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most general* n-n anisotropic 
model on the triangular lattice
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-- no exact (Kitaev-like) solution
-- combination of 

(a) bond-dependent (anisotropic) interactions, and 
(b) frustrating [triangular-lattice] geometry 
➾ something interesting 

(*) later



IBSPCS, 11-17-19

the team

Pavel MaksimovSteven WhiteZhenyue Zhu

Z. Zhu etal., PRL 119, 157201 (2017); 120, 207203 (2018); P. A. Maksimov etal., PRX 9, 021017 (2019).
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I. disorder-induced mimicry in YMGO 

II. phase diagram and topography of spin-liquid phase

III. accidental degeneracies, duality of spin liquids
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Z. Zhu etal., PRL 119, 157201 (2017); 120, 207203 (2018); P. A. Maksimov etal., PRX 9, 021017 (2019).
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materials, rare-earth: common model
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o rare-earth, Yb3+, J=7/2, + crystal-field splitting 
o lowest doublet, effective S=1/2
o anisotropic exchanges … (compare to Heisenberg)

o octahedral environment …
o lattice symmetries ➾ four terms in the exchange matrix
o mostly nearest-neighbor exchanges (f-electrons)

YbMgGaO4

lattice symmetry:
l in-plane 2𝜋/3 rotation
l 𝜋 rotation around the bond
l site inversion

Y. Li etal, Sci. Rep. 5, 16419 (2015); M. Baenitz etal, PRB 98, 220409(R) (2018); Ding etal., arXiv:1901.07810; Ranjith etal., PRB 99, 180401 (2019).  
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Zhu etal., PRL 119, 157201 (2017); 120, 207203 (2018); P. A. Maksimov etal., PRX 9, 021017 (2019).

XXZ-J++-Jz+ model

o XXZ part ➾ (*): 0< D < 1
o D > 1, “Ising”-like
o D < 0, less physically

motivated?

XXZ

bond-
dependent

bond-𝜹1:

o parametrization:                  ,

o other bonds:              
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XXZ-J++-Jz+ model
o XXZ part ➾ (*): D < 1XXZ

bond-
dependent

o four parameters 
➾ 3D phase diagram

top = Heisenberg
bottom = XY
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0th-order phase diagram: classical, single-Q

five single-Q states

o parametrization of D = const “slice”: Jz± -radial, J±± -polar

some are obvious, some are not …
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look for a spin liquid?

by analogy …

o Kitaev-like logic: bond-dependent terms dominate

o conventional logic: 
intermediate regions between ordered phases

where is YMGO or NaYbO2? 
stay tuned …
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quasiclassics
hints of an intermediate (non-magnetic?) states
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quasiclassics: strongly-ordered phases …
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o cut at XXZ-anisotropy D=0.5 (middle of the cylinder)
o large ordered moment: 

leaves little (almost no) hope for a spin liquid …
o some intermediate multi-Q states (modulated stripes) 
o FM and 120°phases: preserve U(1), order-by-disorder

multi-Q states

S = 1/2

C. Liu, R. Yu, and X. Wang, Phys. Rev. B 95, 174424 (2016).

o spectrum instability boundaries match numerical (MC), 
and indicate the same extra Q vectors
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quasiclassics: spectrum instabilities …
o same cut at XXZ-anisotropy D=0.5, Cartesian coordinates
o spectrum instability: 𝜀k2<0 at some k point(s)
o stripe spectra: unstable within their nominal boundaries 

(toward multi-Q, modulated stripes) 
o 120°spectrum: stable well beyond its boundaries
o such overlap of stable spectra of the competing phases: 

recipe for a direct transition   
o larger D, stability to Jz± shrinks: 

another multi-Q, modulated 120°state [Z2 vortex] 
o may be an opening an SL in S=1/2 case?
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I. Rousochatzakis etal., PRB 93, 104417 (2016); M. Becker etal., PRB 91, 155135 (2015); M. Li etal., PRR 1, 013002 (2019).
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DMRG
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DMRG: S=1/2, 3D phase space

o 1D long-cylinder scans [“scans”]: vary one parameter, play with BCs/range, read orders

o confirmed that most transitions are direct [also in agreement with prior ED/DMRG]
o unexpected indication of a SL
o 1/Ly-scaling in “non-scan” clusters, decay of correlations off boundary, exp vs power-law to confirm0 0.1 0.2 0.3 0.4 0.5 0.6
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Q. Luo etal, PRB 95, 165110 (2017); Zhu etal., PRL 120, 207203 (2018); Maksimov etal., PRX 9, 021017 (2019).
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o S(q): “molten 120”, connection to J1-J2

J±± =�0.0 
Jz± = 0.35

(b)
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J2 = 0.12 
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̣

K-points

spin liquid #1: topographic map

Z. Zhu and S. R. White, PRB 92, 041105 (2015). Zhu etal., PRL 120, 207203 (2018)
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duality
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<latexit sha1_base64="F//zh9hPBv1jMkoZOfc0nHH4fgY=">AAAB+nicdVBNSwMxEM3W7/q11aOXYBE8aMlKtduLCF4ELwpWC20p2TRtQ7PZJZlVl7U/xYsHRbz6S7z5b0xrBRV9MPB4b4aZeUEshQFC3p3c1PTM7Nz8Qn5xaXll1S2sXZoo0YzXWCQjXQ+o4VIoXgMBktdjzWkYSH4VDI5H/tU110ZE6gLSmLdC2lOiKxgFK7XdwmkT+C1ku5GS6XAHH5K2WyQlUvYP9g8wKXmet08qllQrfrnqY69ExiiiCc7a7luzE7Ek5AqYpMY0PBJDK6MaBJN8mG8mhseUDWiPNyxVNOSmlY1PH+Itq3RwN9K2FOCx+n0io6ExaRjYzpBC3/z2RuJfXiOBrt/KhIoT4Ip9LuomEkOERzngjtCcgUwtoUwLeytmfaopA5tW3obw9Sn+n1zulTwb0Xm5eORP4phHG2gTbSMPVdAROkFnqIYYukH36BE9OXfOg/PsvHy25pzJzDr6Aef1A9Xkk7E=</latexit><latexit sha1_base64="F//zh9hPBv1jMkoZOfc0nHH4fgY=">AAAB+nicdVBNSwMxEM3W7/q11aOXYBE8aMlKtduLCF4ELwpWC20p2TRtQ7PZJZlVl7U/xYsHRbz6S7z5b0xrBRV9MPB4b4aZeUEshQFC3p3c1PTM7Nz8Qn5xaXll1S2sXZoo0YzXWCQjXQ+o4VIoXgMBktdjzWkYSH4VDI5H/tU110ZE6gLSmLdC2lOiKxgFK7XdwmkT+C1ku5GS6XAHH5K2WyQlUvYP9g8wKXmet08qllQrfrnqY69ExiiiCc7a7luzE7Ek5AqYpMY0PBJDK6MaBJN8mG8mhseUDWiPNyxVNOSmlY1PH+Itq3RwN9K2FOCx+n0io6ExaRjYzpBC3/z2RuJfXiOBrt/KhIoT4Ip9LuomEkOERzngjtCcgUwtoUwLeytmfaopA5tW3obw9Sn+n1zulTwb0Xm5eORP4phHG2gTbSMPVdAROkFnqIYYukH36BE9OXfOg/PsvHy25pzJzDr6Aef1A9Xkk7E=</latexit><latexit sha1_base64="F//zh9hPBv1jMkoZOfc0nHH4fgY=">AAAB+nicdVBNSwMxEM3W7/q11aOXYBE8aMlKtduLCF4ELwpWC20p2TRtQ7PZJZlVl7U/xYsHRbz6S7z5b0xrBRV9MPB4b4aZeUEshQFC3p3c1PTM7Nz8Qn5xaXll1S2sXZoo0YzXWCQjXQ+o4VIoXgMBktdjzWkYSH4VDI5H/tU110ZE6gLSmLdC2lOiKxgFK7XdwmkT+C1ku5GS6XAHH5K2WyQlUvYP9g8wKXmet08qllQrfrnqY69ExiiiCc7a7luzE7Ek5AqYpMY0PBJDK6MaBJN8mG8mhseUDWiPNyxVNOSmlY1PH+Itq3RwN9K2FOCx+n0io6ExaRjYzpBC3/z2RuJfXiOBrt/KhIoT4Ip9LuomEkOERzngjtCcgUwtoUwLeytmfaopA5tW3obw9Sn+n1zulTwb0Xm5eORP4phHG2gTbSMPVdAROkFnqIYYukH36BE9OXfOg/PsvHy25pzJzDr6Aef1A9Xkk7E=</latexit><latexit sha1_base64="F//zh9hPBv1jMkoZOfc0nHH4fgY=">AAAB+nicdVBNSwMxEM3W7/q11aOXYBE8aMlKtduLCF4ELwpWC20p2TRtQ7PZJZlVl7U/xYsHRbz6S7z5b0xrBRV9MPB4b4aZeUEshQFC3p3c1PTM7Nz8Qn5xaXll1S2sXZoo0YzXWCQjXQ+o4VIoXgMBktdjzWkYSH4VDI5H/tU110ZE6gLSmLdC2lOiKxgFK7XdwmkT+C1ku5GS6XAHH5K2WyQlUvYP9g8wKXmet08qllQrfrnqY69ExiiiCc7a7luzE7Ek5AqYpMY0PBJDK6MaBJN8mG8mhseUDWiPNyxVNOSmlY1PH+Itq3RwN9K2FOCx+n0io6ExaRjYzpBC3/z2RuJfXiOBrt/KhIoT4Ip9LuomEkOERzngjtCcgUwtoUwLeytmfaopA5tW3obw9Sn+n1zulTwb0Xm5eORP4phHG2gTbSMPVdAROkFnqIYYukH36BE9OXfOg/PsvHy25pzJzDr6Aef1A9Xkk7E=</latexit>

