonon coupling (Kmp =336

0) in Fig. 4(a) to compare with the case with magnon-phonon337

coupling (Kmp ̸= 0) in Fig. 4(c). The strength of magnon-338

phonon coupling, Kmp

!
f h̄
M , where f = 103 × h̄ /e ≈ 0.658 ×339

10− 12, can be expected to be about 0.3 meV/s1/2 [30]. The340

numerical factor f arises naturally if we take h̄ = 1 and use341

1 meV as the unit of energy for magnon-phonon coupling342

problem. We use a reasonable value of 0.5 meV/s1/2 for our343

model.344
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FIG. 4. Influence of magnon-phonon coupling (Kmp ) and mag-
netic field (H and h ) on the magnon phonon band structure.
(a) Magnon and phonon bands without magnon-phonon coupling
(Kmp = 0) and without magnetic field (H = h = 0). (b) Magnon
and phonon bands without magnon-phonon coupling (Kmp = 0) and
with magnetic field (H ̸= 0, h ̸= 0). (c) Magnon and phonon bands
with magnon-phonon coupling (Kmp ̸= 0) and without magnetic
field (H = h = 0). Note that the gap along $K and M$ does not
open. (d) Magnon and phonon bands with magnon-phonon coupling
(Kmp ̸= 0) and with magnetic field (H ̸= 0, h ̸= 0). Note that the
gap along $K and M$ opens. If we put h̄ = 1 and measure energy
in units of meV, (d) can be reproduced by putting J = 2, S= 2,

H = 0.5, A = − 0.02, Kmp

!
h̄
M = 0.5, γ /M = 40, and h = − 0.5.

Let us notice that the gap does not open up along the 345

high-symmetry lines $K and M$ even in the presence of 346

the magnon-phonon coupling. This is because of the C2x and 347

C′
2y symmetries mentioned previously. These two symmetries 348

are present in the magnon-phonon coupling Hamiltonian as 349

well, as explained in more detail in Appendix A 3, and are 350

therefore relevant for determining whether magnon bands and 351

phonon bands can hybridize along the high-symmetry lines. 352

For the magnon band, the C2x eigenvalue is 1 along the $K 353

line, and the C′
2y eigenvalue is − 1 along the M$ line. For 354

the phonon bands, the C2x eigenvalue along the $K line for 355

the band with higher (lower) energy is +1 (− 1), and the 356

C′
2y eigenvalue along the M$ line for the band with higher 357

(lower) energy is +1 (− 1). Because energy bands with the 358

same (different) eigenvalues can (cannot) hybridize, the gap 359

closing points between magnon and phonon bands that remain 360

along the high-symmetry lines in Fig. 4(c) can be explained. 361

When the external magnetic field is turned on, the phonon 362

Hamiltonian does not have the C2x and C′
2y symmetry because 363

the effective Lorentz force an ion will feel when moving in 364

the positive y direction is not the same as when it is moving 365

in the negative y direction. Thus we should expect that the 366

gap will open. This is shown in Figs. 4(b) and 4(d), where we 367

have drawn the magnon and phonon spectrum with magnetic 368

field (h ̸= 0, H ̸= 0) and without magnon-phonon coupling 369
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(a) (b)

(c) (d)

(e) (f)

FIG. 5. Berry curvature density of magnon-phonon hybridized
bands in the first Brillouin zone with the lattice constant a = 1. The
energy bands are labeled 1, 2, 3 from highest to lowest energy and
carry Chern numbers −2, 4, −2, respectively. (a) and (b) shows the
Berry curvature density for energy band 1 by using the H̃me(k) and
Hs(k), respectively. (c) and (d) are similar plots for energy band 2,
and (e) and (f) are similar plots for energy band 3.

B. Thermal Hall conductivity457

The formula for thermal Hall conductivity can be derived458

by either semiclassical theory or linear response theory. For459

non-BdG bosonic Hamiltonian, it was shown that the two460

approaches are equivalent [9,10]. This equivalence holds even461

for BdG Hamiltonian, as we now show. The formula for462

the thermal Hall conductivity derived by using semiclassical463

(a) (b)

FIG. 6. Berry curvature density of phonon in the first Brillouin
zone with the lattice constant a = 1 and with the same parameters
used in Fig. 3 (b). (a) and (b) are the plots for the higher and lower
energy band, respectively.

wave-packet approach is given by [46] 464

κxy = 1
2h̄TV

N!

n=−N

′ !

k

"n,k

" ∞

h̄ωn,k

E2 ∂g
∂E

dE , (38)

where "n,k is the z component of the Berry curvature com- 465

puted as in Eq. (88), h̄ωk,n is the energy [see Eq. (37)] 466

with h̄ωk,n > 0 (<0) for n > 0 (<0), g(E ) = 1
eE/kBT −1 is the 467

Bose-Einstein distribution, and the ′ indicates that there is no 468

summation over n = 0. Let us note the formula 469

" ∞

h̄ωn,k

E2 ∂g
∂E

dE = −k2
BT 2c2((g(h̄ωn,k)), (39)

where c2(x) ≡
# x

0 [ln(1 + ρ−1)]2. This can be derived by 470

making the substitution ρ = g, so that E = kBT ln(1 + 471

ρ−1). Combining this with the properties "−n,−k = −"n,k, 472

ω−n,−k = −ωn,k, ∂g(−E )
dE = − ∂g(E )

dE , and c2(∞) = π2

3 , we can 473

convert the summation for n < 0 to summation over n > 0. 474

After a short calculation, we arrive at the following expression 475

for the thermal Hall conductivity, which can also be derived 476

from the linear response theory [14,47]: 477

κxy = −k2
BT

V h̄

!

k

N!

n=1

$
c2(g(h̄ωn,k)) − π2

3

%
"n,k. (40)

We thus see that the thermal Hall conductivity for BdG 478

Hamiltonian derived from semiclassical theory agrees with 479

that derived from linear response theory. 480

We show the thermal Hall conductivity of magnon-polaron, 481

calculated by using Hs(k), as a function of temperature with 482

red line in Fig. 7(a), calculated with the parameters used in 483

Fig. 4(d). As a comparison, we plot the case without magnon- 484

phonon coupling with blue line, which is equal to the phonon 485

Hall conductivity because the magnon Hall conductivity 486

vanish. The Berry curvature arising from magnon-phonon 487

interaction contributes noticeably to the thermal Hall conduc- 488

tivity at high temperature. This is because the hybridization 489

between magnon and phonon occurs significantly only at high 490
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FIG. 3. Phonon spectrum along the high-symmetry line in the
unit of meV. (a) The phonon spectrum with h̄2γ /M = 40 (meV)2 and
no effective magnetic field. (b) The phonon spectrum with effective
magnetic field hh̄ = −0.5 meV.

to magnetic field of about 5 T. We also use A = −0.02 meV228

[30], which is a realistic value for RMnO3 when R = Y and229

Lu [41].230

Since there is only one magnon band, one cannot ex-231

pect any topological band structure unless additional bosonic232

bands are taken into account. Moreover, the magnon Hamilto-233

nian is real, so that the Berry curvature is zero.234

B. Phonon235

Let us consider the phonon Hamiltonian for a triangular236

lattice. For simplicity, we will only consider the in-plane237

vibrations because there is no coupling between the out-of-238

plane vibration and the magnon in the approximation we use239

[see Eq. (22)]. The phonon Hamiltonian without magnetic240

field is given by241

Hp = 1
2

!

