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Dirac equation in high energy physics

Relativistic theory of an electron - Dirac equation

[yu(—ihé‘u — eAu) — m]‘l’ =0

4x4 matrices Wavefunction is a
4-component

_ vector
Free solutions:

E = i\/pzc2 + m2c*

E(p)

Electron states, empty
(conduction band)

,2mc? T Mass gap, no free states

Positron (or hole) states
forming Dirac sea
(valence band)

A quantum relativistic
particle has 4 internal
states;

two of these can be
identified

with particle's spin.

The other two states
describe

an antiparticle (or a
hole).




Dirac material family in condensed matter

Material Pseudospin Energy scale (eV)

Graphene, Silicene, Germanene Sublattice 1-3 eV

Sublattice 10-%-0.1 eV
exagonal layered heterostructures Emergent 0.01-0.1 eV

Hofstadter butterfly systems Energent 0.01 eV
Graphene-hBN heterostructures in high magnetic fields

Band inversion interfaces Spin-orbit ang. mom. 0.3 eV
SnTe/PbTe, CdTe/HgTe, PbTe

2D Topological Insulators Spin-orbit ang. mom. < 0.1eV
HgTe/CdTe, InAs/GaSh, Bi bilayer, ...

3D Topological Insulators Spin-orbit ang. mom. < 0.3eV
Bii_,Sb,. BisSes, strained HgTe, Heusler alloys, ...

Topological crystalline insulators orbital < 0.3eV
SnTe, Pby_,Sn,Se

d-wave cuprate superconductors Nambu pseudospin < 0.05eV

“He Nambu pseudospin 0.3 peV

3D Weyl and Dirac semimetals Energy bands Unclear

CdgAso, NagBi

Table 1.

Table of Dirac materials indicated by material family, pseudospin realization in the Dirac Hamiltonian,
and the energy scale for which the Dirac spectrum is present without any other states.

Wehling et al., Advances in Physics 63, 1 (2014)



Artificial graphene research in Exeter (theory)

week ending

PRL 110, 106801 (2013) PHYSICAL REVIEW LETTERS 8 MARCH 2013

Dirac-like Plasmons in Honeycomb Lattices of Metallic Nanoparticles

Guillaume Weick,' Claire Woollacott,” William L. Barnes,? Ortwin Hess,” and Eros Mariani’
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IOP Publishing 2D Mater. 2 (2015) 014008

2D Materials Dirac plasmons in bipartite lattices of metallic nanoparticles
Thomas Jebb Sturges', Claire Woollacott', Guillaume Weick’ and Eros Mariani'




Artificial graphene research in Exeter (experiment)

Gapless States in Microwave Artificial Graphene

Yulia N. Dautova,' ® Andrey V. Shytov,! lan R. Hooper,! J. Roy Sambles,’ and Alastair P. Hibbins?

Department of Physics and Astronomy, University of Exeter, Ezeter, Devon EX4 4QL,
United Kingdom.

A microwave analogue of graphene comprised of cylindrical metallic rods arranged in a honeycomb array is
EPSRC Centre for . . . . . .
Rt  [abricated. Dispersion curves of the bound electromagnetic eigenmodes of the system were experimentally
DUl determined by measuring the electric near-fields just above the surface. T'wo linear crossings are evident in
these dispersion curves at each K and K’ points of the Brillouin zone, mimicking the well-celebrated Dirac
cones in graphene.
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The rise of graphene

The 2010 Physics Nobel Prize for Geim & Novoselov - for a review see their Nobel lectures in RMP
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cut it off.” From The Big Bang Theory, series 3, episode 14 “The
Einstein Approximation.” Photo: Sonja Flemming/CBS ©2010

FIG. 11 (color). Dr. Sheldon Cooper (Jim Parsons) *...either

isolating the terms of his formula and examining them individually

or looking for the alligator that swallowed his hand after Peter Pan
CBS Broadcasting Inc.



Novoselov et al.

