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Plan of the talk

A 1D baby version of “deconfined quantum criticality”

e Introduction

* 1D spin-1/2 J,-J, XYZ model
 Model & symmetries

* Theoretical analysis
* Bosonization (the XXZ model; SU(2)+pert.)
* Numerical analysis

 Domain wall
 Effective theory (alternative derivation)

* summary



¢ Ginzburg-Landau theory

Oa The GL theory can describe
continuous order-disorder transitions

baram with spontaneous sym. breaking

Phase diagrams with two ordered phases (w/ different SSBs)
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Quantum criticality beyond LGW paradigm
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Approach from VBS side (Levin & Senthil, PRB 2004)

PHYSICAL REVIEW B 70, 220403(R) (2004)
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FIG. 4. (Color online) The Z4 vortex in the columnar VBS state.
The blue lines represent the four elementary domain walls. At the
core of the vortex there 1s an unpaired site with a free spin-1/2
moment.

There have been many theoretical studies.
numerics: Sandvik, Prokofiev, Troyer, Z.-Y. Meng, Assaad, ...

Recent numerical works on 1D models: Jiang & Motrunich, Roberts, Jiang & Motrunich,
Huang, Lu, You, Meng & Xiang, ... c



The spin-1/2 J,-J, XYZ chain

Hamiltonian

H=J1 Y (SES+ BySYShy + 0:57700) + o 9 (SESTsa + BySYSThy + B257572)
l l

We assume that

J1>0, J;>0, A>0, A,>0.

Three dimensionless parameters: | = ]—Z,Ay,AZ

J1
L2 1 . . . S .
0<—<= The nearest-neighbor coupling J; is the dominant interaction.

2
1 (We do not consider up-up-down-down Ising order.)



Symmetries

H =)y ) (SESa+ ByS7 ST+ 8,5E570) +J2 D (SESTea + ByS7 STy + B,57.5E42)

l l

* m-rotation about the x, y, z axes in the spin space 7, X Z-,
R%: (S.S7.SF) = (S =Si, =ST)
RY: (SK,S),SE) - (=S¥, 57, —SF)
R%: (S5.8),S{) = (=Si', =S/, S{)

« translation T: (S, S7,S7) = (8751, S0 1 SE1)

* inversion P:(Sf,S7,S7) - (5%,5%,5%)

» time reversal 0:(S[,S7,S7) - (=S¥, =S}, —SF)



/, Ordered phases

Neel phase (Sf)=(-1)!n,, n, # 0

0 i A

The symmetries R,JT', RZ, T, ® are spontaneously broken.

Neel, phase (Sly) = (—1)lny, n, #0

The symmetries RX, RZ, T, © are spontaneously broken.

Neel, phase (S#) = (—1D'n,, n, #0

The symmetries R, R,JT’, T, ® are spontaneously broken.

Valence Bond Solid (VBS) or Dimer phase (§l -§l+1) =e+(-D'd,d+#0

The symmetries P, T are spontaneously broken.

Continuous phase transitions between the dimer and Neel phases are not allowed
within the Landau-Ginzburg-Wilson theory.



Jl_JZ XXZ model U(1) symmetry

A,=1 SESX + SlySlJ’/ +A,S7S? Haldane PRB (1982)
Jordan-Wigner transformation
1
S; = cET € — 5 =1y, S =5F +iS} = CET exp (i?TZCL cn)
- n<l

1 Z
[

Introduce left- and right-moving low-energy fermions

¢~ \/H [e-l—i?rsc;’{Qu) IL/L(SC} 4 e—i?r:c;'{Zu] I‘./R{I)}

. L2
Hxxz =1iv (LE Optly, — ) 5‘r'f£'l’R) + 9+ (”ﬁi‘i Upi+ Uk vn :)

N 2 . . : . ) + ; '
+g_ (: h{ v — g :) + Gy (:-@'JIL L{ CURUR: T+ :-E;JE -@J‘R UL UL :)

Umklapp scattering



Bosonization

—ipy(z) +ipp(z)
U () = € _ Ypr(z) = € [or(@), er(W)] = —[eL(®), eLW)] =imsgn(z —y), [pr(z).pL(y)] = Im.
' 2ma ' 27ra
Hxxz = [3 (oL, + ¢r)] + [3 oL — ¢r)]> + Gy cos[2(¢, + )]
4 . ] _ J
Gy = aJ; [1+;(AZ+JJ] Ca=an(1-27)0 g= A g A)]

forsmall |A,| « 1and |J]| K 1

sine-Gordon model

tll v I.A !

