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ac-driven phase-dependent directed diffusion
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We study directed diffusion of a particle in a periodic symmetric potential under the influence of a time-
periodic external field. The field lowers the symmetry of the phase space flow which results in directed
diffusion even if the potential and the field are reflection symmetric. We analyze the interplay between broken
symmetry and dynamical chaos.

PACS numbgs): 05.45.-a, 05.60.Cd, 05.45.Ac

Nonlinear transport processes in a spatially periodic pofield [1] in the long wave length limit. The combined action
tential U(x+27)=U(x) are of interest for such topics as of the ac fieldE(t) and periodic potential (x) results in a
stochastic diffusion in nonlinear systerh$], transport in  nonintegrable type of dynamics with either quasiperiodic or
randomly driven system], and in solid state physids], stochastic trajectories. Using the model Hamiltonianwe
to name a fewChaotic transport in a nonlinear dynamical show that the ac field lowers the symmetry of the dynamical
system implies the possibility to travel in phase space if thesystem. This results in a phase-dependent directed diffusion,
initial conditions of the particle belong to the chaotic layer of even if the potentialJ(x) and the fieldE(t) are reflection
the system. The chaotic layer can appear in some vicinity ofymmetric. We will analyze the interplay between broken
the separatrix of the unperturbed motion when a perturbatiosymmetry and dynamical chaos.
is applied to an integrable system. A weak time-periodic Let us start with some unexpected results of numerical
field E(t) can serve as such a perturbation generating a vastudies of Eq(1). Simulations were performed in the follow-
riety of stochastic diffusive regimes in spatially periodic sys-ing way: take a large ensemble of initial conditions (
tems[4,5]. A prominent example for directed transport in ~10%) att=0 with energies randomly chosen in a thin layer
such systems isatchet transport, i.e., a(colored noise- beyond the unperturbed separatrix; A<E(t=0)<1;A
induced macroscopic current in a periodic potential with or<1, and coordinates uniformly distributed over the unit cell
without space reflection symmetry. Ratchet transport was exsf the potential—37/2<x(t=0)<w/2. Thus all particles
tensively studied for different situations, including chaoticwould be trapped in the chosen cell for the unperturbed dy-
dissipative systems and overdamped regiffds Possible namics. The ac field induces dynamical chaos allowing for
experimental manifestations of ratchet diffusion can be exan escape of the particles. The small value\ahust satisfy
pected, e.g., for the phase diffusion in Josephson junctionghe Chirikov overlap criterion so th&lmosy all particles in
and the motion of proteins along biopolymers. Recently, thehe ensemble perform stochastic motj8h Such a choice of
effect of an ac field on directed diffusion in reflection sym- the initial positions presents (guas) microcanonical distri-
metric and nonsymmetric periodic potentials was also studbution for the unperturbed dynamical system. Nonzero val-
ied in Ref.[7]. There it has been shown that the breaking ofues of A ensure better averaging. By means of numerical
the time reflection symmetry of the fordg(t) plays the integration of the equations of motion we obtain the average
same role as the breaking of the space reflection symmetry efscape times; and , of a particle to the neighboring right
the potentiald (x) leading to directed diffusion controlled by and left cells of the potential. The averaging is performed
an ac field. over the full ensemble with integration times being of the

In this paper we study phase-dependent directed transpastder of 1¢ time units, which is much larger than the maxi-
in systems without breaking reflection symmetries in time ormum time to reach the neighboring cell. The results are
space. This transport mechanism results from the specifishown in Fig. 1. We observe a substantial asymmetry of the
symmetry of the equations of motion combined with theparticle flux to the right and to the left, respectively. This
presence of nonlinear processes. We investigate the simplestymmetry indicates the existence of directed diffusion in
case of the harmonically driven mathematical pendulum withthe system. The asymmetry vanishes only for some specific

the Hamiltonian values of the phase = ¢+ kar, wherek is an integer. For
small amplitudes<0.05 or for large frequencias>3, i.e.,
H=p%2+U(x)—xE(t), U(x)=sin(x), in the limit of a very narrow layer of the stochastic motion,
(1) we find ¢pg— /2.
E(t)=esin(wt+ ¢). To understand these results we start with the consider-