= =
Science 306, 666
N\ (2004) P.R. Wallace,
— — Phys. Rev. 71, 622
(1947)

Unconventional QHE; huge mobility
(suppression of backscattering), universal
optical absorption...

Theory: use of 2D relativistic QM, optical
analogies, Klein paradox, valleytronics...




Dispersion Relation FE = +v,+/|f (k

a

f (k) = e'(\% 9 + 2¢’ i(—5emhe) COS (kyg)

o O : /
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® ®
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E = thvelq] c/ve = 300

P. R. Wallace “The band theory of graphite”, Phys. Rev. 71, 622 (1947)

70-year old achievement of condensed matter physics



“Dirac Points”

Expanding around the K points in terms of small q

It +I

~ 0 G — 1, _qa
UF(Qerzqy 0 ) lql’ 6=1

Electrostatic confinement is somewhat difficult...



Quantum tunnelling
In a conventional semiconductor system




Quantum tunnelling
In a conventional semiconductor system

Quantum tunnelling

In a conventional system




Quantum tunnelling
In a conventional semiconductor system

Quantum tunnelling

In a conventional system




Quantum tunnelling
In a conventional system

Quantum tunnelling

In a conventional system




Klein tunnelling
In a graphene p-n junction




Klein tunnelling
In @ graphene p-n junction

No bound states?
No off switch?



Non-incident electrons




Non-incidence tunneling
In a graphene p-n junction
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Mathematically

Free particle:
0 ax o Zay
X X th Qm +igy 0 )

Normal incidence: ¢, =0  Arbitrary 1D barrier: v(x)

0Vp
vV E)Y
(V@) = B)W, — ifwp——

0w, (V(x) — E)¥; — ihvg—— T ==

O
V E)Y h
(VGO = E)W — ihvp =2 = 0

b
W, (x > to0) e“qxexp( j V(x)dx)
a



Transmission probability 2 P

through a square barrier

0.2

0.4

0.6

0.8

1.0

Transmission probability for a fixed electron and two different hole
densities (barrier heights). From: M.l.Katsnelson, K.S.Novoselov,
A.K.Geim, Nature Physics 2, 620 (2006)



Fully-confined states?

Circularly-symmetric potential V' (r)

imV
¢(’F, ?9) — (ei(em“%igzr))
: t(m—+1)
( Z.;a/(? im ng‘v(r) 2 )[X] = E'[x]

E 7& () — confinement is not possible for any
fast-decaying potential...



“Theorem”

A

H=wvpo-p+V(r)

Inside well

J(E + vylr)

Outside well

J.(|E|r) N,(|E|r)

and

With asymptotics

- no bound states

d° 1d n 2
]—5"‘:2—',"(-')"" ';‘:—(E‘I"V()) JLl —O. r<da
J—_(—r-—li n-—E" Y, =0, rza

Equation (20) involves only the square of energy.
Therefore, its solutions do not depend on the sign of E.
These solutions are equivalent to the scattering states
for the ordinary radial Schrodinger equation with £ > 0.
Hence, it follows that, in such a potential well, bound

states are absent. We stress that this conclusion does not
depend on the depth and width of the well: i.e., a two-
dimensional localization of quasiparticles in graphene
(quantum dot) is fundamentally impossible (evidently,

am m

(2 (o o= 5 = ) et
V3 o (o= - ) emroiy)

T m

Tudorovskiy and Chaplik, JETP Lett. 84, 619 (2006)



FE = 0| long-range behaviour:

_ Always true for
— P
V(F) — V()f‘ , P = L. gated structures

o (1P, (Y5 mp+m)
XA+< r )XA_F(W(L 2 x4 =0

r

There is no dependence on the potential sign!

S (O] iCQ
m =20 xalr)~ =2 Xxs(r) ~ 2o
" . | .
m< —1|  xar)~cir™,  xpr)~icir ™77F.