. 1 — [ - =
Hxxz = 2 |7 (0,0) 4+ 1 (8,0)” + Ay cos(V8T @) oy = I 200= G = Gu

/1¢ changes its sign as | increases.

oa) = = losle) on(@), 0o) = —=lprla) — en(o)

[6(2). 6(y)] = iO(y — ) 6(2), 6(2)] = i/2
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Spin operators

SF ~ \/78 o(z) +a,(—1)" sm(\/ﬂo( )) St~ etiv2mo(z) [az(—l)I + a4 sin(@gﬁ(m))]

S¥ =a,(—1) cos(\/ﬁﬁ(;nj) + ia4 sin ( QWQ[J:)) sin( 2m eb(a))

S} =a, (—1)! sin(\/ﬁﬁ(a:)) — iaq cas(m:’%(a:)) sin(m cb(a))

Neel order parameters

N.(z)= cos(mﬁ(m)) . Ny(z)= sin(\/ﬁﬁ(m)) ., N_(z)= sin(m(ﬁ(i‘))

Dimer (VBS) order parameter

D(z):= cos(\/%gﬁ(m})

Symmetry transformations

RE 2 (,0) — (—0, —0),

RY : (6,6) — (—p,\/7/2 - 6),

R% : (9,60) — (6,0 +/1/2),
U(1) symmetry (rotation about S?axis) T:(0,0) — (04 /7/2,0 + /7/2)
(6,0) = (¢,6 + 06) P:(6,0) = (—p+\/7/2,0),

O: (0,0) = (—¢,0 +\/7/2),

11



Spin operators

a . , . . .
S~ Eam@(;r) +a,(—1)! 5111(\/ Q?T(,D(I)) St o etV [::.r,z(—l}I + ag sin(\/ﬁé(l’-))]

Sf =a, (—1)‘{ cos( 2T H(;B]) + lag sin (\/ﬁﬁ[aj)) Sin(\/ﬁg‘;{m))
S} =a, (—1)! sin(\/ﬂﬁ(:c)) — ia, CDS( ZTFH(:E)) sin(\/ﬁq‘}{m))

Neel order parameters

N,(z):= cos(@ﬁ(m)) . Ny(z)= sin(\/ﬁﬁ(m)) , N,(z)= sin(mfgj(x))

Dimer (VBS) order parameter

D(z) = CDS(M@‘J(&))

sine-Gordon model

If cos(\/ 87rqb) is relevant,

Hxxz = % F (0,0)" + 1 (0,0)" + Ag COS(\/Q*?)] then 44 > 0 = Neelz ¢ = +/n/8
- Ay < 0= Dimer ¢ =0,/m/2

12



Phase diagram of the J,-J, XXZ model

0.5
J | Dimer _ Haldane, PRB (1982)
. Nomura & Okamoto, J Phys A (1994)
S
critical = Neel.
n<l L
% 1 A 2
i Ay = 0 at the Neelz-Dimer transition
SU(2) Gaussian criticality (c=1)
U(Dgy x U(1)g
11 - 9 .
Hxxz = % 7 (0,0)% +1(9,0)° + \, cos(V8T ) U(1), x U(D)g

Scaling dimension 2/n



Breaking U(1)-symmetry (S% rotation)

A

1— .
(1= A,)(SF St = 857 Sta) = —5—2(S S +He.) ~ a3 (A, — 1) cos(vET0)

Scaling dimension 2n

Ay>1 = 6=1{n/8 NeeIy phase

0.5

A, <1 = 6=0,{n/2 Neel, phase

N, (z)= cos(\/ﬂﬁ(m)) . Ny(z)= sin(\/ﬁﬁ(:ﬁ}) :




¢ J,-J, XYZ chain

Hxyz = J1 Y (SFSEL+AySYSY + ALSESE )
[

+J2 > (SFSls + Ay SIS, + A5 ST,)
[

Jo 1
J >0 0< — < =
1> , — Jl <23

A, >0, A, >0

Ay
‘ XYX  XZZ

Ly

XXZ
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Phase diagram

A,= 1 plane
Ay= A, plane

SU(2) symmetric point (with no marginal pert.)

Dimer phase: | > ]C(Ay, AZ)

Neel phases: | < J.(A,,A,) ™=  Neelx phase: A, < 1,4,< 1
Neely phase: A,> 1,A,> A,

Neelz phase: A,> 1,A,> A,

16



1-loop RG near the SU(2) symmetric point

SU(2) symmetric point: A,= A,=1, J =0.2411 ...
1 .
Ho = 5 [(0:0)2 + (9,0)°

SU(2) current operators:

+ . 7- + -
][% = leii 2¢}L, Jf = L 9) G’")La I = JM + JM JI = M
a ? \/§ €T ? M 2 ) M 21
1 . =, 1
:t 23) z i :
JR — g €:F1\/_(I,R, .]R = ﬁ ax(:)R, I\I = L,R

b (@) = VAlp(a) +0(@)],  dple)= VAlp(x)—0(@)].  (Fil) () = —1/a?