eJ0-only
<latexit sha1_base64="2G0++B4UyxxFrKBqlAB4PpaFhw8=">AAACBHicdVA9SwNBEN3zM8avqKXNYhBsDHsSzdkJNmIVwaiQhLC3N9HFvb1jd04NRwob/4qNhSK2/gg7/42bGEFFHww83pthZl6YKmmRsXdvbHxicmq6MFOcnZtfWCwtLZ/YJDMCGiJRiTkLuQUlNTRQooKz1ACPQwWn4eX+wD+9AmNloo+xl0I75udadqXg6KROabV1LSNAqSLID/sd1kK4wXwz0arX75TKrMKqwc72DmUV3/e3Wc2R3VpQ3Q2oX2FDlMkI9U7prRUlIotBo1Dc2qbPUmzn3KAUCvrFVmYh5eKSn0PTUc1jsO18+ESfrjslot3EuNJIh+r3iZzH1vbi0HXGHC/sb28g/uU1M+wG7VzqNEPQ4nNRN1MUEzpIhEbSgEDVc4QLI92tVFxwwwW63IouhK9P6f/kZKviu4iOquW9YBRHgaySNbJBfFIje+SA1EmDCHJL7skjefLuvAfv2Xv5bB3zRjMr5Ae81w8KTZj4</latexit><latexit sha1_base64="2G0++B4UyxxFrKBqlAB4PpaFhw8=">AAACBHicdVA9SwNBEN3zM8avqKXNYhBsDHsSzdkJNmIVwaiQhLC3N9HFvb1jd04NRwob/4qNhSK2/gg7/42bGEFFHww83pthZl6YKmmRsXdvbHxicmq6MFOcnZtfWCwtLZ/YJDMCGiJRiTkLuQUlNTRQooKz1ACPQwWn4eX+wD+9AmNloo+xl0I75udadqXg6KROabV1LSNAqSLID/sd1kK4wXwz0arX75TKrMKqwc72DmUV3/e3Wc2R3VpQ3Q2oX2FDlMkI9U7prRUlIotBo1Dc2qbPUmzn3KAUCvrFVmYh5eKSn0PTUc1jsO18+ESfrjslot3EuNJIh+r3iZzH1vbi0HXGHC/sb28g/uU1M+wG7VzqNEPQ4nNRN1MUEzpIhEbSgEDVc4QLI92tVFxwwwW63IouhK9P6f/kZKviu4iOquW9YBRHgaySNbJBfFIje+SA1EmDCHJL7skjefLuvAfv2Xv5bB3zRjMr5Ae81w8KTZj4</latexit><latexit sha1_base64="2G0++B4UyxxFrKBqlAB4PpaFhw8=">AAACBHicdVA9SwNBEN3zM8avqKXNYhBsDHsSzdkJNmIVwaiQhLC3N9HFvb1jd04NRwob/4qNhSK2/gg7/42bGEFFHww83pthZl6YKmmRsXdvbHxicmq6MFOcnZtfWCwtLZ/YJDMCGiJRiTkLuQUlNTRQooKz1ACPQwWn4eX+wD+9AmNloo+xl0I75udadqXg6KROabV1LSNAqSLID/sd1kK4wXwz0arX75TKrMKqwc72DmUV3/e3Wc2R3VpQ3Q2oX2FDlMkI9U7prRUlIotBo1Dc2qbPUmzn3KAUCvrFVmYh5eKSn0PTUc1jsO18+ESfrjslot3EuNJIh+r3iZzH1vbi0HXGHC/sb28g/uU1M+wG7VzqNEPQ4nNRN1MUEzpIhEbSgEDVc4QLI92tVFxwwwW63IouhK9P6f/kZKviu4iOquW9YBRHgaySNbJBfFIje+SA1EmDCHJL7skjefLuvAfv2Xv5bB3zRjMr5Ae81w8KTZj4</latexit><latexit sha1_base64="2G0++B4UyxxFrKBqlAB4PpaFhw8=">AAACBHicdVA9SwNBEN3zM8avqKXNYhBsDHsSzdkJNmIVwaiQhLC3N9HFvb1jd04NRwob/4qNhSK2/gg7/42bGEFFHww83pthZl6YKmmRsXdvbHxicmq6MFOcnZtfWCwtLZ/YJDMCGiJRiTkLuQUlNTRQooKz1ACPQwWn4eX+wD+9AmNloo+xl0I75udadqXg6KROabV1LSNAqSLID/sd1kK4wXwz0arX75TKrMKqwc72DmUV3/e3Wc2R3VpQ3Q2oX2FDlMkI9U7prRUlIotBo1Dc2qbPUmzn3KAUCvrFVmYh5eKSn0PTUc1jsO18+ESfrjslot3EuNJIh+r3iZzH1vbi0HXGHC/sb28g/uU1M+wG7VzqNEPQ4nNRN1MUEzpIhEbSgEDVc4QLI92tVFxwwwW63IouhK9P6f/kZKviu4iOquW9YBRHgaySNbJBfFIje+SA1EmDCHJL7skjefLuvAfv2Xv5bB3zRjMr5Ae81w8KTZj4</latexit>

dualities

J-K-Γ-Γ’ -model correspondence
o for D=1.0 and Jz±=2√2J±± line

the model becomes J-K model 
(Γ=Γ’=0)

o *elsewhere (not on that line): 
➾ equivalent to J-K-Γ-Γ’ model

➾

Chaloupka and Khaliullin, PRB 92, 24413 (’15); J. G. Rau and M. J. P. Gingras, PRB 98, 54408 (’18). 
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eJ0-only
<latexit sha1_base64="2G0++B4UyxxFrKBqlAB4PpaFhw8=">AAACBHicdVA9SwNBEN3zM8avqKXNYhBsDHsSzdkJNmIVwaiQhLC3N9HFvb1jd04NRwob/4qNhSK2/gg7/42bGEFFHww83pthZl6YKmmRsXdvbHxicmq6MFOcnZtfWCwtLZ/YJDMCGiJRiTkLuQUlNTRQooKz1ACPQwWn4eX+wD+9AmNloo+xl0I75udadqXg6KROabV1LSNAqSLID/sd1kK4wXwz0arX75TKrMKqwc72DmUV3/e3Wc2R3VpQ3Q2oX2FDlMkI9U7prRUlIotBo1Dc2qbPUmzn3KAUCvrFVmYh5eKSn0PTUc1jsO18+ESfrjslot3EuNJIh+r3iZzH1vbi0HXGHC/sb28g/uU1M+wG7VzqNEPQ4nNRN1MUEzpIhEbSgEDVc4QLI92tVFxwwwW63IouhK9P6f/kZKviu4iOquW9YBRHgaySNbJBfFIje+SA1EmDCHJL7skjefLuvAfv2Xv5bB3zRjMr5Ae81w8KTZj4</latexit><latexit sha1_base64="2G0++B4UyxxFrKBqlAB4PpaFhw8=">AAACBHicdVA9SwNBEN3zM8avqKXNYhBsDHsSzdkJNmIVwaiQhLC3N9HFvb1jd04NRwob/4qNhSK2/gg7/42bGEFFHww83pthZl6YKmmRsXdvbHxicmq6MFOcnZtfWCwtLZ/YJDMCGiJRiTkLuQUlNTRQooKz1ACPQwWn4eX+wD+9AmNloo+xl0I75udadqXg6KROabV1LSNAqSLID/sd1kK4wXwz0arX75TKrMKqwc72DmUV3/e3Wc2R3VpQ3Q2oX2FDlMkI9U7prRUlIotBo1Dc2qbPUmzn3KAUCvrFVmYh5eKSn0PTUc1jsO18+ESfrjslot3EuNJIh+r3iZzH1vbi0HXGHC/sb28g/uU1M+wG7VzqNEPQ4nNRN1MUEzpIhEbSgEDVc4QLI92tVFxwwwW63IouhK9P6f/kZKviu4iOquW9YBRHgaySNbJBfFIje+SA1EmDCHJL7skjefLuvAfv2Xv5bB3zRjMr5Ae81w8KTZj4</latexit><latexit sha1_base64="2G0++B4UyxxFrKBqlAB4PpaFhw8=">AAACBHicdVA9SwNBEN3zM8avqKXNYhBsDHsSzdkJNmIVwaiQhLC3N9HFvb1jd04NRwob/4qNhSK2/gg7/42bGEFFHww83pthZl6YKmmRsXdvbHxicmq6MFOcnZtfWCwtLZ/YJDMCGiJRiTkLuQUlNTRQooKz1ACPQwWn4eX+wD+9AmNloo+xl0I75udadqXg6KROabV1LSNAqSLID/sd1kK4wXwz0arX75TKrMKqwc72DmUV3/e3Wc2R3VpQ3Q2oX2FDlMkI9U7prRUlIotBo1Dc2qbPUmzn3KAUCvrFVmYh5eKSn0PTUc1jsO18+ESfrjslot3EuNJIh+r3iZzH1vbi0HXGHC/sb28g/uU1M+wG7VzqNEPQ4nNRN1MUEzpIhEbSgEDVc4QLI92tVFxwwwW63IouhK9P6f/kZKviu4iOquW9YBRHgaySNbJBfFIje+SA1EmDCHJL7skjefLuvAfv2Xv5bB3zRjMr5Ae81w8KTZj4</latexit><latexit sha1_base64="2G0++B4UyxxFrKBqlAB4PpaFhw8=">AAACBHicdVA9SwNBEN3zM8avqKXNYhBsDHsSzdkJNmIVwaiQhLC3N9HFvb1jd04NRwob/4qNhSK2/gg7/42bGEFFHww83pthZl6YKmmRsXdvbHxicmq6MFOcnZtfWCwtLZ/YJDMCGiJRiTkLuQUlNTRQooKz1ACPQwWn4eX+wD+9AmNloo+xl0I75udadqXg6KROabV1LSNAqSLID/sd1kK4wXwz0arX75TKrMKqwc72DmUV3/e3Wc2R3VpQ3Q2oX2FDlMkI9U7prRUlIotBo1Dc2qbPUmzn3KAUCvrFVmYh5eKSn0PTUc1jsO18+ESfrjslot3EuNJIh+r3iZzH1vbi0HXGHC/sb28g/uU1M+wG7VzqNEPQ4nNRN1MUEzpIhEbSgEDVc4QLI92tVFxwwwW63IouhK9P6f/kZKviu4iOquW9YBRHgaySNbJBfFIje+SA1EmDCHJL7skjefLuvAfv2Xv5bB3zRjMr5Ae81w8KTZj4</latexit>