Fully-confined (square integrable) states



Fully-confined states for £ = (
=> DoS(0)#0

Square integrable solutions require m > 0 or m < —1

N MY
WV

G Pseudo-spin is
: — q0 _
Recall: € =7+, () ==%1.  jgefined for E = 0

=> vortices!




Exactly-solvable potential for F = (

14 (r/d)2

Condition for zero-energy states:

V(r)

2m+m+1) m>0
Vod =
2(n —m) m < —1

C.A.Downing, D.A.Stone & MEP, PRB 84, 155437 (2011)



Wavefunction components and probability densities for the first
two confined m=1 states in the Lorentzian potential

C.A.Downing, D.A.Stone & MEP, PRB 84, 155437 (2011)



Relevance of the Lorentzian potential

graphene

- }I Si

STM tip above the graphene surface



STM tip above the graphene surface

Ustm(r) =

1 1
ATk (\/r2 + (h1 — h2)? /72 + (hy + hy)? )

€ Qtip 2hl

Vo =
"7 dsihve h2 — 2

: h3 — h* hy + h
14— L1 2+ Ny
- 7Th1 hz—hl

r/d
Coulomb impurity + image charge in a back-gated structure



Numerical experiment: 300200 atoms graphene
flake, Lorentzian potential is decaying from the
flake center (on-site energy is changing in space)

000000000

000000

555555

Potential is centred Potential is centred
at an “A” atom. at a “B” atom.



Numerical experiment: 300200 atoms graphene
flake, Lorentzian potential is decaying from the
flake center (on-site energy is changing in space)

Potential is centred Potential is centred In
at the hexagon centre. the centre of a bond.



Numerical experiment: 300200 atoms graphene
flake, Lorentzian potential is decaying from the
flake center (on-site energy is changing in space)

C.A. Downing, A. R. Pearce, R. J. Churchill, and MEP, PRB 92, 165401 (2015)



dl/dVv,, (arb. units)

Experimental manifestations

Creating and probing electron
whispering-gallery modes
in graphene

Yue Zhao,"** Jonathan Wyrick,"* Fabian D. Natterer,"* Joaquin F. Rodriguez-Nieva,**
Cyprian Lewandowski,* Kenji Watanabe,” Takashi Taniguchi,” Leonid S. Levitov,>
Nikolai B. Zhitenev,'t Joseph A. Stroscio't

SCIENCE 672 8 MAY 2015 « VOL 348 ISSUE 6235
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Crommie group experiments

— Ca dimers on graphene have two states, charged and uncharged
— They can be moved around by STM tip, and the charge states can be manipulated

— Thus, one can make artificial atoms and study them via tunneling spectroscopy

Tunneling
conductance
(DOS)

dl

dv
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Exp. spectra near 1 Ca dimer
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Control voltages for piezotube

Ca after annealing

O,

Tip-to-sample bias (electron energy)

Crommie group, Science 340, 734 (2013) + “collapse” theory by Shytov and Levitov
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1C Exp. spectra near 3 Ca dimers
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Crommie group experiments
vs atomic collapse theory

Features not explained by the
atomic collapse theory:

— The resonance is sensitive to doping.

— Sometimes it occurs on the “wrong”
side with resect to the Dirac point.

— There is a distance dependence of
peak intensity.

Electron density (Gate voltage)



Zero-energy states - So what?

eNon-linear screening favors zero-energy states. Could they be a source
of minimal conductivity in graphene for a certain type of disorder?

eCould the BEC of zero-energy bi-electron vortices provide an explanation
for the Fermi velocity renormalization in gated graphene?

eWhere do electrons come from in the low-density QHE experiments?