RR′

"
p(R)2 1

M
+ u(R′)K (R′ − R)u(R)

#
. (16)

Here, R and R′ are the unit cell positions, u is the displace-242

ment, p is the momentum, and K is the spring constant ma-243

trix. For simplicity, we only consider the longitudinal spring244

constant γ for the nearest neighbors, which is typically several245

times larger than the transverse spring constant. For the spring246

constant matrix between sites 1 and 2, this can be done by247

taking248

K (R1) =
$

−γ 0
0 0

%
. (17)

Due to the triangular lattice symmetry of phonon, which we249

review in Appendix A 2, we have K (R2) = C6K (R1)C−1
6 and250

K (R3) = C3K (R1)C−1
3 . Finally, K (R = 0) = diag(3γ , 3γ )251

follows from the constraint that
&

R K (R) = 0. The phonon252

Hamiltonian thus constructed is naturally symmetric with253

respect to C6z, C2x, and C′
2y symmetries.254

The dynamical matrix is defined to be255

K (k) =
!

R

1
M

K (R)eik·R, (18)

where M is the mass of the ion, Kxx(k) = γ
M (3 − 2 cos kx −256

cos kx
2 cos

√
3ky

2 ), Kxy(k) = Kyx(k) = γ
M

√
3 sin kx

2 sin
√

3ky

2 , and257

Kyy(k) = 3 γ
M (1 − cos kx

2 cos
√

3ky

2 ). The resulting phonon band258

structure is shown in Fig. 3(a). We see that there are two 259

acoustic phonon bands which are degenerate at " and K . 260

To lift the degeneracy between the phonon bands, we can 261

introduce external magnetic field. We review the details of 262

how this can be done in Sec. IV A. For our purposes, it suffices 263

to note that the phonon Hamiltonian with magnetic field can 264

be written as 265

Hp =
!

k

x†(k)Hp(k)x(k). (19)

Here, we have redefined p(k) →
√

M p(k) and u(k) → 266

u(k)/
√

M and defined the operator 267

x(k) =
$

p(k)
u(k)

%
, (20)

and the matrices 268

Hp(k) = 1
2

$
Isd −A
A D(k)

%
, A =

$
0 h

−h 0

%
, (21)

where D(k) = −A2 + K (k). The parameter h is the phe- 269

nomenological coupling between phonon and magnetization, 270

known as the Raman coupling [5,42,43]. 271

The energy spectrum can be found by solving the Hamilto- 272

nian equation of motion [see Eq. (48)]. The phonon spectrum 273

with magnetic field is shown in Fig. 3(b). We note that 274

the energy scale associated with the magnetic field is hh̄ ∼ 275

0.002 meV for magnetic field about 1 T at 5.45 K [6,12] 276

for a paramagnet, which is quite small. We will put hh̄ = 277

−0.5 meV to clarify the role of magnon-phonon interaction. 278

C. Magnon-phonon coupling 279

Let us use the exchange magnetostriction model for the 280

magnon-phonon coupling [44], 281

Hc =
!

⟨i j⟩
KmpRi j · #ui jSi · S j, (22)

where Ri j = 1
a (Ri − R j ) is a unit vector and #u = ui − u j . 282

This form of the Hamiltonian can be obtained from the 283

Heisenberg model by assuming that the exchange integral J 284

depends on the distance between the atoms, J (|ri − r j |) ≈ 285

J + KmpRi j · #ui j , where ri = Ri + ui. Note that out-of-plane 286

vibration will not couple to magnons in this model. For a 287

noncollinear antiferromagnet, magnon-phonon coupling can 288

arise naturally in quadratic order because Si · S j contains 289

terms linear in the HP operators. 290

In Sec. IV B, we will discuss two methods to solve the 291

magnon-phonon coupling problem: we can work either with 292

293

$k =
'
ak, a†

−k, pT
k , uT

k

(
, (23)

where u(k) is the displacement and p(k) is the conjugate 294

momentum in the Fourier space, or with 295

%k = (ak, b1,k, b2,k, a†
−k, b†

1,−k, b†
2,−k ), (24)

where b1,k and b2,k are the phonon operators in the Fourier 296

space. Although the energy spectrum of these two methods 297

are the same, their Berry curvature will be different. In order 298

to calculate the thermal Hall conductivity, the correct Berry 299

curvature is computed by working in $k basis. In order to 300
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FIG. 3. Phonon spectrum along the high-symmetry line in the
unit of meV. (a) The phonon spectrum with h̄2γ /M = 40 (meV)2 and
no effective magnetic field. (b) The phonon spectrum with effective
magnetic field hh̄ = −0.5 meV.

to magnetic field of about 5 T. We also use A = −0.02 meV228

[30], which is a realistic value for RMnO3 when R = Y and229

Lu [41].230

Since there is only one magnon band, one cannot ex-231

pect any topological band structure unless additional bosonic232

bands are taken into account. Moreover, the magnon Hamilto-233

nian is real, so that the Berry curvature is zero.234

B. Phonon235

Let us consider the phonon Hamiltonian for a triangular236

lattice. For simplicity, we will only consider the in-plane237

vibrations because there is no coupling between the out-of-238

plane vibration and the magnon in the approximation we use239

[see Eq. (22)]. The phonon Hamiltonian without magnetic240

field is given by241

Hp = 1
2

!

RR′

"
p(R)2 1

M
+ u(R′)K (R′ − R)u(R)

#
. (16)

Here, R and R′ are the unit cell positions, u is the displace-242

ment, p is the momentum, and K is the spring constant ma-243

trix. For simplicity, we only consider the longitudinal spring244

constant γ for the nearest neighbors, which is typically several245

times larger than the transverse spring constant. For the spring246

constant matrix between sites 1 and 2, this can be done by247

taking248

K (R1) =
$

−γ 0
0 0

%
. (17)

Due to the triangular lattice symmetry of phonon, which we249

review in Appendix A 2, we have K (R2) = C6K (R1)C−1
6 and250

K (R3) = C3K (R1)C−1
3 . Finally, K (R = 0) = diag(3γ , 3γ )251

follows from the constraint that
&

R K (R) = 0. The phonon252

Hamiltonian thus constructed is naturally symmetric with253

respect to C6z, C2x, and C′
2y symmetries.254

The dynamical matrix is defined to be255

K (k) =
!

R

1
M

K (R)eik·R, (18)

where M is the mass of the ion, Kxx(k) = γ
M (3 − 2 cos kx −256

cos kx
2 cos

√
3ky

2 ), Kxy(k) = Kyx(k) = γ
M

√
3 sin kx

2 sin
√

3ky

2 , and257

Kyy(k) = 3 γ
M (1 − cos kx

2 cos
√

3ky

2 ). The resulting phonon band258

structure is shown in Fig. 3(a). We see that there are two 259

acoustic phonon bands which are degenerate at " and K . 260

To lift the degeneracy between the phonon bands, we can 261

introduce external magnetic field. We review the details of 262

how this can be done in Sec. IV A. For our purposes, it suffices 263

to note that the phonon Hamiltonian with magnetic field can 264

be written as 265

Hp =
!

k

x†(k)Hp(k)x(k). (19)

Here, we have redefined p(k) →
√

M p(k) and u(k) → 266

u(k)/
√

M and defined the operator 267

x(k) =
$

p(k)
u(k)

%
, (20)

and the matrices 268

Hp(k) = 1
2

$
Isd −A
A D(k)

%
, A =

$
0 h

−h 0

%
, (21)

where D(k) = −A2 + K (k). The parameter h is the phe- 269

nomenological coupling between phonon and magnetization, 270

known as the Raman coupling [5,42,43]. 271

The energy spectrum can be found by solving the Hamilto- 272

nian equation of motion [see Eq. (48)]. The phonon spectrum 273

with magnetic field is shown in Fig. 3(b). We note that 274

the energy scale associated with the magnetic field is hh̄ ∼ 275

0.002 meV for magnetic field about 1 T at 5.45 K [6,12] 276

for a paramagnet, which is quite small. We will put hh̄ = 277

−0.5 meV to clarify the role of magnon-phonon interaction. 278

C. Magnon-phonon coupling 279

Let us use the exchange magnetostriction model for the 280

magnon-phonon coupling [44], 281

Hc =
!