K-only, < 0
<latexit sha1_base64="OT7K1M592w86Qsp1LQ7/4WRa6rY=">AAAB+nicdVBNSwMxEM3W7/q11aOXYBE8aMlKtVvwIHgRvChYLbSlZNO0Dc1ml2RWXdb+FC8eFPHqL/HmvzGtFVT0wcDjvRlm5gWxFAYIeXdyU9Mzs3PzC/nFpeWVVbewdmmiRDNeY5GMdD2ghkuheA0ESF6PNadhIPlVMDge+VfXXBsRqQtIY94KaU+JrmAUrNR2C6dN4LeQ7UZKpsMdfEjabpGUSNk/2D/ApOR53j6pWFKt+OWqj70SGaOIJjhru2/NTsSSkCtgkhrT8EgMrYxqEEzyYb6ZGB5TNqA93rBU0ZCbVjY+fYi3rNLB3UjbUoDH6veJjIbGpGFgO0MKffPbG4l/eY0Eun4rEypOgCv2uaibSAwRHuWAO0JzBjK1hDIt7K2Y9ammDGxaeRvC16f4f3K5V/JsROfl4pE/iWMebaBNtI08VEFH6ASdoRpi6Abdo0f05Nw5D86z8/LZmnMmM+voB5zXD9Lak68=</latexit><latexit sha1_base64="OT7K1M592w86Qsp1LQ7/4WRa6rY=">AAAB+nicdVBNSwMxEM3W7/q11aOXYBE8aMlKtVvwIHgRvChYLbSlZNO0Dc1ml2RWXdb+FC8eFPHqL/HmvzGtFVT0wcDjvRlm5gWxFAYIeXdyU9Mzs3PzC/nFpeWVVbewdmmiRDNeY5GMdD2ghkuheA0ESF6PNadhIPlVMDge+VfXXBsRqQtIY94KaU+JrmAUrNR2C6dN4LeQ7UZKpsMdfEjabpGUSNk/2D/ApOR53j6pWFKt+OWqj70SGaOIJjhru2/NTsSSkCtgkhrT8EgMrYxqEEzyYb6ZGB5TNqA93rBU0ZCbVjY+fYi3rNLB3UjbUoDH6veJjIbGpGFgO0MKffPbG4l/eY0Eun4rEypOgCv2uaibSAwRHuWAO0JzBjK1hDIt7K2Y9ammDGxaeRvC16f4f3K5V/JsROfl4pE/iWMebaBNtI08VEFH6ASdoRpi6Abdo0f05Nw5D86z8/LZmnMmM+voB5zXD9Lak68=</latexit><latexit sha1_base64="OT7K1M592w86Qsp1LQ7/4WRa6rY=">AAAB+nicdVBNSwMxEM3W7/q11aOXYBE8aMlKtVvwIHgRvChYLbSlZNO0Dc1ml2RWXdb+FC8eFPHqL/HmvzGtFVT0wcDjvRlm5gWxFAYIeXdyU9Mzs3PzC/nFpeWVVbewdmmiRDNeY5GMdD2ghkuheA0ESF6PNadhIPlVMDge+VfXXBsRqQtIY94KaU+JrmAUrNR2C6dN4LeQ7UZKpsMdfEjabpGUSNk/2D/ApOR53j6pWFKt+OWqj70SGaOIJjhru2/NTsSSkCtgkhrT8EgMrYxqEEzyYb6ZGB5TNqA93rBU0ZCbVjY+fYi3rNLB3UjbUoDH6veJjIbGpGFgO0MKffPbG4l/eY0Eun4rEypOgCv2uaibSAwRHuWAO0JzBjK1hDIt7K2Y9ammDGxaeRvC16f4f3K5V/JsROfl4pE/iWMebaBNtI08VEFH6ASdoRpi6Abdo0f05Nw5D86z8/LZmnMmM+voB5zXD9Lak68=</latexit><latexit sha1_base64="OT7K1M592w86Qsp1LQ7/4WRa6rY=">AAAB+nicdVBNSwMxEM3W7/q11aOXYBE8aMlKtVvwIHgRvChYLbSlZNO0Dc1ml2RWXdb+FC8eFPHqL/HmvzGtFVT0wcDjvRlm5gWxFAYIeXdyU9Mzs3PzC/nFpeWVVbewdmmiRDNeY5GMdD2ghkuheA0ESF6PNadhIPlVMDge+VfXXBsRqQtIY94KaU+JrmAUrNR2C6dN4LeQ7UZKpsMdfEjabpGUSNk/2D/ApOR53j6pWFKt+OWqj70SGaOIJjhru2/NTsSSkCtgkhrT8EgMrYxqEEzyYb6ZGB5TNqA93rBU0ZCbVjY+fYi3rNLB3UjbUoDH6veJjIbGpGFgO0MKffPbG4l/eY0Eun4rEypOgCv2uaibSAwRHuWAO0JzBjK1hDIt7K2Y9ammDGxaeRvC16f4f3K5V/JsROfl4pE/iWMebaBNtI08VEFH6ASdoRpi6Abdo0f05Nw5D86z8/LZmnMmM+voB5zXD9Lak68=</latexit>

K-only, > 0
<latexit sha1_base64="F//zh9hPBv1jMkoZOfc0nHH4fgY=">AAAB+nicdVBNSwMxEM3W7/q11aOXYBE8aMlKtduLCF4ELwpWC20p2TRtQ7PZJZlVl7U/xYsHRbz6S7z5b0xrBRV9MPB4b4aZeUEshQFC3p3c1PTM7Nz8Qn5xaXll1S2sXZoo0YzXWCQjXQ+o4VIoXgMBktdjzWkYSH4VDI5H/tU110ZE6gLSmLdC2lOiKxgFK7XdwmkT+C1ku5GS6XAHH5K2WyQlUvYP9g8wKXmet08qllQrfrnqY69ExiiiCc7a7luzE7Ek5AqYpMY0PBJDK6MaBJN8mG8mhseUDWiPNyxVNOSmlY1PH+Itq3RwN9K2FOCx+n0io6ExaRjYzpBC3/z2RuJfXiOBrt/KhIoT4Ip9LuomEkOERzngjtCcgUwtoUwLeytmfaopA5tW3obw9Sn+n1zulTwb0Xm5eORP4phHG2gTbSMPVdAROkFnqIYYukH36BE9OXfOg/PsvHy25pzJzDr6Aef1A9Xkk7E=</latexit><latexit sha1_base64="F//zh9hPBv1jMkoZOfc0nHH4fgY=">AAAB+nicdVBNSwMxEM3W7/q11aOXYBE8aMlKtduLCF4ELwpWC20p2TRtQ7PZJZlVl7U/xYsHRbz6S7z5b0xrBRV9MPB4b4aZeUEshQFC3p3c1PTM7Nz8Qn5xaXll1S2sXZoo0YzXWCQjXQ+o4VIoXgMBktdjzWkYSH4VDI5H/tU110ZE6gLSmLdC2lOiKxgFK7XdwmkT+C1ku5GS6XAHH5K2WyQlUvYP9g8wKXmet08qllQrfrnqY69ExiiiCc7a7luzE7Ek5AqYpMY0PBJDK6MaBJN8mG8mhseUDWiPNyxVNOSmlY1PH+Itq3RwN9K2FOCx+n0io6ExaRjYzpBC3/z2RuJfXiOBrt/KhIoT4Ip9LuomEkOERzngjtCcgUwtoUwLeytmfaopA5tW3obw9Sn+n1zulTwb0Xm5eORP4phHG2gTbSMPVdAROkFnqIYYukH36BE9OXfOg/PsvHy25pzJzDr6Aef1A9Xkk7E=</latexit><latexit sha1_base64="F//zh9hPBv1jMkoZOfc0nHH4fgY=">AAAB+nicdVBNSwMxEM3W7/q11aOXYBE8aMlKtduLCF4ELwpWC20p2TRtQ7PZJZlVl7U/xYsHRbz6S7z5b0xrBRV9MPB4b4aZeUEshQFC3p3c1PTM7Nz8Qn5xaXll1S2sXZoo0YzXWCQjXQ+o4VIoXgMBktdjzWkYSH4VDI5H/tU110ZE6gLSmLdC2lOiKxgFK7XdwmkT+C1ku5GS6XAHH5K2WyQlUvYP9g8wKXmet08qllQrfrnqY69ExiiiCc7a7luzE7Ek5AqYpMY0PBJDK6MaBJN8mG8mhseUDWiPNyxVNOSmlY1PH+Itq3RwN9K2FOCx+n0io6ExaRjYzpBC3/z2RuJfXiOBrt/KhIoT4Ip9LuomEkOERzngjtCcgUwtoUwLeytmfaopA5tW3obw9Sn+n1zulTwb0Xm5eORP4phHG2gTbSMPVdAROkFnqIYYukH36BE9OXfOg/PsvHy25pzJzDr6Aef1A9Xkk7E=</latexit><latexit sha1_base64="F//zh9hPBv1jMkoZOfc0nHH4fgY=">AAAB+nicdVBNSwMxEM3W7/q11aOXYBE8aMlKtduLCF4ELwpWC20p2TRtQ7PZJZlVl7U/xYsHRbz6S7z5b0xrBRV9MPB4b4aZeUEshQFC3p3c1PTM7Nz8Qn5xaXll1S2sXZoo0YzXWCQjXQ+o4VIoXgMBktdjzWkYSH4VDI5H/tU110ZE6gLSmLdC2lOiKxgFK7XdwmkT+C1ku5GS6XAHH5K2WyQlUvYP9g8wKXmet08qllQrfrnqY69ExiiiCc7a7luzE7Ek5AqYpMY0PBJDK6MaBJN8mG8mhseUDWiPNyxVNOSmlY1PH+Itq3RwN9K2FOCx+n0io6ExaRjYzpBC3/z2RuJfXiOBrt/KhIoT4Ip9LuomEkOERzngjtCcgUwtoUwLeytmfaopA5tW3obw9Sn+n1zulTwb0Xm5eORP4phHG2gTbSMPVdAROkFnqIYYukH36BE9OXfOg/PsvHy25pzJzDr6Aef1A9Xkk7E=</latexit>

eJ0-only
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dualities

o J-K model: emergent continuous 
symmetries (in the classical limit) 

o ➾ pseudo-Goldstone modes
o ➾ Mermin-Wagner, “scars” in TN
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Klein dualities
o four-sublattice transformation: S(r), RX(𝜋)S(r+𝜹1), RY(𝜋)S(r+𝜹2), RZ(𝜋)S(r+𝜹3)
o that leaves the model invariant (e.g., stripe-yz ➾ FM)

Khaliullin, Prog. Th. Phys. 160, 155 (’05); Chaloupka etal, PRL 105, 27204 (’10); Kimchi and Vishwanath, PRB 89, 014414 (’14).
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demonstrating an emergent O(3) symmetry [55, 56]. This
consideration is directly relevant to the accidental de-
generacy in the stripe-yz phase via the so-called Klein
duality transformation [51, 52, 55, 56]. This is a four-
sublattice transformation, in which one spin, S(r), is left
intact while spins connected to it via the X(Y,Z) bonds,
S(r + ��), are rotated around the x(y, z) cubic axes by
⇡. Crucially, this transformation leaves the K–J Hamil-
tonian (45) invariant, with the parameters redefined as

eJ0 = �J0, eK = 2J0 + K, (49)

and in terms of J and J±± as

eJ = �
J

3
�

8J±±
3

, eJ±± = �
J

3
+

J±±
3

. (50)

One can easily see in Fig. 11 that the described spin
transformation converts the stripe-yz state into the fer-
romagnetic one. Since the FM state of the Kitaev-
Heisenberg model (45) is invariant under global spin ro-
tation, the stripe-yz state must also be invariant under a
corresponding four-sublattice spin rotation, demonstrat-
ing accidental O(3) symmetry that naturally leads to the
pseudo-Goldstone modes in the quasiclassical limit.