A

\ 4

o (1/kQ)
(Bwr/L) o

4—\\,.
graphene’\

80 40 0 40 80
Ve (V)

Novoselov et al., PNAS 102, Elias et al., Nature Alexander-Webber et al.,
10451 (2005) Physics 7, 201 (2011) PRL 111, 096601 (2013)



A puzzle of excitons in graphene

Excitonic gap & ghost insulator (selected papers):

D. V. Khveshchenko, PRL. 87, 246802 (2001).
J.E. Drut & T.A. Lahde, PRL. 102, 026802 (2009).
T. Stroucken, J.H.Grongvist & S.W.Koch, PRB 84, 205445 (2011).
and many-many others (Guinea, Lozovik, Berman etc...)
gap = mass > gap
Warping => angular mass: Entin (e-h, K#0), Shytov (e-e, K=0)
Massless particles do not bind! Or do they?

Binding at E=0 does not depend on the potential sign



Excitonic gap has never been observed!

Experiment: Fermi velocity renormalization...
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Two-body problem

Construct wavefunction

Electron-hole
i V(r)
Px. T 1Dy,

H._p, = vF .
])1711 o l'pyh.

— construction

/ZDA,A(I'LPZ)\

wA,BEI‘LI'z%
5(r1,r2))

\¢B,B ri,Tr2

Pz, — ’ip Ye —Pazy, T ’ip Yh
Vi(r) 0
0 Vi(r)

| O T p;z:h T Z'pyil, pa?e + Ip Ye
Electron-electron
V(T) pxel o ZI)'.UGI ])'1762 o /Z"pyeQ
Hei_co = v Prer T Wy, V(r) 0
el —e — J /. -
Paos T 1Pyos 0 V(’)
— O pll?eiZ T ZP"U@‘.Z pitel T /Z"pyel

0
_p Lh + Zp Yh
p Te ZZ)@/@

V(r)

0
pIGQ o Zpy(:‘fﬁz

pm@l B ipycfl
Vi(r)




Two body problem — free solutions

1/2

/

9

y l‘/'2 -9 5 °
Diagonalize E = zur (pi, +P§1) T vF (P: +P;g)

Centre-of-mass (COM)and X = (z1+22)/2 ¥V = (11 +12)/2
relative coordinates r =1 —To Y = YL — Y2

So equivalently E/fwp =+ ((Kx /2 + kz)? + (Ky /2 + /lfy)Q)l/2

+ ((Kx /2= ke)® + (Ky /2 = ky)?)
COM and relative ansatz U;(R.7) = exp(iK - R)(r)

1/2

COM momentum K=0,
system reduces to 3 by 3 matrix

B U (T’) —F O 7 - -

a m
BE o e
2 (<op 1 m1) YO=E (5, 1 mn)| | 0 | =0
o otm uw=r" | e
i r r hvg B -




Two body problem — bound states

U('r) —F

Only binding at Dirac point energy E=0,
consider interaction potential

:1 (']'/([)|7n| 7
) = o | -
20 = X ot rapp T
Gauss hypergeometric
f(&) =2 (—n —n + %% im| +1 1%%

A m A
hvp ([)r ( —;_ g U
¢ s m—1 J\T)— O (- m—+1
2 (_()7’ + r ) hv g —2 ([(?Z ;'— . r
- I m JA\Tr)—
- (ﬁ) (-)'T‘ - T hvg

1) =

P1(r)

P2(r)
Pa(r)

= 0,

)

f AN

U(r) = —Uo/(1 + (r/d)?)

Angular momentum
m =0, £1, £2. ...

useful to define

m| + 1+ /|m|2 +1

)



Two-body problem — exactly solvable model

Ug d 3001 d
— = =4n-+mn), n=0,1,2..
hop 137 erg (n+m),

Im| + 1+ +/|m]2 +1
n = 5

1 - Length scale d of the order of 30 nm due to necessity of gate
2- Cut-off energy depends on geometry and differs strongly for monolayer
graphene or interlayer exciton in spatially separated graphene layers
3-Results do not depend on the sign of the interaction potential

1. Monolayer vortex 2. Interlayer exciton
Cut-off comes from Cut-off comes from
Ohno strength U, — e? -1 interlayer spacing
of 11.3 eV, 0 = Zrege!O of r0 = 1.4nm

thus rO = 0.064nm

Nb assuming BN with relative permittivity of e = 3.2



Exactly solvable model — two systems

1. Monolayer exciton or e-e pair

uod = 515.39...