⟨i j⟩
KmpRi j · #ui jSi · S j, (22)

where Ri j = 1
a (Ri − R j ) is a unit vector and #u = ui − u j . 282

This form of the Hamiltonian can be obtained from the 283

Heisenberg model by assuming that the exchange integral J 284

depends on the distance between the atoms, J (|ri − r j |) ≈ 285

J + KmpRi j · #ui j , where ri = Ri + ui. Note that out-of-plane 286

vibration will not couple to magnons in this model. For a 287

noncollinear antiferromagnet, magnon-phonon coupling can 288

arise naturally in quadratic order because Si · S j contains 289

terms linear in the HP operators. 290

In Sec. IV B, we will discuss two methods to solve the 291

magnon-phonon coupling problem: we can work either with 292

293

$k =
'
ak, a†

−k, pT
k , uT

k

(
, (23)

where u(k) is the displacement and p(k) is the conjugate 294

momentum in the Fourier space, or with 295

%k = (ak, b1,k, b2,k, a†
−k, b†

1,−k, b†
2,−k ), (24)

where b1,k and b2,k are the phonon operators in the Fourier 296

space. Although the energy spectrum of these two methods 297

are the same, their Berry curvature will be different. In order 298

to calculate the thermal Hall conductivity, the correct Berry 299

curvature is computed by working in $k basis. In order to 300
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(a) (b)

(c) (d)

(e) (f)

FIG. 5. Berry curvature density of magnon-phonon hybridized
bands in the first Brillouin zone with the lattice constant a = 1. The
energy bands are labeled 1, 2, 3 from highest to lowest energy and
carry Chern numbers −2, 4, −2, respectively. (a) and (b) shows the
Berry curvature density for energy band 1 by using the H̃me(k) and
Hs(k), respectively. (c) and (d) are similar plots for energy band 2,
and (e) and (f) are similar plots for energy band 3.

B. Thermal Hall conductivity457

The formula for thermal Hall conductivity can be derived458

by either semiclassical theory or linear response theory. For459

non-BdG bosonic Hamiltonian, it was shown that the two460

approaches are equivalent [9,10]. This equivalence holds even461

for BdG Hamiltonian, as we now show. The formula for462

the thermal Hall conductivity derived by using semiclassical463

(a) (b)

FIG. 6. Berry curvature density of phonon in the first Brillouin
zone with the lattice constant a = 1 and with the same parameters
used in Fig. 3 (b). (a) and (b) are the plots for the higher and lower
energy band, respectively.

wave-packet approach is given by [46] 464

κxy = 1
2h̄TV

N!

n=−N

′ !

k

"n,k

" ∞

h̄ωn,k

E2 ∂g
∂E

dE , (38)

where "n,k is the z component of the Berry curvature com- 465

puted as in Eq. (88), h̄ωk,n is the energy [see Eq. (37)] 466

with h̄ωk,n > 0 (<0) for n > 0 (<0), g(E ) = 1
eE/kBT −1 is the 467

Bose-Einstein distribution, and the ′ indicates that there is no 468

summation over n = 0. Let us note the formula 469

" ∞

h̄ωn,k

E2 ∂g
∂E

dE = −k2
BT 2c2((g(h̄ωn,k)), (39)

where c2(x) ≡
# x

0 [ln(1 + ρ−1)]2. This can be derived by 470

making the substitution ρ = g, so that E = kBT ln(1 + 471

ρ−1). Combining this with the properties "−n,−k = −"n,k, 472

ω−n,−k = −ωn,k, ∂g(−E )
dE = − ∂g(E )

dE , and c2(∞) = π2

3 , we can 473

convert the summation for n < 0 to summation over n > 0. 474

After a short calculation, we arrive at the following expression 475

for the thermal Hall conductivity, which can also be derived 476

from the linear response theory [14,47]: 477

κxy = −k2
BT

V h̄

!

k

N!

n=1

$
c2(g(h̄ωn,k)) − π2

3

%
"n,k. (40)

We thus see that the thermal Hall conductivity for BdG 478

Hamiltonian derived from semiclassical theory agrees with 479

that derived from linear response theory. 480

We show the thermal Hall conductivity of magnon-polaron, 481

calculated by using Hs(k), as a function of temperature with 482

red line in Fig. 7(a), calculated with the parameters used in 483

Fig. 4(d). As a comparison, we plot the case without magnon- 484

phonon coupling with blue line, which is equal to the phonon 485

Hall conductivity because the magnon Hall conductivity 486

vanish. The Berry curvature arising from magnon-phonon 487

interaction contributes noticeably to the thermal Hall conduc- 488

tivity at high temperature. This is because the hybridization 489

between magnon and phonon occurs significantly only at high 490
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(Kmp = 0) in (b) for comparison with the case when there370

is magnon-phonon coupling (Kmp ̸= 0) in (d). We see that371

both the magnetoelastic coupling and the external magnetic372

field are necessary to fully open the gap between the magnon-373

polaron bands.374

We have mentioned that the magnetoelastic Hamiltonian375

can also be written in basis !k,376

H =
∑

k

!†
kHme(k)!k, (29)

where Hme(k) takes the form377

Hme(k) =
(

Hm(k) Hc(k)
H†

c (k) Hp (k)

)
. (30)

Here, Hm(k) and Hp (k) are defined respectively in Eqs. (15)378

and (21), and Hc(k) is given by379

Hc(k) =
(

0 0 v(k)
0 0 v( − k)

)
, (31)

where v(k) is the 1 × 2 column vector given by380

v(k) = Kmp

√
h̄
M Re[ − ceik·R12 R12 + (12 ↔ 23) + (12 ↔ 31)].381

In Sec. IV C, we show that Hme can be mapped to a bosonic382

BdG Hamiltonian Hs by making a simple transformation,383

Hs = PV †HmeV P†. (32)

Denoting by In the n by n identity matrix, P and V are384

defined as385

P =

⎛

⎜⎜⎜⎝

I1

I2

I1

I2

⎞

⎟⎟⎟⎠
, V =

⎛

⎜⎝

I2
1√
2
I2

1√
2
I2

i√
2
I2

− i√
2
I2

⎞

⎟⎠.