Current-current interactions
Hyy= N Jh+ A, I Jr + A JE TR
1 1
= -3 (A, —A,) cos(V8mH) — ) (Ap + A,) cos(V8T )

TA,

17



Ho = 5 [(0.0)° + (0,¢)°]

1
2
Hyp= Ay JE IR+ N, JE T8+ A, Jﬁjﬁ

- — ()\ — A )cos(\/gé?) - = ( + /\y) COS(\/_(?) [(6;1:9)2 - (83:@)2}

Hot Has = 5 |1 0,07 400,07+ 2, V70| + 5 (8, — 1) cos(vEr6)

A>0

A~ A = AN, —A), A -\, =A(A, 1),

~ 1
1—7T)\ A

18



1-loop RG

Scaling dimension of cos(V8r¢) = 2/ ~ 2 — 2n4,

Scaling dimension of cos(vV8r8) = 2n ~ 2 + 274,

d
= a(’lx +4y) = +212,(2x £ 1) dl = dlogL
A A d\

T2t A A\, —ZL =97\, 2 =21\ A
d¢ ~ "t Tqp TN Tqp T AT ey

Three lines of fixed points:
()A,=14,=0,(2)4, =1, =0,(3) 4, =4, =0.



—= =21, df=mm§

critical region: 1, < —|A,| //
ra

criti

dl

On the A, = A, plane (XXZ) Neel, \\ :
dA d \

On the A, = —A,, plane

d Ay dA, ,
W = —Zﬂﬂxﬂz, dl = —27'[/1x

RG flows are reversed from those on the 4, = 4,, plane.

critical region: 4, = +|A,|

20



Phase diagram in the (A, A, A, ) space

The 6 critical planes
Ao = £,
A, = £,
A, = A,

are boundaries between
4 gapped phases
(Neel, ,, and dimer).

c=1 Gaussian criticality
on critical planes

21
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Phase diagram
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https://texclip.marutank.net/#s=%5Cbegin%7Balign*%7D%0A%5Clambda_y%0A%5Cend%7Balign*%7D

Scaling behavior

At a Neel -dimer transition with o« = x, y, z defined by the condition J = 7.,

N,y ~ (J.— )" e (g, - ).
D)y ~(J-J)/tr o7 -7),

1/2n 1

Wy,

(0) = L™Y2E(|] — ] |L272/7) 2-2/n 4 -1

At the Neel ,-Neel; transition with o < 3 = X, y. z defined by the condition
A, =A |
(o ok

A &S)nx[m—n)l 5 (& A,

x

).
&5 B Aa)?#[“ﬂ—n)l o (&5 B &a) |

l
N TN

These express the duality

J =T — Ag—A,, 1/
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Numerical results

lowest energy gap Neelz & VBS (dimer) order parameters

AEy(L):= Ey(L) — Ey(L) (weak staggerd field, OBC)

<& <

order parameters
o
n

H > O ¢ 4

Oopo

o
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Entanglement entropy

S(l)= — Z’Oi(j) In p,(j) where p;(7) is the jth eigenvalue of the sub-density ma- _
j trix for the left /-site block in the ground state of the full L =4N
open chain.

0.993 < ¢ < 1.000

(a) : ; ;
(b)
- 1.0
) -
: .
z =
- L
:
%D 0.5 %
3 9 =0 0.5
5 o :8() ° S D L=32 64 96128 19
: c O =32 6/ 28 192
© ® : Syl © S 0000 0:Sh |
T — | ® o e 0 05
! 1 2 3 4
Inff(x))]
: . L+1 . T o [+1
S(1) = < W) + Qgue Eowel)) + 5, flny=——=sm\757) = l7y
E. .(l)=F —FE . 1 L L
osc( ) bond( ) uni Euni — § |:Ebond(2> +Ebond(2 + 1)i|

Eyona(l) = Jy <(SzT' Sélif—l + Ay S? S?H + A, stf+l)>£,

J , T ~ -~ e T 1 1 A Z
+ 22 ((Sir—l Sty 4, Siy S?H + A, S Si ST S A, Sy SZJ+2 + A, 5] Sa+2)>L



Dimer correlation

Oyps(L):= (ST ST

L+ SYSY 45351,
5L T S TS SL

r y y Z z
DL —|— S“ S" —|— S(_r_, . S{L
T 515 T3l §>L

Oyps(L) ~ L~ 27 at a Dimer-Neel critical point

(b) |
A, =20
"%
POg
i Q..
Q...
i~ o
1.2r O
0.
I s
1.00 1' IA :

0.1

A, =20, A, =05 and J = J.