(128, 0), size <r>=1.006 d
(127, 1), size <r>=1.018 d
(126, 2), size <r>=1.030d

333
=
i 1

Yo

0

graphene

2. Interlayer exciton

Uod = 14.66...
(m, n) = (3, 0), size <r>=1.433 d
(m, n)=(2, 1), size <r>=2.639d
(m, n)=(1, 2), size <r>=4.415d

©
'

graphene

h-BN

graphene



Two-body problem — exactly solvable model

Results for d =100 nm, monolayer graphene, repulsive interaction

2 l : N\
FIG. 1: Radial probability densities for the pair states with <rs o P
quantum numbers (n,m) = (0,429), (1.428) left-to-right. "

° 0 200 400
O "
FIG. 2: A plot of the average size of the pair state as a func-
tion of quantum number m.

C.A.Downing & MEP, arXiv: 1506.04425.



Static screening

REVIEWS OF MODERN PHYSICS, VOLUME 83, APRIL-JUNE 2011
Electronic transport in two-dimensional graphene

S. Das Sarma et al.

TABLE 1. Elementary electronic quantities. Here Er, D(E), ry, and gt represent the Fermi energy,
the density of states, the interaction parameter, and the Thomas-Fermi wave vector, respectively.
Dy, = D(Ep) is the density of states at the Fermi energy and ¢, = g1p/kp.

Ep D(E) D() = D(EF) Fg qdTF qs
/4 T g, 8 E N e2 /8,8, \/47g.g,ne’ g8l
MLG hvp 8s Bu 2m(hvg)? N T khvg 2 khvg Khvg
» 5 ) 3/2 )
2 2mwhn g.8,m g.8,m me” 2.2, g, 8, me- (8.2, )/ “me-
BLG and 2DEG me .2, 2mh? 2wh? 2k -j‘?: Kh* Kh>\J/4m

Vg~ . V(r) =
9+ qrr r2 + 14 (1 + q4pr?)

Gate-induced image charge

1 1

B 2 2
TZ‘I‘TOZ \/7" +d

V(ir) =«a




Two-body problem — exactly solvable model
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Radial probability densities for lowest

pair states with quantum numbers (m,n) = (1,0), (2,0)

r~0, ¢~ plm Im— o0 Pg ~ ,,-|m|—277’
n = Im|+14+vm32+1
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Electron-hole puddles in disordered graphene
or droplets of two-particle vortices?

1 1 1 1 | 1
-30 -20 -10 0 10 20 30
Backgate voltage (V)

J. Martin, N. Akerman, G. Ulbricht, T. Lohmann, J. H. Smet, K. von Klitzing
& A. Yakobi, Observation of electron—-hole puddles in graphene using a
scanning single-electron transistor, Nature Physics 4, 144 (2008)

[cited by over a 1000 times]

dufon,y (meV-107"%m?)