(33)

Because Hs is a bosonic BdG Hamiltonian, it can be solved by386

using the Colpa’s method, just as H̃me.387

III. BERRY CURVATURE AND THERMAL HALL388

CONDUCTIVITY IN TRIANGULAR ANTIFERROMAGNET389

In this section, we compare the Berry curvature computed390

from H̃me(k) and Hs(k), and compute the thermal Hall conduc-391

tivity of the model presented in Sec. II. Large Berry curvature392

is induced in the anticrossing regions because of the magnon-393

phonon coupling and the effective magnetic field in phonon.394

This renormalize the thermal Hall conductivity arising from395

phonons. We also show that the decoupled magnon-polaron396

bands are topological.397

A. Berry curvature398

Let us first define the Berry curvature. Let Hk be either399

H̃me(k) or Hs(k), and let Tk be the matrix that diagonalizes400

Hk. As in Eqs. (9) and (10), this means that Tk satisfies401

T †
k σzTk = σz, σz =

(
I3 0
0 − I3

)
(34)

and402

T †
k HkTk = 1

2 h̄ω̃k, (35)

where ω̃k is a diagonal matrix with (ω̃k)nn ! 0. Such a diago- 403

nalization problem can be solved by using the Colpa’s method 404

[32], which is reviewed in Appendix B. If we denote by |Tk⟩n 405

the nth column vector of Tk, the Berry curvature is defined 406

to be 407

Bn(k) = (σz )nn∇ × [n⟨Tk|iσz∇|Tk⟩n]. (36)

Let us note that by multiplying both sides of Eq. (35) with 408

Tkσz and by using Eq. (34), we can obtain 409

σzHkTk = 1
2 Tkσz h̄ω̃k ≡ 1

2 Tk h̄ωk (37)

so that |Tk⟩n are eigenvectors of σzHk. However, eigenvectors 410

of σzHk do not necessarily satisfy Eq. (34). A more detailed 411

review of the properties of bosonic BdG Hamiltonian and the 412

Berry curvature can be found in Sec. V and Appendix E 413

Since the magnetoelastic bands introduced in the previous 414

section are fully gapped in the presence of magnetic field 415

and magnetoelastic coupling, each of the hybridized bands 416

can carry quantized Chern number. In Fig. 5, we compare 417

the Berry curvature calculated for the magnon-phonon cou- 418

pled bands by using H̃me(k) (defined in Eq. (28)) and Hs(k) 419

[defined in Eq. (32)]. The Berry curvature density computed 420

by using H̃me(k) is shown in Figs. 5(a), 5(c) and 5(e), and 421

it should be compared with that computed by using Hs(k), 422

which is shown in Figs. 5(b), 5(d) and 5(f). The most no- 423

ticeable difference is that the contribution from phonon Berry 424

curvature, which is shown in Fig. 6, can be seen in Figs. 5(b) 425

and 5(d) [indicated with dotted circle], but not in (a) and 426

(c). Another difference is that the Berry curvature computed 427

from H̃me(k) shows spots of large Berry curvature, indicated 428

by dotted ellipse in Figs. 5(a), 5(c) and 5(e), which are not 429

present in Figs. 5(b), 5(d) and 5(f) computed from Hs(k). 430

Their origin can be traced back to the fact that H̃me(k) is not 431

smooth when computed numerically. This is because H̃me(k) 432

depends on ϵσ (k) whose phase factor is indeterminate. This 433

implies that the Berry phase computed from H̃me(k) does not 434

behave well for numerical computation. We explain this in 435

detail in Appendix E. 436

After integration of the Berry curvature, we find that the 437

Chern numbers of the bands, from highest to lowest energy, 438

are − 2, 4, − 2 respectively. Surprisingly, the Chern numbers 439

computed from Hs(k) and H̃me(k) are equivalent. In general, 440

however, we should not expect the Chern numbers computed 441

with these two methods to be equivalent. 442

Finally, let us note that the effective magnetic field h in 443

phonon is essential for the presence of Berry curvature in 444

our model. To see this, let us first notice that Hme(k) is real 445

because Hm(k), Hp (k), and Hc(k) are real [see Eqs. (15), 446

(21), and (31)]. When h = 0, this guarantees that the Berry 447

curvature vanishes, which we show in Appendix E 2. There- 448

fore, although the magnon-phonon coupling does not by itself 449

induce Berry curvature, it can induce large Berry curvature 450

in the presence magnetic field in phonon Hamiltonian. The 451

same conclusion holds for the Berry curvature computed from 452

H̃me(k). This is because if h = 0, we can choose ϵσ (k) to be 453

real. Then, it is immediate from Eq. (27) that the magnon- 454

phonon coupling terms are real, so that H̃me(k) is real. It 455

follows from this that there is no Berry curvature. 456
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(a) (b)

FIG. 7. (a) Thermal Hall conductivity κxy computed by using
Hs(k). The blue line is κxy for phonon with parameters given in Fig. 3.
The red line is κxy for magnon-polaron with parameters given in
Fig. 4. The green line is computed with the same parameters except
the easy-axis anisotropy, which is reduced to A = −0.002. The x
axis is temperature in Kelvins and the y axis is the dimensionless
thermal Hall conductivity, h̄κxy/k2

B. (b) Thermal Hall conductivity
κxy computed by using H̃me(k). The contribution to the thermal Hall
conductivity from phonon is completely missed.

energies. On the other hand, if we reduce the anisotropy491

from a = −0.02 to −0.002 meV, the magnon dispersion492

near " falls below the highest phonon energy at the ". The493

result is that magnon and phonon can hybridize significantly494

also at lower energy. This is accompanied by a topological495

phase transition so that the Chern numbers of the magnon496

polaron bands are now 0, 2, −2, from bands with highest497

energy to lowest energy. The thermal Hall conductivity for498

this case is shown in green line, and we see that the thermal499

Hall conductivity is now significantly renormalized at lower500

temperatures. This is because excitations with large Berry501

curvature, resulting from magnon-phonon coupling, are now502

thermally active at lower temperatures.503

To emphasize why Hs(k) should be used, we show the504

thermal Hall conductivity calculated from H̃me(k) in Fig. 7(b).505

As can be seen, the thermal hall conductivity signal from506

phonon is completely missed in Fig. 7(b), which is in sharp507

contrast to Fig. 7(a) where the phonon makes a significant508

contribution for temperature around 20 K. In a material with509

strong spin-phon coupling, the thermal Hall conductivity can510

arise from magnon, phonon, and their coupling. In such cases,511

the Berry curvature should be computed by using Hs(k), not512

by using H̃me(k)513

IV. DIAGONALIZATION OF514

MAGNETOELASTIC HAMILTONIAN515

In this section, we clarify the relation between the magne-516

toelastic Hamiltonian and the BdG Hamiltonian. To introduce517

the notations used for phonons, we begin with a brief review518

of the theory of phonon in a two dimensional lattice with519

net out-of-plane magnetization, which couples to phonons520

through the Raman interaction [5,6,14]. Then, we clarify the521

relation between the phonon Hamiltonian to the BdG Hamil-522

tonian. Using this, we then present a method to diagonalize the523

magnetoelastic Hamiltonian without introducing the phonon524

operators, based on Colpa’s method of diagonalizing bosonic525

BdG Hamiltonian, which is reviewed in Appendix B. For526

complicated systems, this can simplify the work involved in527

solving the hybridization problem. We will always put h̄ = 1.528

A. Review of phonon Hamiltonian in effective magnetic field 529

The Hamiltonian of an ion moving in a static out-of- 530

plane magnetic field B can be written by making the sub- 531

stitution p → p − qA where p is the momentum conjugate 532

to the displacement u, q is the charge of the ion, and A = 533
1
2 B × u is the vector potential. Then, the kinetic part of the 534