In the crystallographic notations, the out-of-plane spin
angle in the stripe-yz phase along the K–J line is tan ✓=
�1/

p
2, see Sec. III B, which is precisely along one of the

cubic axes, see Fig. 11. Interestingly, as was shown for the
K–J model on the honeycomb [76, 77] and triangular lat-
tices [56], precisely this orientation is chosen by quantum
fluctuation from a classically degenerate O(3) manifold
of states. In our case, this choice is made on the classi-
cal level by restricting ourselves with the two-sublattice
stripe state of the surrounding phase in Fig. 12.

We underscore that the Klein duality is not restricted
to the classical limit as the preceding discussion may seem
to suggest, but it rather implies an exact similarity of the
ground state and excitations, up to the described spin ro-
tations [51, 52]. This means that the entire section of the
K–J line in Fig. 12 belonging to the stripe-yz phase is
dual to the entire section of the same line within the FM
phase, as can be confirmed from Eq. (50), with the point
marked as “K-only” being self-dual. For instance, one of
the implications of the Klein duality is the existence of a
point in the stripe-yz phase that is dual to the isotropic
Heisenberg ferromagnetic point and thus must be free
from any quantum fluctuations [14]. Its coordinates, ac-
cording to Eq. (50), are eJ = eJ±±>0 and Jz±=2

p
2|J±±|,

and it is marked as “ eJ0-only” point in Fig. 12 with the
dashed line emphasizing the duality relation.

In practice, Klein duality means that the calculations
for quantities such as Néel temperature in stripe-yz phase
along the K–J line can be performed in the ferromag-
netic phase instead. Since the K–J model is O(3) sym-
metric only on the classical level, of interest is the gap
in the pseudo-Goldstone mode that is generated by the
order-by-disorder e↵ect. In Appendix B, we present cal-
culations of the Hartree-Fock corrections to the magnon

spectrum for the ferromagnetic Kitaev-Heisenberg model
and use Klein duality to obtain the self-consistent tran-
sition temperature in the stripe-yz phase. Although the
fluctuation-induced gap Eg in the magnon spectrum is
small, the transition temperature is very sensitive to it,
Tc/TMF / ln (TMF /Eg) [73], leading to a finite Tc except

for the eJ0-only point. The resultant transition temper-
atures are still significantly suppressed compared to the
mean-field expectations (39).

The implications for the rest of the phase diagram in
Fig. 12 are the following. A section of the K–J line
was previously identified as a “nematic” phase [54–57].
In Fig. 12, this section coincides with the boundary be-
tween the stripe-x and stripe-yz phases and is unlikely
to represent a separate phase on its own.

Another insight is provided by the Klein duality into
the dual 120� phase. The isotropic antiferromagnetic
Heisenberg model has a Klein-dual point within the dual
120� phase, marked as the second “ eJ0-only” point in
Fig. 12 with the coordinates eJ = eJ±± < 0, see Eq. (50).
This also elucidates the nature of the dual 120� state.
It is obtained from the three-sublattice 120� state by the
Klein rotations of spins around cubic axes resulting in the
12-sublattice state. Since the cubic axes are not collinear
with the crystallographic ones, the resultant state is, gen-
erally, noncoplanar, see Ref. [51] for the projection of
such a state onto the triangular-lattice plane. It is only
when the plane of the initial 120� state is chosen to be
parallel to one of the principal planes of the cubic co-
ordinate system, the Klein rotations will keep spins of
the dual 120� state in the same plane. This situation is
sketched in Fig. 2.

The most important implication of the correspondence
of the model (7) to Kitaev-Heisenberg model (48) along
the line Jz±=2

p
2J±± in Fig. 12 is that it necessitates an

existence of a spin-liquid region in the S =1/2 case that
is Klein-dual to the spin liquid found by us in Ref. [39].
The confirmation of this is the subject of Sec. VII.

B. Gapless modes at �<1

As was discussed in Secs. III B and V B, the pseudo-
Goldstone modes in the magnon spectrum of the stripe-
yz phase persist for � < 1 along the lines defined by
Jz± = [4J±± + J(1 � �)] /

p
2; see Eq. (24). For the ex-

tended Kitaev-Heisenberg model (45) with parameters in
Eq. (46), this condition means that only one of the o↵-
diagonal terms remains zero along these lines, �=0, while
the other one does not, leading to the K–J–�0 model with
J0 = J + 2J±± and �-dependent K and �0

K = J(� � 1) � 6J±±, �0 = J(� � 1)/2. (51)

Thus, while for � = 1 the accidental degeneracies
are associated with the high symmetry of the Kitaev-
Heisenberg model, in this case their origin is more subtle.

For the K–J–�0 model, Klein duality transformation
does not leave the Hamiltonian form invariant. While

~
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eJ0-only
<latexit sha1_base64="2G0++B4UyxxFrKBqlAB4PpaFhw8=">AAACBHicdVA9SwNBEN3zM8avqKXNYhBsDHsSzdkJNmIVwaiQhLC3N9HFvb1jd04NRwob/4qNhSK2/gg7/42bGEFFHww83pthZl6YKmmRsXdvbHxicmq6MFOcnZtfWCwtLZ/YJDMCGiJRiTkLuQUlNTRQooKz1ACPQwWn4eX+wD+9AmNloo+xl0I75udadqXg6KROabV1LSNAqSLID/sd1kK4wXwz0arX75TKrMKqwc72DmUV3/e3Wc2R3VpQ3Q2oX2FDlMkI9U7prRUlIotBo1Dc2qbPUmzn3KAUCvrFVmYh5eKSn0PTUc1jsO18+ESfrjslot3EuNJIh+r3iZzH1vbi0HXGHC/sb28g/uU1M+wG7VzqNEPQ4nNRN1MUEzpIhEbSgEDVc4QLI92tVFxwwwW63IouhK9P6f/kZKviu4iOquW9YBRHgaySNbJBfFIje+SA1EmDCHJL7skjefLuvAfv2Xv5bB3zRjMr5Ae81w8KTZj4</latexit><latexit sha1_base64="2G0++B4UyxxFrKBqlAB4PpaFhw8=">AAACBHicdVA9SwNBEN3zM8avqKXNYhBsDHsSzdkJNmIVwaiQhLC3N9HFvb1jd04NRwob/4qNhSK2/gg7/42bGEFFHww83pthZl6YKmmRsXdvbHxicmq6MFOcnZtfWCwtLZ/YJDMCGiJRiTkLuQUlNTRQooKz1ACPQwWn4eX+wD+9AmNloo+xl0I75udadqXg6KROabV1LSNAqSLID/sd1kK4wXwz0arX75TKrMKqwc72DmUV3/e3Wc2R3VpQ3Q2oX2FDlMkI9U7prRUlIotBo1Dc2qbPUmzn3KAUCvrFVmYh5eKSn0PTUc1jsO18+ESfrjslot3EuNJIh+r3iZzH1vbi0HXGHC/sb28g/uU1M+wG7VzqNEPQ4nNRN1MUEzpIhEbSgEDVc4QLI92tVFxwwwW63IouhK9P6f/kZKviu4iOquW9YBRHgaySNbJBfFIje+SA1EmDCHJL7skjefLuvAfv2Xv5bB3zRjMr5Ae81w8KTZj4</latexit><latexit sha1_base64="2G0++B4UyxxFrKBqlAB4PpaFhw8=">AAACBHicdVA9SwNBEN3zM8avqKXNYhBsDHsSzdkJNmIVwaiQhLC3N9HFvb1jd04NRwob/4qNhSK2/gg7/42bGEFFHww83pthZl6YKmmRsXdvbHxicmq6MFOcnZtfWCwtLZ/YJDMCGiJRiTkLuQUlNTRQooKz1ACPQwWn4eX+wD+9AmNloo+xl0I75udadqXg6KROabV1LSNAqSLID/sd1kK4wXwz0arX75TKrMKqwc72DmUV3/e3Wc2R3VpQ3Q2oX2FDlMkI9U7prRUlIotBo1Dc2qbPUmzn3KAUCvrFVmYh5eKSn0PTUc1jsO18+ESfrjslot3EuNJIh+r3iZzH1vbi0HXGHC/sb28g/uU1M+wG7VzqNEPQ4nNRN1MUEzpIhEbSgEDVc4QLI92tVFxwwwW63IouhK9P6f/kZKviu4iOquW9YBRHgaySNbJBfFIje+SA1EmDCHJL7skjefLuvAfv2Xv5bB3zRjMr5Ae81w8KTZj4</latexit><latexit sha1_base64="2G0++B4UyxxFrKBqlAB4PpaFhw8=">AAACBHicdVA9SwNBEN3zM8avqKXNYhBsDHsSzdkJNmIVwaiQhLC3N9HFvb1jd04NRwob/4qNhSK2/gg7/42bGEFFHww83pthZl6YKmmRsXdvbHxicmq6MFOcnZtfWCwtLZ/YJDMCGiJRiTkLuQUlNTRQooKz1ACPQwWn4eX+wD+9AmNloo+xl0I75udadqXg6KROabV1LSNAqSLID/sd1kK4wXwz0arX75TKrMKqwc72DmUV3/e3Wc2R3VpQ3Q2oX2FDlMkI9U7prRUlIotBo1Dc2qbPUmzn3KAUCvrFVmYh5eKSn0PTUc1jsO18+ESfrjslot3EuNJIh+r3iZzH1vbi0HXGHC/sb28g/uU1M+wG7VzqNEPQ4nNRN1MUEzpIhEbSgEDVc4QLI92tVFxwwwW63IouhK9P6f/kZKviu4iOquW9YBRHgaySNbJBfFIje+SA1EmDCHJL7skjefLuvAfv2Xv5bB3zRjMr5Ae81w8KTZj4</latexit>