QHE experiments

week endi

PRL 111, 096601 (2013) PHYSICAL REVIEW LETTERS 30 AUGUST

Phase Space for the Breakdown of the Quantum Hall Effect in Epitaxial Graphene

J.A. Alexander-Webber,! A.M.R. Baker," T.J. B. M. Janssen. A. Tzalenchuk,>* S. Lara-Avila,* S. Kubatkin,*
R. Yakimova,® B. A. Piot.® D. K. Maude.® and R.J. Nicholas'*
'Department of Physics, University of Oxford, Clarendon Laboratory, Parks Road, Oxford OX1 3PU, United Kingdom
2National Physical Laboratory, Hampton Road, Teddington TW11 OLW, United Kingdom
3Deparnnem of Physics, Royal Holloway, University of London, Egham TW20 OEX, United Kingdom
“Department of Microtechnology and Nanoscience, Chalmers University of Technology, S-412 96 Goteborg, Sweden
Department of Physics, Chemistry and Biology (IFM), Linképing University, S-581 83 Linkoping, Sweden
SLNCMI-CNRS-UJF-INSA-UPS, 38042 Grenoble Cedex 9, France
(Received 17 April 2013; published 27 August 2013)
We report the phase space defined by the quantum Hall effect breakdown in polymer gated epitaxial
graphene on SiC (SiC/G) as a function of temperature, current, carrier density, and magnetic fields up to
30 T. At 2 K, breakdown currents (/) almost 2 orders of magnitude greater than in GaAs devices are
observed. The phase boundary of the dissipationless state (p,, = 0) shows a [1 — (7/T,)?] dependence
and persists up to 7. > 45 K at 29 T. With magnetic field 7, was found to increase = B¥? and T, = B>. As
the Fermi energy approaches the Dirac point, the » = 2 quantized Hall plateau appears continuously from
fields as low as 1 T up to at least 19 T due to a strong magnetic field dependence of the carrier density.

Nicholas group, PRL 111, 096601 (2013)

Also seen by many other groups:
Janssen et. al, PRB 83, 233402 (2011)
Ribeiro-Palau, Nature Comm. (2015)
Benoit Jouault (2011-2015)
Agrinskaya (2013) etc...

Apparent difference in carrier densities
without B and in a strong magnetic field.
Reservoir of “silent” carriers?
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FIG. 1 (color online). (a) I — V,, characteristics of sample 1 at
2.0 K, with a breakdown condition of V,, = 10 'V, giving a
maximum critical current density j. =43 A/m at 23 T
(b) Combined magnetotransport [p,, and p,,] data and J —
V.. — B contour plot: the hashed region represents V,, <
10 wV, the dissipationless quantum Hall regime. Extrapolating
the low field Hall coefficient to p,, = h/ 2¢* (dashed red line)
gives the expected field for the peak breakdown of » = 2 without
a field dependent n. (¢) Magnetic field dependence of the carrier
density (thick black line), following lines of constant filling
factor (thin red lines) while Ey lies between Landau levels and
then the charge transferred from surface donors in SiC, n(B, N)
(thin green curves), while the Landau levels fill, from the model
in Ref. [7].



Is it a step in the on-going search for Majorana
fermions in condensed matter systems?

“Majorana had greater gifts
than anyone else in the world.
Unfortunately he lacked one
quality which other men
generally have: plain common
sense.” (E. Fermi)

Ettore Majorana
1906 - ?




Practical applications?

APPLIED PHYSICS LETTERS 104, 161116 (2014)

Graphene—A rather ordinary nonlinear optical material

J. B. Khurgin®
Johns Hopkins University, Baltimore, Maryland 21218, USA

Essentially, all the electrons residing further away from the
Dirac point hardly contribute to nonlinearity at all, but they
are needed to keep the Fermi level high enough to mitigate
the loss due to band-to-band absorption. Clearly, absence of
a real bandgap (rather than one induced by blocking the
absorption) 1s a handicap that seems to have no remedy.

Remedy — a reservoir of charged vortices at the Dirac point.



Highlights

eContrary to the widespread belief electrostatic confinement in
graphene and other 2D Weyl semimetals is indeed possible!

e Several smooth fast-decaying potential have been solved
exactly for the 2D Dirac-Weyl Hamiltonian.

e Precisely tailored potentials support zero-energy states with
non-zero values of angular momentum (vortices). The threshold in
the effective potential strength is needed for the vortex formation.

e An electron and hole or two electrons (holes) can also bind into
a zero-energy vortex reducing the total energy of the system.

e The existence of zero-energy vortices explains several puzzling
experimental results in gated graphene.

e Confined modes might also play a part in minimum conductivity
(puddles)?



Highlights
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Thank you for your attention!
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