Hamiltonian is 535

1
2m

!!!p − q
2

B × u
!!!
2

= 1
2m

!!!!p −
"

0 − qB
2

qB
2 0

#
u
!!!!
2

. (41)

The effective Hamiltonian of lattice vibration in the pres- 536

ence of magnetization can be written in a similar way. Let 537

uα (R) denotes the two-dimensional displacement vector of an 538

ion multiplied by the square root its mass, mα . Here, R is the 539

unit cell position and α is the sublattice index. Similarly, let 540

pα (R) be the conjugate momentum divided by square root 541

of the mass. We will denote the charge of ion α by qα , α = 542

1, . . . , s, where s is the number of sublattice. We will often 543

omit the sublattice index and write, for example, u to mean 544

(u1, . . . , us). The phonon Hamiltonian is given by [5,42] 545

Hp = 1
2

$

αβRR′

[{pα (R)2 + 2uα (R)Aαα pα (R)}δαβδR,R′

+ uα (R){Kαβ (R − R′) − (A2)αβ}uβ (R′)]. (42)

Here, A is a block diagonal matrix with blocks Aαβ = δαβ&α , 546

where &α is a d × d matrix and d is the spatial dimension, 547

which is 2 for the present case. This matrix contains the 548

coupling between the ions and the effective magnetic field 549

&α =
"

0 h
−h 0

#
, (43)

where we have defined hα = −qαB/2mα . As we have men- 550

tioned before, B is the effective magnetic field, which is 551

proportional to the local magnetization in the z direction. 552

This coupling between u and p can occur by the Raman-type 553

interaction of the form gM · (u × p), where M is the average 554

magnetization [43]. 555

We use the following convention for the Fourier transfor- 556

mation of phonons: 557

uα (R) = 1√
N

$

R

uα (k)ei(R+δα )·k. (44)

Here, R is the position of the cell, δα is the displacement from 558

R to the equilibrium position of the atom in that cell, and N 559

is the total number of unit cells. The Hamiltonian after the 560

Fourier transformation is given by [5] 561

Hp = 1
2

$

αβk

[{pα (−k) · pα (k) + 2uα (−k)Aαα pα (k)}δαβ

+ uα (−k)Dαβ (k)uβ (k)]

=
$

k

x(−k)T Hp(k)x(k), (45)
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Fig. Caption:
Left: thermal Hall conductivity 
computed using Berry curvatures 
calculated by using field Σ"
Right: thermal Hall conductivity 
computed using Berry curvatures 
calculated by using field Ψ"

Fig. Caption
(a), (c), (e): Berry curvatures 
calculated by using field Ψ"
(b), (d), (f): Berry curvatures 
calculated by using field Σ"

Note that the phonon Berry 
curvature is missed in (a), (c), 
and (e).

The Hamiltonian written using 
Ψ" does not have to be 
smooth, which results in 
unphysical singularities in 
Berry curvature.

The Chern numbers for (b), 
(d), and (f) are -2, 4, -2 
respectively.
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(a) (b)

(c) (d)

(e) (f)

FIG. 5. Berry curvature density of magnon-phonon hybridized
bands in the first Brillouin zone with the lattice constant a = 1. The
energy bands are labeled 1, 2, 3 from highest to lowest energy and
carry Chern numbers −2, 4, −2, respectively. (a) and (b) shows the
Berry curvature density for energy band 1 by using the H̃me(k) and
Hs(k), respectively. (c) and (d) are similar plots for energy band 2,
and (e) and (f) are similar plots for energy band 3.

B. Thermal Hall conductivity457

The formula for thermal Hall conductivity can be derived458

by either semiclassical theory or linear response theory. For459

non-BdG bosonic Hamiltonian, it was shown that the two460

approaches are equivalent [9,10]. This equivalence holds even461

for BdG Hamiltonian, as we now show. The formula for462

the thermal Hall conductivity derived by using semiclassical463

(a) (b)

FIG. 6. Berry curvature density of phonon in the first Brillouin
zone with the lattice constant a = 1 and with the same parameters
used in Fig. 3 (b). (a) and (b) are the plots for the higher and lower
energy band, respectively.

wave-packet approach is given by [46] 464

κxy = 1
2h̄TV

N!

n=−N

′ !

k

"n,k

" ∞

h̄ωn,k

E2 ∂g
∂E

dE , (38)

where "n,k is the z component of the Berry curvature com- 465

puted as in Eq. (88), h̄ωk,n is the energy [see Eq. (37)] 466

with h̄ωk,n > 0 (<0) for n > 0 (<0), g(E ) = 1
eE/kBT −1 is the 467

Bose-Einstein distribution, and the ′ indicates that there is no 468

summation over n = 0. Let us note the formula 469

" ∞

h̄ωn,k

E2 ∂g
∂E

dE = −k2
BT 2c2((g(h̄ωn,k)), (39)

where c2(x) ≡
# x

0 [ln(1 + ρ−1)]2. This can be derived by 470

making the substitution ρ = g, so that E = kBT ln(1 + 471

ρ−1). Combining this with the properties "−n,−k = −"n,k, 472

ω−n,−k = −ωn,k, ∂g(−E )
dE = − ∂g(E )

dE , and c2(∞) = π2

3 , we can 473

convert the summation for n < 0 to summation over n > 0. 474

After a short calculation, we arrive at the following expression 475

for the thermal Hall conductivity, which can also be derived 476

from the linear response theory [14,47]: 477

κxy = −k2
BT

V h̄

!

k

N!

n=1

$
c2(g(h̄ωn,k)) − π2

3

%
"n,k. (40)

We thus see that the thermal Hall conductivity for BdG 478

Hamiltonian derived from semiclassical theory agrees with 479

that derived from linear response theory. 480

We show the thermal Hall conductivity of magnon-polaron, 481

calculated by using Hs(k), as a function of temperature with 482

red line in Fig. 7(a), calculated with the parameters used in 483

Fig. 4(d). As a comparison, we plot the case without magnon- 484

phonon coupling with blue line, which is equal to the phonon 485

Hall conductivity because the magnon Hall conductivity 486

vanish. The Berry curvature arising from magnon-phonon 487

interaction contributes noticeably to the thermal Hall conduc- 488

tivity at high temperature. This is because the hybridization 489

between magnon and phonon occurs significantly only at high 490
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Berry curvature and Chern number

Spin Current?
• Consider a collinear antiferromagnet.
• The magnon bands carry spin quantum numbers
• The magnon-phonon interaction can induce thermal 
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FIG. 1: (a) Magnetic order on a honeycomb lattice with broken inver-
sion symmetry between A and B sites, which are surrounded respec-
tively by octahedral and tetrahedral cage of oxygen atoms. The up
spins point out of the plane, and the down spins point into the plane.
(b) Simplified lattice model where we have indicated the directions
of the in-plane DM vectors Dij , where i is fixed to be one of the A

sites and j is one of the three nearest B sites. (c) The Brillouin zone
and the high symmetry momenta.

tem with armchair edge in the presence of MPI. Finally, we
discuss the relevance of our model to the thermal Hall con-
ductivity measured in Fe2Mo3O8 [30].