dualities

Klein dualities: stripe-yz to FM

I. Rousochatzakis etal, PRB 93, 104417 (2016); M. Becker etal, PRB 91, 155135 (2015)
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eJ0-only
<latexit sha1_base64="2G0++B4UyxxFrKBqlAB4PpaFhw8=">AAACBHicdVA9SwNBEN3zM8avqKXNYhBsDHsSzdkJNmIVwaiQhLC3N9HFvb1jd04NRwob/4qNhSK2/gg7/42bGEFFHww83pthZl6YKmmRsXdvbHxicmq6MFOcnZtfWCwtLZ/YJDMCGiJRiTkLuQUlNTRQooKz1ACPQwWn4eX+wD+9AmNloo+xl0I75udadqXg6KROabV1LSNAqSLID/sd1kK4wXwz0arX75TKrMKqwc72DmUV3/e3Wc2R3VpQ3Q2oX2FDlMkI9U7prRUlIotBo1Dc2qbPUmzn3KAUCvrFVmYh5eKSn0PTUc1jsO18+ESfrjslot3EuNJIh+r3iZzH1vbi0HXGHC/sb28g/uU1M+wG7VzqNEPQ4nNRN1MUEzpIhEbSgEDVc4QLI92tVFxwwwW63IouhK9P6f/kZKviu4iOquW9YBRHgaySNbJBfFIje+SA1EmDCHJL7skjefLuvAfv2Xv5bB3zRjMr5Ae81w8KTZj4</latexit><latexit sha1_base64="2G0++B4UyxxFrKBqlAB4PpaFhw8=">AAACBHicdVA9SwNBEN3zM8avqKXNYhBsDHsSzdkJNmIVwaiQhLC3N9HFvb1jd04NRwob/4qNhSK2/gg7/42bGEFFHww83pthZl6YKmmRsXdvbHxicmq6MFOcnZtfWCwtLZ/YJDMCGiJRiTkLuQUlNTRQooKz1ACPQwWn4eX+wD+9AmNloo+xl0I75udadqXg6KROabV1LSNAqSLID/sd1kK4wXwz0arX75TKrMKqwc72DmUV3/e3Wc2R3VpQ3Q2oX2FDlMkI9U7prRUlIotBo1Dc2qbPUmzn3KAUCvrFVmYh5eKSn0PTUc1jsO18+ESfrjslot3EuNJIh+r3iZzH1vbi0HXGHC/sb28g/uU1M+wG7VzqNEPQ4nNRN1MUEzpIhEbSgEDVc4QLI92tVFxwwwW63IouhK9P6f/kZKviu4iOquW9YBRHgaySNbJBfFIje+SA1EmDCHJL7skjefLuvAfv2Xv5bB3zRjMr5Ae81w8KTZj4</latexit><latexit sha1_base64="2G0++B4UyxxFrKBqlAB4PpaFhw8=">AAACBHicdVA9SwNBEN3zM8avqKXNYhBsDHsSzdkJNmIVwaiQhLC3N9HFvb1jd04NRwob/4qNhSK2/gg7/42bGEFFHww83pthZl6YKmmRsXdvbHxicmq6MFOcnZtfWCwtLZ/YJDMCGiJRiTkLuQUlNTRQooKz1ACPQwWn4eX+wD+9AmNloo+xl0I75udadqXg6KROabV1LSNAqSLID/sd1kK4wXwz0arX75TKrMKqwc72DmUV3/e3Wc2R3VpQ3Q2oX2FDlMkI9U7prRUlIotBo1Dc2qbPUmzn3KAUCvrFVmYh5eKSn0PTUc1jsO18+ESfrjslot3EuNJIh+r3iZzH1vbi0HXGHC/sb28g/uU1M+wG7VzqNEPQ4nNRN1MUEzpIhEbSgEDVc4QLI92tVFxwwwW63IouhK9P6f/kZKviu4iOquW9YBRHgaySNbJBfFIje+SA1EmDCHJL7skjefLuvAfv2Xv5bB3zRjMr5Ae81w8KTZj4</latexit><latexit sha1_base64="2G0++B4UyxxFrKBqlAB4PpaFhw8=">AAACBHicdVA9SwNBEN3zM8avqKXNYhBsDHsSzdkJNmIVwaiQhLC3N9HFvb1jd04NRwob/4qNhSK2/gg7/42bGEFFHww83pthZl6YKmmRsXdvbHxicmq6MFOcnZtfWCwtLZ/YJDMCGiJRiTkLuQUlNTRQooKz1ACPQwWn4eX+wD+9AmNloo+xl0I75udadqXg6KROabV1LSNAqSLID/sd1kK4wXwz0arX75TKrMKqwc72DmUV3/e3Wc2R3VpQ3Q2oX2FDlMkI9U7prRUlIotBo1Dc2qbPUmzn3KAUCvrFVmYh5eKSn0PTUc1jsO18+ESfrjslot3EuNJIh+r3iZzH1vbi0HXGHC/sb28g/uU1M+wG7VzqNEPQ4nNRN1MUEzpIhEbSgEDVc4QLI92tVFxwwwW63IouhK9P6f/kZKviu4iOquW9YBRHgaySNbJBfFIje+SA1EmDCHJL7skjefLuvAfv2Xv5bB3zRjMr5Ae81w8KTZj4</latexit>

K-only, < 0
<latexit sha1_base64="OT7K1M592w86Qsp1LQ7/4WRa6rY=">AAAB+nicdVBNSwMxEM3W7/q11aOXYBE8aMlKtVvwIHgRvChYLbSlZNO0Dc1ml2RWXdb+FC8eFPHqL/HmvzGtFVT0wcDjvRlm5gWxFAYIeXdyU9Mzs3PzC/nFpeWVVbewdmmiRDNeY5GMdD2ghkuheA0ESF6PNadhIPlVMDge+VfXXBsRqQtIY94KaU+JrmAUrNR2C6dN4LeQ7UZKpsMdfEjabpGUSNk/2D/ApOR53j6pWFKt+OWqj70SGaOIJjhru2/NTsSSkCtgkhrT8EgMrYxqEEzyYb6ZGB5TNqA93rBU0ZCbVjY+fYi3rNLB3UjbUoDH6veJjIbGpGFgO0MKffPbG4l/eY0Eun4rEypOgCv2uaibSAwRHuWAO0JzBjK1hDIt7K2Y9ammDGxaeRvC16f4f3K5V/JsROfl4pE/iWMebaBNtI08VEFH6ASdoRpi6Abdo0f05Nw5D86z8/LZmnMmM+voB5zXD9Lak68=</latexit><latexit sha1_base64="OT7K1M592w86Qsp1LQ7/4WRa6rY=">AAAB+nicdVBNSwMxEM3W7/q11aOXYBE8aMlKtVvwIHgRvChYLbSlZNO0Dc1ml2RWXdb+FC8eFPHqL/HmvzGtFVT0wcDjvRlm5gWxFAYIeXdyU9Mzs3PzC/nFpeWVVbewdmmiRDNeY5GMdD2ghkuheA0ESF6PNadhIPlVMDge+VfXXBsRqQtIY94KaU+JrmAUrNR2C6dN4LeQ7UZKpsMdfEjabpGUSNk/2D/ApOR53j6pWFKt+OWqj70SGaOIJjhru2/NTsSSkCtgkhrT8EgMrYxqEEzyYb6ZGB5TNqA93rBU0ZCbVjY+fYi3rNLB3UjbUoDH6veJjIbGpGFgO0MKffPbG4l/eY0Eun4rEypOgCv2uaibSAwRHuWAO0JzBjK1hDIt7K2Y9ammDGxaeRvC16f4f3K5V/JsROfl4pE/iWMebaBNtI08VEFH6ASdoRpi6Abdo0f05Nw5D86z8/LZmnMmM+voB5zXD9Lak68=</latexit><latexit sha1_base64="OT7K1M592w86Qsp1LQ7/4WRa6rY=">AAAB+nicdVBNSwMxEM3W7/q11aOXYBE8aMlKtVvwIHgRvChYLbSlZNO0Dc1ml2RWXdb+FC8eFPHqL/HmvzGtFVT0wcDjvRlm5gWxFAYIeXdyU9Mzs3PzC/nFpeWVVbewdmmiRDNeY5GMdD2ghkuheA0ESF6PNadhIPlVMDge+VfXXBsRqQtIY94KaU+JrmAUrNR2C6dN4LeQ7UZKpsMdfEjabpGUSNk/2D/ApOR53j6pWFKt+OWqj70SGaOIJjhru2/NTsSSkCtgkhrT8EgMrYxqEEzyYb6ZGB5TNqA93rBU0ZCbVjY+fYi3rNLB3UjbUoDH6veJjIbGpGFgO0MKffPbG4l/eY0Eun4rEypOgCv2uaibSAwRHuWAO0JzBjK1hDIt7K2Y9ammDGxaeRvC16f4f3K5V/JsROfl4pE/iWMebaBNtI08VEFH6ASdoRpi6Abdo0f05Nw5D86z8/LZmnMmM+voB5zXD9Lak68=</latexit><latexit sha1_base64="OT7K1M592w86Qsp1LQ7/4WRa6rY=">AAAB+nicdVBNSwMxEM3W7/q11aOXYBE8aMlKtVvwIHgRvChYLbSlZNO0Dc1ml2RWXdb+FC8eFPHqL/HmvzGtFVT0wcDjvRlm5gWxFAYIeXdyU9Mzs3PzC/nFpeWVVbewdmmiRDNeY5GMdD2ghkuheA0ESF6PNadhIPlVMDge+VfXXBsRqQtIY94KaU+JrmAUrNR2C6dN4LeQ7UZKpsMdfEjabpGUSNk/2D/ApOR53j6pWFKt+OWqj70SGaOIJjhru2/NTsSSkCtgkhrT8EgMrYxqEEzyYb6ZGB5TNqA93rBU0ZCbVjY+fYi3rNLB3UjbUoDH6veJjIbGpGFgO0MKffPbG4l/eY0Eun4rEypOgCv2uaibSAwRHuWAO0JzBjK1hDIt7K2Y9ammDGxaeRvC16f4f3K5V/JsROfl4pE/iWMebaBNtI08VEFH6ASdoRpi6Abdo0f05Nw5D86z8/LZmnMmM+voB5zXD9Lak68=</latexit>