[§
@

26



Domain walls

N, (z):= sin(x/gqé(a:}) D(z) = CDS(\/%@‘J(J?})

We consider the Neelz-Dimer transition.

Hxxz = 5

s

5 |2 (0,00 +1(0,0)" + Ay cos(VEr0)|

n>1= Ay cos(\/8n9) is irrelevant and can be ignored.

Neelz phase: 145 > 0,¢p = {/7/8,3/m/8 Dimer phase: 14 < 0,¢ = 0,/7/2
domain wall
(b) A0()
o)
| - /0 >
$ ¢ ¢ o a@o ¢ ¢ ¢ BPao ¢ § ¢+ oD

A competing order is nucleated at a domain wall.



Mean-field theory for J-W fermions

Neelz and Dimer order parameters in terms of left- and right-going JW fermions:

n. (x) = ¥ () V() + 0l (2) gy (2) = i) o) W(2), o (2)
t t V(z) = (UL ’ ) :
d(x) = —ivy () Yg (2) + 1 () Yy (x) = W) oy U (), V(@)

(n,,d) < (0,,05)

i

. L2
Hxxz =1v (LE B, U, — 53:'1.5';’9,) + 9+ (:’l.i"f‘ﬂ Yri 4t Uk YR 3)

| i 2 . '
+9_(:w£u?‘L=—=ﬁ'ﬁﬁwR=) +9u( oLl bR YRt + s U 'ﬁf"LT.i"L:)

4

Hpp (1) = iv (U10,0, ) (2) — g, n.(x) (Vo W) (z) — ggd(z) (VT oy ¥) (2)

Hyg(z) = g, n ( )+ 94 d*(x) Dirac mass terms
28



Domain wall in the Neelz phase (d=0)

n,(r) =n? tanh(z/£) = Azero mode localized at x=0: eigenstate of o,

Dimer order

Domain wall in the Dimer phase (n,=0)

d(z) = d, tanh(z/£) = Azero mode localized at x=0: eigenstate of g,

Neelz order

O(2) vector field
— (d'~ n‘z) n’ =1

Integrate out fermions

jDqJTDqJe—defdx(lPTGT‘P+HMF) o e=Sefrlnl

dT/dI n)’+ (9,n)2] == Sp= —/dT/dr (0:0)% + (8,0)7]

= (d,n) = (cos p, sin p) 29



1 ‘
Sy = 5 dT/d:r [(0.0)% + (0,0)%] =\, cos(dy) + A cos(2¢p)
n = (d,n) = (cosp,siny) 44 >0
T 3T
Neelz order: ¥ = 5~ (mod 27) Ao >0
Dimer order: ¢ = 0,7 (mod 27) Ao <0

@ is a 2m periodic field  vortices & antivortices
charge +2 vortices
L, = Ay cos(4m)) 0,.p = +ig 0.V, d_p = —igd, 1,

In the operator formalism [p(z),Y(y)] = iO(y — x)

e o (2)e W) = o(2) + 4T O(y — )

Note ©(0) = Zatx = y.
: 2
kink
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Effective field theory

1
Ly, vz, = —10,00, 0+ 7 (0 0)? + 2 5= (0,9)

+ Ay cos(4mdd) + A, cos(2p) — Ay cos(4p)

I (9, 9) = (VZr,6/VZ7)

()

1 A
HO -+ ?'[JJ = 5 [5 (8'1‘9)2 -+ ] (ab@)z + Afb COS(\/@@) + a_2 (Ay — 1) COS( V 8T 9)

<;+ q-l—

oSS

[+1

31



summary

1D J1-J2 XXZ spin chain has four long-range ordered phases for J2/J1<0.5:

Dimer, Neelx, Neely, Neelz.
Dirﬂel‘%

Neel, Neel.

0 | A
The transitions between the LRO phases are continuous and in the c=1 Gaussian
universality class.

v o[ 1 N

Hy= g [do |5 @07 +n@.00°

2 N ‘
The perturbative RG analysis of the Gaussian model perturbed by current-current
interactions is performed at the SU(2) symmetric point.
Numerical calculations have confirmed the theory.

3D generalization
Dirac fermion with 6 mass terms (3 Neel & 3 VBS) NLSM with a WZ term
Neel order is nucleated in the core of a monopole of VBS order parameter, etc.