Model.— Our model is motivated by Fe2Mo3O8, which
consists of Fe-O layers separated by sheets of Mo4+ [31, 32].
The Fe2+ ions in the Fe-O layer form a honeycomb-like lat-
tice as in Fig. 1 (a), where the Fe2+ ions at A and B sites are
displaced vertically with respect to each other. Because the
A (B) sites are surrounded by octahedral (tetrahedral) cage
of oxygen atoms, the inversion symmetry between the nearest
neighboring sites is broken. However, the mirror symmetry
Mx: (x, y) ! (�x, y) that flips the left and right halves of
the hexagons in Fig. 1 (a) fixes the DM vectors as shown in
Fig. 1 (b).

For our model, we simplify the lattice as shown in Fig. 1
(b), where we keep only the magnetic ions forming a two-
dimensional honeycomb lattice. Let us consider the spin
Hamiltonian given by

Hm = HJ1 +HJ2 +HD +H↵ +HH . (1)

Here,HJ1 = J1
P

hiji Si·Sj with J1 > 0 is the antiferromag-
netic nearest-neighbor Heisenberg interaction, and HJ2 =
J
A

2

P
hhijiiA Si ·Sj + J

B

2

P
hhijiiB Si ·Sj with J

A

2 , J
B

2 < 0
is the ferromagnetic next-nearest-neighbor Heisenberg inter-
action. The notation hhijiiA/B indicates that the interaction
is between only the A sites or B sites. We assume JA 6= JB ,
to reflect the broken inversion symmetry that relates A and B

sites. The broken inversion symmetry allows nearest-neighbor
DM interaction HD =

P
hiji Dij · [Si ⇥ Sj ], where direc-

tion of Dij is indicated in Fig. 1. We note, however, that it
does not contribute to the magnon spectrum because the mag-
netic ordering direction, normal to the honeycomb plane, is

perpendicular to the DM vector. Finally, H↵ =
P

i
↵i(Sz

i
)2

with ↵i < 0 is the easy-axis anisotropy (↵A 6= ↵B) and
HH =

P
i
µiSi · H is the Zeeman coupling to the exter-

nal magnetic field applied parallel to the magnetic ordering
direction (µA 6= µB).

The magnon Hamiltonian is obtained by writing Si =
x̂iS

x

i
+ ŷiS

y

i
+ ẑiS

z

i
and introducing the Holstein-Primakoff

operators ai and a
†
i

as detailed in the Supplemental Material
(SM) [33]. The resulting magnon spectrum without the Zee-
man coupling is shown in Fig. 2 (a). We find that the upper
(lower) magnon band carries spin �1(+1) by using the defini-
tion of the magnon spin operator Sz =

P
i
sgn(i)a†

i
ai, where

sgn(i) = �1(+1) when i is one of the A (B) sites. Note
that although the DM interaction breaks the SO(2) symmetry
about the z axis, it does not appear in the linear spin wave
theory, and the magnon spin is conserved in this limit.

For the phonon Hamiltonian, let us consider a simple har-
monic oscillator model of the form

Hp =
1

2

X

ij

⇥
p̃
2
i
�ij + ũiKij(Ri �Rj)ũj

⇤
, (2)

where Ri is the position of the atom at site i and Kij(Ri �
Rj) are the spring constant matrices between the atoms at
sites i and j. Note that we have absorbed the atomic mass Mi

by defining the rescaled displacement and momentum opera-
tors ũi =

p
Miui and p̃i = pip

Mi
, where ui and pi are the

displacement and momentum operators. The nearest-neighbor
spring constant matrix between A and B separated by �1 as
shown in Fig. 1 (a) is given by

K(�1) =


�KT 0
0 �KL

�
, (3)

where KL is the longitudinal and KT is the transverse spring
constant. Note that K(�2) and K(�3) are obtained by impos-
ing the threefold rotation symmetry, and the onsite potential is
obtained by demanding that there is no energy cost under the
uniform translation of the lattice, as detailed in the SM [33].
We also include the next spring constant matrices where the
longitudinal and the transverse spring constants between AA

(BB) sites are given by kL and kT (k0
L

and k
0
T

). The resulting
phonon spectrum is shown in Fig. 2 (a).

Finally, we consider the MPI arising from the fluctuation of
the DM vector direction [27, 34]. To do this, note that when
the atoms are at their equilibrium positions, we can write the
DM vector as [35] Dij = Dr̂ij ⇥ ẑ, where ri = Ri + ui

and r̂ij = ri�rj

|ri�rj | . Assuming for simplicity that D is in-
dependent of ui and that the masses of atoms A and B are
equal, the part of Dij that is linear in uij = ui � uj ish
�R̂ij

⇣
R̂ij · ũijp

M

⌘
+ ũijp

M

i
⇥ ẑ

D

l
, where l is the distance

between the nearest neighboring atoms, Rij = Ri �Rj , and
ũij = ũi � ũj . Similarly, the terms linear in the Holstein-
Primakoff operators in Si ⇥ Sj are given by S[Sx

i
x̂i ⇥ ẑj +

S
y

i
ŷi⇥ẑj+S

x

j
ẑi⇥x̂j+S

y

j
ẑi⇥ŷj ]. The MPI at the quadratic

level is obtained by multiplying these two terms.
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FIG. 2: (a) Magnon and phonon spectrums along the high sym-
metry lines with no MPI (D = 0) and no external magnetic field
(H = 0). The upper (lower) magnon band carries �1 (+1) spin.
The parameters for the magnon Hamiltonian are S = 2, J1 = 2
meV, JA

2 = �0.3 meV, JB
2 = �0.1 meV, ↵A = �0.02 meV, and

↵B = �0.01 meV, and the parameters for the phonon Hamiltonian
are KL = 120 (meV)2, KT = 25 (meV)2, kA

L = 30 (meV)2,
k
A
T = 10 (meV)2, kB

L = 15 (meV)2, kB
T = 5 (meV)2. (b) Magne-

toelastic excitation spectrum with MPI and external magnetic field.
The parameters relevant for the MPI are D = 0.94 meV, l = 5
Å, and MA = MB = 60 amu, and the Zeeman interactions are
µAH = �1.4 meV and µBH = �1.2 meV. The highest to lowest
energy bands are labeled from 1 to 6. The line color indicates the
magnon and phonon content of the magnetoelastic modes. (c) Close-
up view of the two anticrossing regions (↵,�) near the � point, with
a tiny gap at each crossing point. (d) Berry curvature density for
energy bands 4 and 5. The boundary of the first Brillouin zone is
indicated with dotted line.