K-only, > 0
<latexit sha1_base64="F//zh9hPBv1jMkoZOfc0nHH4fgY=">AAAB+nicdVBNSwMxEM3W7/q11aOXYBE8aMlKtduLCF4ELwpWC20p2TRtQ7PZJZlVl7U/xYsHRbz6S7z5b0xrBRV9MPB4b4aZeUEshQFC3p3c1PTM7Nz8Qn5xaXll1S2sXZoo0YzXWCQjXQ+o4VIoXgMBktdjzWkYSH4VDI5H/tU110ZE6gLSmLdC2lOiKxgFK7XdwmkT+C1ku5GS6XAHH5K2WyQlUvYP9g8wKXmet08qllQrfrnqY69ExiiiCc7a7luzE7Ek5AqYpMY0PBJDK6MaBJN8mG8mhseUDWiPNyxVNOSmlY1PH+Itq3RwN9K2FOCx+n0io6ExaRjYzpBC3/z2RuJfXiOBrt/KhIoT4Ip9LuomEkOERzngjtCcgUwtoUwLeytmfaopA5tW3obw9Sn+n1zulTwb0Xm5eORP4phHG2gTbSMPVdAROkFnqIYYukH36BE9OXfOg/PsvHy25pzJzDr6Aef1A9Xkk7E=</latexit><latexit sha1_base64="F//zh9hPBv1jMkoZOfc0nHH4fgY=">AAAB+nicdVBNSwMxEM3W7/q11aOXYBE8aMlKtduLCF4ELwpWC20p2TRtQ7PZJZlVl7U/xYsHRbz6S7z5b0xrBRV9MPB4b4aZeUEshQFC3p3c1PTM7Nz8Qn5xaXll1S2sXZoo0YzXWCQjXQ+o4VIoXgMBktdjzWkYSH4VDI5H/tU110ZE6gLSmLdC2lOiKxgFK7XdwmkT+C1ku5GS6XAHH5K2WyQlUvYP9g8wKXmet08qllQrfrnqY69ExiiiCc7a7luzE7Ek5AqYpMY0PBJDK6MaBJN8mG8mhseUDWiPNyxVNOSmlY1PH+Itq3RwN9K2FOCx+n0io6ExaRjYzpBC3/z2RuJfXiOBrt/KhIoT4Ip9LuomEkOERzngjtCcgUwtoUwLeytmfaopA5tW3obw9Sn+n1zulTwb0Xm5eORP4phHG2gTbSMPVdAROkFnqIYYukH36BE9OXfOg/PsvHy25pzJzDr6Aef1A9Xkk7E=</latexit><latexit sha1_base64="F//zh9hPBv1jMkoZOfc0nHH4fgY=">AAAB+nicdVBNSwMxEM3W7/q11aOXYBE8aMlKtduLCF4ELwpWC20p2TRtQ7PZJZlVl7U/xYsHRbz6S7z5b0xrBRV9MPB4b4aZeUEshQFC3p3c1PTM7Nz8Qn5xaXll1S2sXZoo0YzXWCQjXQ+o4VIoXgMBktdjzWkYSH4VDI5H/tU110ZE6gLSmLdC2lOiKxgFK7XdwmkT+C1ku5GS6XAHH5K2WyQlUvYP9g8wKXmet08qllQrfrnqY69ExiiiCc7a7luzE7Ek5AqYpMY0PBJDK6MaBJN8mG8mhseUDWiPNyxVNOSmlY1PH+Itq3RwN9K2FOCx+n0io6ExaRjYzpBC3/z2RuJfXiOBrt/KhIoT4Ip9LuomEkOERzngjtCcgUwtoUwLeytmfaopA5tW3obw9Sn+n1zulTwb0Xm5eORP4phHG2gTbSMPVdAROkFnqIYYukH36BE9OXfOg/PsvHy25pzJzDr6Aef1A9Xkk7E=</latexit><latexit sha1_base64="F//zh9hPBv1jMkoZOfc0nHH4fgY=">AAAB+nicdVBNSwMxEM3W7/q11aOXYBE8aMlKtduLCF4ELwpWC20p2TRtQ7PZJZlVl7U/xYsHRbz6S7z5b0xrBRV9MPB4b4aZeUEshQFC3p3c1PTM7Nz8Qn5xaXll1S2sXZoo0YzXWCQjXQ+o4VIoXgMBktdjzWkYSH4VDI5H/tU110ZE6gLSmLdC2lOiKxgFK7XdwmkT+C1ku5GS6XAHH5K2WyQlUvYP9g8wKXmet08qllQrfrnqY69ExiiiCc7a7luzE7Ek5AqYpMY0PBJDK6MaBJN8mG8mhseUDWiPNyxVNOSmlY1PH+Itq3RwN9K2FOCx+n0io6ExaRjYzpBC3/z2RuJfXiOBrt/KhIoT4Ip9LuomEkOERzngjtCcgUwtoUwLeytmfaopA5tW3obw9Sn+n1zulTwb0Xm5eORP4phHG2gTbSMPVdAROkFnqIYYukH36BE9OXfOg/PsvHy25pzJzDr6Aef1A9Xkk7E=</latexit>

eJ0-only
<latexit sha1_base64="2G0++B4UyxxFrKBqlAB4PpaFhw8=">AAACBHicdVA9SwNBEN3zM8avqKXNYhBsDHsSzdkJNmIVwaiQhLC3N9HFvb1jd04NRwob/4qNhSK2/gg7/42bGEFFHww83pthZl6YKmmRsXdvbHxicmq6MFOcnZtfWCwtLZ/YJDMCGiJRiTkLuQUlNTRQooKz1ACPQwWn4eX+wD+9AmNloo+xl0I75udadqXg6KROabV1LSNAqSLID/sd1kK4wXwz0arX75TKrMKqwc72DmUV3/e3Wc2R3VpQ3Q2oX2FDlMkI9U7prRUlIotBo1Dc2qbPUmzn3KAUCvrFVmYh5eKSn0PTUc1jsO18+ESfrjslot3EuNJIh+r3iZzH1vbi0HXGHC/sb28g/uU1M+wG7VzqNEPQ4nNRN1MUEzpIhEbSgEDVc4QLI92tVFxwwwW63IouhK9P6f/kZKviu4iOquW9YBRHgaySNbJBfFIje+SA1EmDCHJL7skjefLuvAfv2Xv5bB3zRjMr5Ae81w8KTZj4</latexit><latexit sha1_base64="2G0++B4UyxxFrKBqlAB4PpaFhw8=">AAACBHicdVA9SwNBEN3zM8avqKXNYhBsDHsSzdkJNmIVwaiQhLC3N9HFvb1jd04NRwob/4qNhSK2/gg7/42bGEFFHww83pthZl6YKmmRsXdvbHxicmq6MFOcnZtfWCwtLZ/YJDMCGiJRiTkLuQUlNTRQooKz1ACPQwWn4eX+wD+9AmNloo+xl0I75udadqXg6KROabV1LSNAqSLID/sd1kK4wXwz0arX75TKrMKqwc72DmUV3/e3Wc2R3VpQ3Q2oX2FDlMkI9U7prRUlIotBo1Dc2qbPUmzn3KAUCvrFVmYh5eKSn0PTUc1jsO18+ESfrjslot3EuNJIh+r3iZzH1vbi0HXGHC/sb28g/uU1M+wG7VzqNEPQ4nNRN1MUEzpIhEbSgEDVc4QLI92tVFxwwwW63IouhK9P6f/kZKviu4iOquW9YBRHgaySNbJBfFIje+SA1EmDCHJL7skjefLuvAfv2Xv5bB3zRjMr5Ae81w8KTZj4</latexit><latexit sha1_base64="2G0++B4UyxxFrKBqlAB4PpaFhw8=">AAACBHicdVA9SwNBEN3zM8avqKXNYhBsDHsSzdkJNmIVwaiQhLC3N9HFvb1jd04NRwob/4qNhSK2/gg7/42bGEFFHww83pthZl6YKmmRsXdvbHxicmq6MFOcnZtfWCwtLZ/YJDMCGiJRiTkLuQUlNTRQooKz1ACPQwWn4eX+wD+9AmNloo+xl0I75udadqXg6KROabV1LSNAqSLID/sd1kK4wXwz0arX75TKrMKqwc72DmUV3/e3Wc2R3VpQ3Q2oX2FDlMkI9U7prRUlIotBo1Dc2qbPUmzn3KAUCvrFVmYh5eKSn0PTUc1jsO18+ESfrjslot3EuNJIh+r3iZzH1vbi0HXGHC/sb28g/uU1M+wG7VzqNEPQ4nNRN1MUEzpIhEbSgEDVc4QLI92tVFxwwwW63IouhK9P6f/kZKviu4iOquW9YBRHgaySNbJBfFIje+SA1EmDCHJL7skjefLuvAfv2Xv5bB3zRjMr5Ae81w8KTZj4</latexit><latexit sha1_base64="2G0++B4UyxxFrKBqlAB4PpaFhw8=">AAACBHicdVA9SwNBEN3zM8avqKXNYhBsDHsSzdkJNmIVwaiQhLC3N9HFvb1jd04NRwob/4qNhSK2/gg7/42bGEFFHww83pthZl6YKmmRsXdvbHxicmq6MFOcnZtfWCwtLZ/YJDMCGiJRiTkLuQUlNTRQooKz1ACPQwWn4eX+wD+9AmNloo+xl0I75udadqXg6KROabV1LSNAqSLID/sd1kK4wXwz0arX75TKrMKqwc72DmUV3/e3Wc2R3VpQ3Q2oX2FDlMkI9U7prRUlIotBo1Dc2qbPUmzn3KAUCvrFVmYh5eKSn0PTUc1jsO18+ESfrjslot3EuNJIh+r3iZzH1vbi0HXGHC/sb28g/uU1M+wG7VzqNEPQ4nNRN1MUEzpIhEbSgEDVc4QLI92tVFxwwwW63IouhK9P6f/kZKviu4iOquW9YBRHgaySNbJBfFIje+SA1EmDCHJL7skjefLuvAfv2Xv5bB3zRjMr5Ae81w8KTZj4</latexit>
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eJ0-only
<latexit sha1_base64="2G0++B4UyxxFrKBqlAB4PpaFhw8=">AAACBHicdVA9SwNBEN3zM8avqKXNYhBsDHsSzdkJNmIVwaiQhLC3N9HFvb1jd04NRwob/4qNhSK2/gg7/42bGEFFHww83pthZl6YKmmRsXdvbHxicmq6MFOcnZtfWCwtLZ/YJDMCGiJRiTkLuQUlNTRQooKz1ACPQwWn4eX+wD+9AmNloo+xl0I75udadqXg6KROabV1LSNAqSLID/sd1kK4wXwz0arX75TKrMKqwc72DmUV3/e3Wc2R3VpQ3Q2oX2FDlMkI9U7prRUlIotBo1Dc2qbPUmzn3KAUCvrFVmYh5eKSn0PTUc1jsO18+ESfrjslot3EuNJIh+r3iZzH1vbi0HXGHC/sb28g/uU1M+wG7VzqNEPQ4nNRN1MUEzpIhEbSgEDVc4QLI92tVFxwwwW63IouhK9P6f/kZKviu4iOquW9YBRHgaySNbJBfFIje+SA1EmDCHJL7skjefLuvAfv2Xv5bB3zRjMr5Ae81w8KTZj4</latexit><latexit sha1_base64="2G0++B4UyxxFrKBqlAB4PpaFhw8=">AAACBHicdVA9SwNBEN3zM8avqKXNYhBsDHsSzdkJNmIVwaiQhLC3N9HFvb1jd04NRwob/4qNhSK2/gg7/42bGEFFHww83pthZl6YKmmRsXdvbHxicmq6MFOcnZtfWCwtLZ/YJDMCGiJRiTkLuQUlNTRQooKz1ACPQwWn4eX+wD+9AmNloo+xl0I75udadqXg6KROabV1LSNAqSLID/sd1kK4wXwz0arX75TKrMKqwc72DmUV3/e3Wc2R3VpQ3Q2oX2FDlMkI9U7prRUlIotBo1Dc2qbPUmzn3KAUCvrFVmYh5eKSn0PTUc1jsO18+ESfrjslot3EuNJIh+r3iZzH1vbi0HXGHC/sb28g/uU1M+wG7VzqNEPQ4nNRN1MUEzpIhEbSgEDVc4QLI92tVFxwwwW63IouhK9P6f/kZKviu4iOquW9YBRHgaySNbJBfFIje+SA1EmDCHJL7skjefLuvAfv2Xv5bB3zRjMr5Ae81w8KTZj4</latexit><latexit sha1_base64="2G0++B4UyxxFrKBqlAB4PpaFhw8=">AAACBHicdVA9SwNBEN3zM8avqKXNYhBsDHsSzdkJNmIVwaiQhLC3N9HFvb1jd04NRwob/4qNhSK2/gg7/42bGEFFHww83pthZl6YKmmRsXdvbHxicmq6MFOcnZtfWCwtLZ/YJDMCGiJRiTkLuQUlNTRQooKz1ACPQwWn4eX+wD+9AmNloo+xl0I75udadqXg6KROabV1LSNAqSLID/sd1kK4wXwz0arX75TKrMKqwc72DmUV3/e3Wc2R3VpQ3Q2oX2FDlMkI9U7prRUlIotBo1Dc2qbPUmzn3KAUCvrFVmYh5eKSn0PTUc1jsO18+ESfrjslot3EuNJIh+r3iZzH1vbi0HXGHC/sb28g/uU1M+wG7VzqNEPQ4nNRN1MUEzpIhEbSgEDVc4QLI92tVFxwwwW63IouhK9P6f/kZKviu4iOquW9YBRHgaySNbJBfFIje+SA1EmDCHJL7skjefLuvAfv2Xv5bB3zRjMr5Ae81w8KTZj4</latexit><latexit sha1_base64="2G0++B4UyxxFrKBqlAB4PpaFhw8=">AAACBHicdVA9SwNBEN3zM8avqKXNYhBsDHsSzdkJNmIVwaiQhLC3N9HFvb1jd04NRwob/4qNhSK2/gg7/42bGEFFHww83pthZl6YKmmRsXdvbHxicmq6MFOcnZtfWCwtLZ/YJDMCGiJRiTkLuQUlNTRQooKz1ACPQwWn4eX+wD+9AmNloo+xl0I75udadqXg6KROabV1LSNAqSLID/sd1kK4wXwz0arX75TKrMKqwc72DmUV3/e3Wc2R3VpQ3Q2oX2FDlMkI9U7prRUlIotBo1Dc2qbPUmzn3KAUCvrFVmYh5eKSn0PTUc1jsO18+ESfrjslot3EuNJIh+r3iZzH1vbi0HXGHC/sb28g/uU1M+wG7VzqNEPQ4nNRN1MUEzpIhEbSgEDVc4QLI92tVFxwwwW63IouhK9P6f/kZKviu4iOquW9YBRHgaySNbJBfFIje+SA1EmDCHJL7skjefLuvAfv2Xv5bB3zRjMr5Ae81w8KTZj4</latexit>

K-only, < 0
<latexit sha1_base64="OT7K1M592w86Qsp1LQ7/4WRa6rY=">AAAB+nicdVBNSwMxEM3W7/q11aOXYBE8aMlKtVvwIHgRvChYLbSlZNO0Dc1ml2RWXdb+FC8eFPHqL/HmvzGtFVT0wcDjvRlm5gWxFAYIeXdyU9Mzs3PzC/nFpeWVVbewdmmiRDNeY5GMdD2ghkuheA0ESF6PNadhIPlVMDge+VfXXBsRqQtIY94KaU+JrmAUrNR2C6dN4LeQ7UZKpsMdfEjabpGUSNk/2D/ApOR53j6pWFKt+OWqj70SGaOIJjhru2/NTsSSkCtgkhrT8EgMrYxqEEzyYb6ZGB5TNqA93rBU0ZCbVjY+fYi3rNLB3UjbUoDH6veJjIbGpGFgO0MKffPbG4l/eY0Eun4rEypOgCv2uaibSAwRHuWAO0JzBjK1hDIt7K2Y9ammDGxaeRvC16f4f3K5V/JsROfl4pE/iWMebaBNtI08VEFH6ASdoRpi6Abdo0f05Nw5D86z8/LZmnMmM+voB5zXD9Lak68=</latexit><latexit sha1_base64="OT7K1M592w86Qsp1LQ7/4WRa6rY=">AAAB+nicdVBNSwMxEM3W7/q11aOXYBE8aMlKtVvwIHgRvChYLbSlZNO0Dc1ml2RWXdb+FC8eFPHqL/HmvzGtFVT0wcDjvRlm5gWxFAYIeXdyU9Mzs3PzC/nFpeWVVbewdmmiRDNeY5GMdD2ghkuheA0ESF6PNadhIPlVMDge+VfXXBsRqQtIY94KaU+JrmAUrNR2C6dN4LeQ7UZKpsMdfEjabpGUSNk/2D/ApOR53j6pWFKt+OWqj70SGaOIJjhru2/NTsSSkCtgkhrT8EgMrYxqEEzyYb6ZGB5TNqA93rBU0ZCbVjY+fYi3rNLB3UjbUoDH6veJjIbGpGFgO0MKffPbG4l/eY0Eun4rEypOgCv2uaibSAwRHuWAO0JzBjK1hDIt7K2Y9ammDGxaeRvC16f4f3K5V/JsROfl4pE/iWMebaBNtI08VEFH6ASdoRpi6Abdo0f05Nw5D86z8/LZmnMmM+voB5zXD9Lak68=</latexit><latexit sha1_base64="OT7K1M592w86Qsp1LQ7/4WRa6rY=">AAAB+nicdVBNSwMxEM3W7/q11aOXYBE8aMlKtVvwIHgRvChYLbSlZNO0Dc1ml2RWXdb+FC8eFPHqL/HmvzGtFVT0wcDjvRlm5gWxFAYIeXdyU9Mzs3PzC/nFpeWVVbewdmmiRDNeY5GMdD2ghkuheA0ESF6PNadhIPlVMDge+VfXXBsRqQtIY94KaU+JrmAUrNR2C6dN4LeQ7UZKpsMdfEjabpGUSNk/2D/ApOR53j6pWFKt+OWqj70SGaOIJjhru2/NTsSSkCtgkhrT8EgMrYxqEEzyYb6ZGB5TNqA93rBU0ZCbVjY+fYi3rNLB3UjbUoDH6veJjIbGpGFgO0MKffPbG4l/eY0Eun4rEypOgCv2uaibSAwRHuWAO0JzBjK1hDIt7K2Y9ammDGxaeRvC16f4f3K5V/JsROfl4pE/iWMebaBNtI08VEFH6ASdoRpi6Abdo0f05Nw5D86z8/LZmnMmM+voB5zXD9Lak68=</latexit><latexit sha1_base64="OT7K1M592w86Qsp1LQ7/4WRa6rY=">AAAB+nicdVBNSwMxEM3W7/q11aOXYBE8aMlKtVvwIHgRvChYLbSlZNO0Dc1ml2RWXdb+FC8eFPHqL/HmvzGtFVT0wcDjvRlm5gWxFAYIeXdyU9Mzs3PzC/nFpeWVVbewdmmiRDNeY5GMdD2ghkuheA0ESF6PNadhIPlVMDge+VfXXBsRqQtIY94KaU+JrmAUrNR2C6dN4LeQ7UZKpsMdfEjabpGUSNk/2D/ApOR53j6pWFKt+OWqj70SGaOIJjhru2/NTsSSkCtgkhrT8EgMrYxqEEzyYb6ZGB5TNqA93rBU0ZCbVjY+fYi3rNLB3UjbUoDH6veJjIbGpGFgO0MKffPbG4l/eY0Eun4rEypOgCv2uaibSAwRHuWAO0JzBjK1hDIt7K2Y9ammDGxaeRvC16f4f3K5V/JsROfl4pE/iWMebaBNtI08VEFH6ASdoRpi6Abdo0f05Nw5D86z8/LZmnMmM+voB5zXD9Lak68=</latexit>