In the above, the magnetoelastic Hamiltonian is written us-
ing ai, a†i , ũi, and p̃i operators. As reviewed in the SM, it can
be transformed into a bosonic BdG Hamiltonian, for which
there is a standard recipe for diagonalization [25, 36] and com-
puting the Berry curvature [5]. We show the magnetoelastic
excitation spectrum thus obtained in Fig. 2 (b), where we turn
on the out-of-plane external magnetic field in addition to the
MPI. The energy bands with up and down spins respond oppo-
sitely to the magnetic field, so that with our choice of parame-
ters (see Fig. 2), the energy of the spin up and down bands are
lowered and raised, respectively. This produces two overlap-
ping regions near the � point between the magnon and phonon
bands, which hybridize because of the DM interaction. This
is clarified in Fig. 2 (c), where the two anticrossing regions
between energy bands 4 and 5 near the � point are indicated
with dotted circles. It is important to note that these two an-
ticrossing regions correspond to the Berry curvature hotspots
encircling the � point in Fig. 2 (d), which are crucial for the

(a) (b)

FIG. 3: (a) Thermal Hall conductivity and (b) spin Nernst coefficient
arising from MP,I computed with the parameters used in Fig. 2 (b).

thermal Hall and spin Nernst effect.
Thermal Hall conductivity.—In the absence of MPI, the

individual magnon and the phonon bands exhibit zero
thermal Hall conductivity. To see why, recall that the
thermal Hall conductivity xy is defined by the expres-
sion j

Q

x
= �xyryT , where j

Q is the heat cur-
rent and T is the temperature. The semiclassical and
linear response theory both yield [5, 25, 37] xy =

�k
2
BT

V ~
P

k

P
N

n=1

h
c2(g(En,k))� ⇡

2

3

i
⌦n,k, where the sum-

mation is over only the particle bands, ⌦n,k is the Berry curva-
ture, c2(x) = (1+x)(ln 1+x

x
)2�(lnx)2�2Li2(�x), and Li2

is the polylogarithm function Lin for n = 2. In the absence
of MPI, the individual magnon and phonon bands satisfy the
MxC

S

2x symmetry [33]. Here, Mx is the mirror symmetry
about the plane normal to the x axis, and it acts on both spin
and position degrees of freedom. The C

S

2x acts only on the
spin degrees of freedom, and it rotates all of the spin about
the x axis without changing their position. MxC

S

2x sym-
metry imposes the conditions En,(kx,ky) = En,(�kx,ky) and
⌦n,(kx,ky) = �⌦n,(�kx,ky) on the energy and Berry curvature
of the magnon and phonon bands. Using these constraints, it
is easy to see that the contributions to xy from (kx, ky) and
(�kx, ky) cancel pairwise, so that the thermal Hall conductiv-
ity vanishes for the individual magnon and phonon bands.

However, this symmetry is broken by the MPI, and one ob-
tains non-zero thermal Hall conductivity as shown in Fig. 3
(a). Notice that there is a sign change in the thermal Hall con-
ductivity around 15 K. This is because the two Berry curvature
hotspots ↵,� near the � point have opposite sign. At low tem-
perature, the smaller region (↵) with energy approximately 1
meV and negative Berry curvature is the main contributor, so
that xy < 0 (note that kB ⇥ 10K ⇡ 0.86 meV). On the
other hand, the larger region (�) with positive Berry curvature
is located around 5 meV, and therefore starts to contribute sig-
nificantly at higher temperature to flips the sign of xy .

Spin Nernst effect.— Like the thermal Hall conductiv-
ity, the spin Nernst coefficient ↵

S

xy
, which is defined

from the expression for the spin current density j
S

x
=

�↵
S

xy
ryT , vanishes in the absence of MPI. The semi-

classical theory [19], which is equivalent to the linear re-
sponse theory when the spin is conserved, gives ↵

S

xy
=

3
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FIG. 2: (a) Magnon and phonon spectrums along the high sym-
metry lines with no MPI (D = 0) and no external magnetic field
(H = 0). The upper (lower) magnon band carries �1 (+1) spin.
The parameters for the magnon Hamiltonian are S = 2, J1 = 2
meV, JA

2 = �0.3 meV, JB
2 = �0.1 meV, ↵A = �0.02 meV, and

↵B = �0.01 meV, and the parameters for the phonon Hamiltonian
are KL = 120 (meV)2, KT = 25 (meV)2, kA

L = 30 (meV)2,
k
A
T = 10 (meV)2, kB

L = 15 (meV)2, kB
T = 5 (meV)2. (b) Magne-

toelastic excitation spectrum with MPI and external magnetic field.
The parameters relevant for the MPI are D = 0.94 meV, l = 5
Å, and MA = MB = 60 amu, and the Zeeman interactions are
µAH = �1.4 meV and µBH = �1.2 meV. The highest to lowest
energy bands are labeled from 1 to 6. The line color indicates the
magnon and phonon content of the magnetoelastic modes. (c) Close-
up view of the two anticrossing regions (↵,�) near the � point, with
a tiny gap at each crossing point. (d) Berry curvature density for
energy bands 4 and 5. The boundary of the first Brillouin zone is
indicated with dotted line.

In the above, the magnetoelastic Hamiltonian is written us-
ing ai, a†i , ũi, and p̃i operators. As reviewed in the SM, it can
be transformed into a bosonic BdG Hamiltonian, for which
there is a standard recipe for diagonalization [25, 36] and com-
puting the Berry curvature [5]. We show the magnetoelastic
excitation spectrum thus obtained in Fig. 2 (b), where we turn
on the out-of-plane external magnetic field in addition to the
MPI. The energy bands with up and down spins respond oppo-
sitely to the magnetic field, so that with our choice of parame-
ters (see Fig. 2), the energy of the spin up and down bands are
lowered and raised, respectively. This produces two overlap-
ping regions near the � point between the magnon and phonon
bands, which hybridize because of the DM interaction. This
is clarified in Fig. 2 (c), where the two anticrossing regions
between energy bands 4 and 5 near the � point are indicated
with dotted circles. It is important to note that these two an-
ticrossing regions correspond to the Berry curvature hotspots
encircling the � point in Fig. 2 (d), which are crucial for the
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FIG. 3: (a) Thermal Hall conductivity and (b) spin Nernst coefficient
arising from MP,I computed with the parameters used in Fig. 2 (b).

thermal Hall and spin Nernst effect.
Thermal Hall conductivity.—In the absence of MPI, the

individual magnon and the phonon bands exhibit zero
thermal Hall conductivity. To see why, recall that the
thermal Hall conductivity xy is defined by the expres-
sion j

Q

x
= �xyryT , where j

Q is the heat cur-
rent and T is the temperature. The semiclassical and
linear response theory both yield [5, 25, 37] xy =

�k
2
BT

V ~
P

k

P
N

n=1

h
c2(g(En,k))� ⇡

2

3

i
⌦n,k, where the sum-

mation is over only the particle bands, ⌦n,k is the Berry curva-
ture, c2(x) = (1+x)(ln 1+x

x
)2�(lnx)2�2Li2(�x), and Li2

is the polylogarithm function Lin for n = 2. In the absence
of MPI, the individual magnon and phonon bands satisfy the
MxC

S

2x symmetry [33]. Here, Mx is the mirror symmetry
about the plane normal to the x axis, and it acts on both spin
and position degrees of freedom. The C

S

2x acts only on the
spin degrees of freedom, and it rotates all of the spin about
the x axis without changing their position. MxC

S

2x sym-
metry imposes the conditions En,(kx,ky) = En,(�kx,ky) and
⌦n,(kx,ky) = �⌦n,(�kx,ky) on the energy and Berry curvature
of the magnon and phonon bands. Using these constraints, it
is easy to see that the contributions to xy from (kx, ky) and
(�kx, ky) cancel pairwise, so that the thermal Hall conductiv-
ity vanishes for the individual magnon and phonon bands.