K-only, > 0
<latexit sha1_base64="F//zh9hPBv1jMkoZOfc0nHH4fgY=">AAAB+nicdVBNSwMxEM3W7/q11aOXYBE8aMlKtduLCF4ELwpWC20p2TRtQ7PZJZlVl7U/xYsHRbz6S7z5b0xrBRV9MPB4b4aZeUEshQFC3p3c1PTM7Nz8Qn5xaXll1S2sXZoo0YzXWCQjXQ+o4VIoXgMBktdjzWkYSH4VDI5H/tU110ZE6gLSmLdC2lOiKxgFK7XdwmkT+C1ku5GS6XAHH5K2WyQlUvYP9g8wKXmet08qllQrfrnqY69ExiiiCc7a7luzE7Ek5AqYpMY0PBJDK6MaBJN8mG8mhseUDWiPNyxVNOSmlY1PH+Itq3RwN9K2FOCx+n0io6ExaRjYzpBC3/z2RuJfXiOBrt/KhIoT4Ip9LuomEkOERzngjtCcgUwtoUwLeytmfaopA5tW3obw9Sn+n1zulTwb0Xm5eORP4phHG2gTbSMPVdAROkFnqIYYukH36BE9OXfOg/PsvHy25pzJzDr6Aef1A9Xkk7E=</latexit><latexit sha1_base64="F//zh9hPBv1jMkoZOfc0nHH4fgY=">AAAB+nicdVBNSwMxEM3W7/q11aOXYBE8aMlKtduLCF4ELwpWC20p2TRtQ7PZJZlVl7U/xYsHRbz6S7z5b0xrBRV9MPB4b4aZeUEshQFC3p3c1PTM7Nz8Qn5xaXll1S2sXZoo0YzXWCQjXQ+o4VIoXgMBktdjzWkYSH4VDI5H/tU110ZE6gLSmLdC2lOiKxgFK7XdwmkT+C1ku5GS6XAHH5K2WyQlUvYP9g8wKXmet08qllQrfrnqY69ExiiiCc7a7luzE7Ek5AqYpMY0PBJDK6MaBJN8mG8mhseUDWiPNyxVNOSmlY1PH+Itq3RwN9K2FOCx+n0io6ExaRjYzpBC3/z2RuJfXiOBrt/KhIoT4Ip9LuomEkOERzngjtCcgUwtoUwLeytmfaopA5tW3obw9Sn+n1zulTwb0Xm5eORP4phHG2gTbSMPVdAROkFnqIYYukH36BE9OXfOg/PsvHy25pzJzDr6Aef1A9Xkk7E=</latexit><latexit sha1_base64="F//zh9hPBv1jMkoZOfc0nHH4fgY=">AAAB+nicdVBNSwMxEM3W7/q11aOXYBE8aMlKtduLCF4ELwpWC20p2TRtQ7PZJZlVl7U/xYsHRbz6S7z5b0xrBRV9MPB4b4aZeUEshQFC3p3c1PTM7Nz8Qn5xaXll1S2sXZoo0YzXWCQjXQ+o4VIoXgMBktdjzWkYSH4VDI5H/tU110ZE6gLSmLdC2lOiKxgFK7XdwmkT+C1ku5GS6XAHH5K2WyQlUvYP9g8wKXmet08qllQrfrnqY69ExiiiCc7a7luzE7Ek5AqYpMY0PBJDK6MaBJN8mG8mhseUDWiPNyxVNOSmlY1PH+Itq3RwN9K2FOCx+n0io6ExaRjYzpBC3/z2RuJfXiOBrt/KhIoT4Ip9LuomEkOERzngjtCcgUwtoUwLeytmfaopA5tW3obw9Sn+n1zulTwb0Xm5eORP4phHG2gTbSMPVdAROkFnqIYYukH36BE9OXfOg/PsvHy25pzJzDr6Aef1A9Xkk7E=</latexit><latexit sha1_base64="F//zh9hPBv1jMkoZOfc0nHH4fgY=">AAAB+nicdVBNSwMxEM3W7/q11aOXYBE8aMlKtduLCF4ELwpWC20p2TRtQ7PZJZlVl7U/xYsHRbz6S7z5b0xrBRV9MPB4b4aZeUEshQFC3p3c1PTM7Nz8Qn5xaXll1S2sXZoo0YzXWCQjXQ+o4VIoXgMBktdjzWkYSH4VDI5H/tU110ZE6gLSmLdC2lOiKxgFK7XdwmkT+C1ku5GS6XAHH5K2WyQlUvYP9g8wKXmet08qllQrfrnqY69ExiiiCc7a7luzE7Ek5AqYpMY0PBJDK6MaBJN8mG8mhseUDWiPNyxVNOSmlY1PH+Itq3RwN9K2FOCx+n0io6ExaRjYzpBC3/z2RuJfXiOBrt/KhIoT4Ip9LuomEkOERzngjtCcgUwtoUwLeytmfaopA5tW3obw9Sn+n1zulTwb0Xm5eORP4phHG2gTbSMPVdAROkFnqIYYukH36BE9OXfOg/PsvHy25pzJzDr6Aef1A9Xkk7E=</latexit>

eJ0-only
<latexit sha1_base64="2G0++B4UyxxFrKBqlAB4PpaFhw8=">AAACBHicdVA9SwNBEN3zM8avqKXNYhBsDHsSzdkJNmIVwaiQhLC3N9HFvb1jd04NRwob/4qNhSK2/gg7/42bGEFFHww83pthZl6YKmmRsXdvbHxicmq6MFOcnZtfWCwtLZ/YJDMCGiJRiTkLuQUlNTRQooKz1ACPQwWn4eX+wD+9AmNloo+xl0I75udadqXg6KROabV1LSNAqSLID/sd1kK4wXwz0arX75TKrMKqwc72DmUV3/e3Wc2R3VpQ3Q2oX2FDlMkI9U7prRUlIotBo1Dc2qbPUmzn3KAUCvrFVmYh5eKSn0PTUc1jsO18+ESfrjslot3EuNJIh+r3iZzH1vbi0HXGHC/sb28g/uU1M+wG7VzqNEPQ4nNRN1MUEzpIhEbSgEDVc4QLI92tVFxwwwW63IouhK9P6f/kZKviu4iOquW9YBRHgaySNbJBfFIje+SA1EmDCHJL7skjefLuvAfv2Xv5bB3zRjMr5Ae81w8KTZj4</latexit><latexit sha1_base64="2G0++B4UyxxFrKBqlAB4PpaFhw8=">AAACBHicdVA9SwNBEN3zM8avqKXNYhBsDHsSzdkJNmIVwaiQhLC3N9HFvb1jd04NRwob/4qNhSK2/gg7/42bGEFFHww83pthZl6YKmmRsXdvbHxicmq6MFOcnZtfWCwtLZ/YJDMCGiJRiTkLuQUlNTRQooKz1ACPQwWn4eX+wD+9AmNloo+xl0I75udadqXg6KROabV1LSNAqSLID/sd1kK4wXwz0arX75TKrMKqwc72DmUV3/e3Wc2R3VpQ3Q2oX2FDlMkI9U7prRUlIotBo1Dc2qbPUmzn3KAUCvrFVmYh5eKSn0PTUc1jsO18+ESfrjslot3EuNJIh+r3iZzH1vbi0HXGHC/sb28g/uU1M+wG7VzqNEPQ4nNRN1MUEzpIhEbSgEDVc4QLI92tVFxwwwW63IouhK9P6f/kZKviu4iOquW9YBRHgaySNbJBfFIje+SA1EmDCHJL7skjefLuvAfv2Xv5bB3zRjMr5Ae81w8KTZj4</latexit><latexit sha1_base64="2G0++B4UyxxFrKBqlAB4PpaFhw8=">AAACBHicdVA9SwNBEN3zM8avqKXNYhBsDHsSzdkJNmIVwaiQhLC3N9HFvb1jd04NRwob/4qNhSK2/gg7/42bGEFFHww83pthZl6YKmmRsXdvbHxicmq6MFOcnZtfWCwtLZ/YJDMCGiJRiTkLuQUlNTRQooKz1ACPQwWn4eX+wD+9AmNloo+xl0I75udadqXg6KROabV1LSNAqSLID/sd1kK4wXwz0arX75TKrMKqwc72DmUV3/e3Wc2R3VpQ3Q2oX2FDlMkI9U7prRUlIotBo1Dc2qbPUmzn3KAUCvrFVmYh5eKSn0PTUc1jsO18+ESfrjslot3EuNJIh+r3iZzH1vbi0HXGHC/sb28g/uU1M+wG7VzqNEPQ4nNRN1MUEzpIhEbSgEDVc4QLI92tVFxwwwW63IouhK9P6f/kZKviu4iOquW9YBRHgaySNbJBfFIje+SA1EmDCHJL7skjefLuvAfv2Xv5bB3zRjMr5Ae81w8KTZj4</latexit><latexit sha1_base64="2G0++B4UyxxFrKBqlAB4PpaFhw8=">AAACBHicdVA9SwNBEN3zM8avqKXNYhBsDHsSzdkJNmIVwaiQhLC3N9HFvb1jd04NRwob/4qNhSK2/gg7/42bGEFFHww83pthZl6YKmmRsXdvbHxicmq6MFOcnZtfWCwtLZ/YJDMCGiJRiTkLuQUlNTRQooKz1ACPQwWn4eX+wD+9AmNloo+xl0I75udadqXg6KROabV1LSNAqSLID/sd1kK4wXwz0arX75TKrMKqwc72DmUV3/e3Wc2R3VpQ3Q2oX2FDlMkI9U7prRUlIotBo1Dc2qbPUmzn3KAUCvrFVmYh5eKSn0PTUc1jsO18+ESfrjslot3EuNJIh+r3iZzH1vbi0HXGHC/sb28g/uU1M+wG7VzqNEPQ4nNRN1MUEzpIhEbSgEDVc4QLI92tVFxwwwW63IouhK9P6f/kZKviu4iOquW9YBRHgaySNbJBfFIje+SA1EmDCHJL7skjefLuvAfv2Xv5bB3zRjMr5Ae81w8KTZj4</latexit>

dualities

Klein dualities: spin liquid #2
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o dualities of different sectors 
o there should exist a dual SL phase
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o DMRG “scans”, “non-scans”, S(q)
o SL = molten dual 120-phase
o mesmerizing, all-anisotropic model (only J±±-Jz±) has an SL, exact solution?

P. A. Maksimov etal., PRX 9, 021017 (2019).

spin liquid #2
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by-product
o phase diagram of the triangular-lattice J-K model: 

no Kitaev-like solution, two (dual) SL phases (!)

H = � eJ
X
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Si · Sj �K
X
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SL

FM “120∘”

stripe-yz

stripe
dual “120∘”

dual SL K

J0

φ

P. A. Maksimov etal., PRX 9, 021017 (2019).

o “mesmerizing point”, not integrable (ED)
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where are we?
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“where is disorder-free YMGO?”

Z. Zhu, etal, PRL 119, 157201 (2017); J. Iaconis etal, SciPost Phys. 4, 3 (2018)

o YMGO?: well outside SL#1, in a stripe phase 

X. Zhang etal, Phys. Rev. X 8, 031001 (2018). 

o also: “wrong SL”!  [S(q) different]

M-pointsK-points

theory SL observations
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new materials?

Ding etal., arXiv:1901.07810; Ranjith etal., PRB 99, 180401 (2019); Bordelon etal., arXiv:1901.??; Baenitz etal., PRB 98, 220409(R) (2018). 

K-point
o possibly smaller XXZ anisotropy (D≈1), small other terms
o no ordering (disordered 120°? or SL#1?); max intensity at the K-point
o consistent with being in 120°phase (and disordered)
o orders in small fields
o NaYbS2: D≈0.3, also not ordered
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questions, future directions 

o is agnosticism justified? can one explore all the phases? Yb3+ tend to be XXZ or isotropic.

o field-induced phases. YMGO may have one.

other issues
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o Fluctuating Ferromagnet: Yb2Ti2O7 physics(*) of interacting magnons on a Bravais lattice 
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J. Rau etal, arXiv:1903.05098.
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o ObD in 120°and FM phases: classical 120°and FM phases are gapless despite no continuous 
symmetry in the Hamiltonian. GS “ignores” the bond-dependent terms, spectrum does not ➾ ObD

o non-reciprocal spectrum in the 120°phase

curiosities: order-by-disorder, non-reciprocity
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conclusions
þ phase diagram of the nearest-neighbor anisotropic-exchange 

triangular lattice model: two spin liquids [non-Kitaev]

þ framework for many triangular-lattice based systems