However, this symmetry is broken by the MPI, and one ob-
tains non-zero thermal Hall conductivity as shown in Fig. 3
(a). Notice that there is a sign change in the thermal Hall con-
ductivity around 15 K. This is because the two Berry curvature
hotspots ↵,� near the � point have opposite sign. At low tem-
perature, the smaller region (↵) with energy approximately 1
meV and negative Berry curvature is the main contributor, so
that xy < 0 (note that kB ⇥ 10K ⇡ 0.86 meV). On the
other hand, the larger region (�) with positive Berry curvature
is located around 5 meV, and therefore starts to contribute sig-
nificantly at higher temperature to flips the sign of xy .

Spin Nernst effect.— Like the thermal Hall conductiv-
ity, the spin Nernst coefficient ↵

S

xy
, which is defined

from the expression for the spin current density j
S

x
=

�↵
S

xy
ryT , vanishes in the absence of MPI. The semi-

classical theory [19], which is equivalent to the linear re-
sponse theory when the spin is conserved, gives ↵

S

xy
=
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Energy spectrum and Berry curvature

Fig. Caption
Top: Thermal Hall and spin Nernst 
conductivity
Bottom: spin density

Nontrivial bulk boundary 
correspondence between the spin 
Nernst current and the edge spin 
accumulation

Thermal gradient induces (bulk) 
spin density, which is allowed 
because magnon-phonon interaction 
violates spin conservation. 
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FIG. S3: On the left, we show the zigzag and armchair edge configuration for which ⇣⌫(r) is calculated, which are shown to the right. For
reference, we show ⇣⌫(r) for the case where there is no magnon-phonon interaction, i.e. D = 0 meV, so that spin is conserved. We see that
for the zigzag edge, no spin density is induced while for the armchair edge, spin density is induced symmetrically at the edges, and which are
cancelled by the bulk. In the presence of magnon-phonon interaction (D = 0.94 meV), the spin density still vanishes for the zigzag edge,
while a relatively large bulk spin density is induced for the armchair edge. The difference ⇣⌫(r)|D=0.94 � ⇣⌫(r)|D=0 represents the spin
density induced by magnon-phonon interaction.

SM G: Spin Density

We assume periodicity along the direction of temperature gradient, but assume finite size along the edge perpendicular to it.
From the Kubo formula, the spin density is

h�Sz(r)i = hSz(r)ineq � hSz(r)ieq = � lim
!!0

@

@!

Z
�

0
d⌧e

i!⌧ hT⌧S
z(r, ⌧)JQ

⌫
(0)ieqr⌫�. (S105)

Here, Sz(r) is the spin density of the rth strip, where r is the index for the unit cells along the finite size, which is x for the
armchair edge and y for the zigzag edge, as shown in Fig. S3. Taking the Fourier transformation along the periodic direction ⌫,
the BdG fields are  k,m where k is the momentum along the periodic direction and m = 1, ..., 24N , which contains the index
for the magnon and phonon modes contained in a unit cell (24N for both zigzag and armchair edge) multiplied by the number
of strips (N ) . Let us define

S
z(r) =

X

k

 †
k

S
z

r

2
 k, J

Q =
1

4

Z
dr †

k(h0⌧zvk + vk⌧zh0) k, (S106)

where Sz(r) is the spin density operator for the rth strip. Proceeding as in Sec. F 4, we have h�Sz(r)i = �Z⌫(r)r⌫�, where

Z⌫(r) = � i

2

X

k,m 6=n

[T †
kS

z

r
Tk]mn[⌧z(T

†
kvk,⌫Tk⌧zEk + Ek⌧zT

†
kvk,⌫Tk)⌧z]nm

g[(⌧zEk)mm]� g[(⌧zEk)nn]

[(⌧zEk)mm � (⌧zEk)nn]2

= � i

2

X

k,m 6=n

hm,k|Sz

r
|n,kihn,k|vk,⌫ |m,ki[(⌧z)nn(Ek)mm + (⌧z)mm(Ek)nn]

g[(⌧zEk)mm]� g[(⌧zEk)nn]

[(⌧zEk)mm � (⌧zEk)nn]2
. (S107)

Then, h�Sz(r)i = �⇣⌫(r)r⌫T , where ⇣⌫(r) = Z⌫(r)/T . In Fig. S3, we plot ⇣⌫(r) for the zigzag and armchair edges, with
and without magnon-phonon interaction. Here, we note that we have put l = 1, where l is the distance between A and B sites.
Thus, the distance between the unit cells along the x (y) direction for the zigzag (armchair) edge is

p
3 (3). As can be seen

in Fig. S3, in the absence of magnon-phonon interaction, the spin density for the zigzag edge vanishes while the spin density
for the armchair edge is almost symmetric. Such distribution of spin density can be explained by examining the symmetry
transformation property of ⇣⌫(r). Even in the presence of the magnon-phonon interaction, the spin density for the zigzag edge
remains zero, while the spin density for the armchair edge remains (nearly) symmetric. This is in contrast with the expectation
that the spin Nernst current will produce asymmetric spin density distribution at the edges. To explain such a distribution, we
examine some of the properties of the spin density induced by thermal gradient.
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FIG. S3: On the left, we show the zigzag and armchair edge configuration for which ⇣⌫(r) is calculated, which are shown to the right. For
reference, we show ⇣⌫(r) for the case where there is no magnon-phonon interaction, i.e. D = 0 meV, so that spin is conserved. We see that
for the zigzag edge, no spin density is induced while for the armchair edge, spin density is induced symmetrically at the edges, and which are
cancelled by the bulk. In the presence of magnon-phonon interaction (D = 0.94 meV), the spin density still vanishes for the zigzag edge,
while a relatively large bulk spin density is induced for the armchair edge. The difference ⇣⌫(r)|D=0.94 � ⇣⌫(r)|D=0 represents the spin
density induced by magnon-phonon interaction.

SM G: Spin Density

We assume periodicity along the direction of temperature gradient, but assume finite size along the edge perpendicular to it.
From the Kubo formula, the spin density is
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Here, Sz(r) is the spin density of the rth strip, where r is the index for the unit cells along the finite size, which is x for the
armchair edge and y for the zigzag edge, as shown in Fig. S3. Taking the Fourier transformation along the periodic direction ⌫,
the BdG fields are  k,m where k is the momentum along the periodic direction and m = 1, ..., 24N , which contains the index
for the magnon and phonon modes contained in a unit cell (24N for both zigzag and armchair edge) multiplied by the number
of strips (N ) . Let us define
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where Sz(r) is the spin density operator for the rth strip. Proceeding as in Sec. F 4, we have h�Sz(r)i = �Z⌫(r)r⌫�, where
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Then, h�Sz(r)i = �⇣⌫(r)r⌫T , where ⇣⌫(r) = Z⌫(r)/T . In Fig. S3, we plot ⇣⌫(r) for the zigzag and armchair edges, with
and without magnon-phonon interaction. Here, we note that we have put l = 1, where l is the distance between A and B sites.
Thus, the distance between the unit cells along the x (y) direction for the zigzag (armchair) edge is

p
3 (3). As can be seen

in Fig. S3, in the absence of magnon-phonon interaction, the spin density for the zigzag edge vanishes while the spin density
for the armchair edge is almost symmetric. Such distribution of spin density can be explained by examining the symmetry
transformation property of ⇣⌫(r). Even in the presence of the magnon-phonon interaction, the spin density for the zigzag edge
remains zero, while the spin density for the armchair edge remains (nearly) symmetric. This is in contrast with the expectation
that the spin Nernst current will produce asymmetric spin density distribution at the edges. To explain such a distribution, we
examine some of the properties of the spin density induced by thermal gradient.