ation of the limit of large energies, and neglect the potential
Here (,p) are canonically conjugated dimensionless vari-in zeroth orderlJ (x) =0. The velocity of a particle in the ac
ables,e,w, ¢ are, respectively, the amplitude, frequency, andfield then reads
phase of the time-dependent field, which we consider to be a
(strong perturbation of the unperturbed motion of the par-
ticle in the potentialU(x). Eq. (1) corresponds to a dipole V(t)=Cy—e/wcofwt+¢), Cop=(V(t));, V(0)=V,.
interaction between an oscillator and an external perturbation (2
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2n FIG. 2. Dependence of the mean velocﬁy(of the directed

curren) on the phasep for different initial energiesg, for e

FIG. 1. Average escape times,r, (in scaled units for the =0.15, w=1. The insets show the alternation of the maximum
hopping of a particle to the neighboring right and left cells of thevalue of V and of the symmetric phasés while decreasings,
potentialU(x) as a function of the phas¢ of the ac field fore toward the boundary of the stochastic layer Bf=1.1 for T

< a

=0.175, w=1. =1507.
$22e<' +)y means time averaging. It follows from EP) ing E,, the maximum value of/,,, increases(see upper
insed. It passes through a maximum and subsequently de-
Co=Vo+€elwcod ). (3)  creases with further loweringy. This behavior is connected

_ o o - . to the sticking of a trajectory to the vicinity of the unper-
Given a distribution of initial conditionsp(Xo,Vo) with  turbed hyperbolic fixed point. The numerically obtained

symmetryp(X,V)=p(X,~V), the mean time-averaged ve- gymmetric phasep. defined through the equality/(.)
locity per particle is not equal to zero: =0, is 7/2 atEy=Ey (see lower insét
Ve of cos &) @ The situation drastically changes whEp is crossing the
@ : boundary of the chaotic part in phase spagg<(Eg). After
The ac field lowers the previous symmetry of the phase spacg °SSing there is a nonzero probability for a trajectory to be
flow {+Vo— — Vo) into {+Vo— — Vo d— — ¢+ 7} (this is ftrappe_d by pa}rtly Qesproyed KAM tofi] as ngl as to travel
one reason for the macroscopic transport observed in th& arbitrary direction in the manne.r AOf g fllghts. [_4’11]'
short-time simulations in Fig. 1; we come back to the case off hese processes reduce the amplit¥gg,. In addition, as
transport in a potential below shown in the lower inset for a finite realization lengttii.e.,
Next we study the case when the initial energy is largethe time of averaging the symmetric poinis is abruptly
compared to the potential (x):Eqy=V2/2+sin(Xp)>1. To  shifted fromm/2:¢ e < = /2+ 5¢(Eo). With increasing

simplify the analytical calculations we put>1 and assume time T one findsV,,,~1/T and the mean velocity tends to

that the initial distribution is uniform in space(X,V)  zero for infiniteT. This is shown in Fig. 3. The power law
=6(|V|—V,). After averaging we obtain

v sgriVo+ (el w)cose]| |
B K(k™ 1)

2

Vo
+sin

2" 4 _©
K 2+4 1+

€ COS¢ esing

(02

Xo+ =1, (5

Vo(l)

~ _ 1 27 _ .
VE<V>XO,V0: 4_ {V(+V0,X0)+V(_V0,Xo)}dX0 107
mJo
(6)
HereK is the elliptic integral of first type. Avoiding cumber- .| .
some analytical formulas, numerically calculated average ve- 1 So 10 ’

10n
locities VV for microcanonical ensemble with different initial T

energiesE, are presented in Fig. 2. The estimated upper FIG. 3. An example of the power law decay of the mean veloc-
boundar)( of the stochastic layerlig~1.1. ForEo>Egthe iy (V)y, inside the stochastic layeEg=1) with increasing the
function V(¢) approaches the form of c@s With decreas- time intervalT at ¢+ ¢5;e=0.15w=1.
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behavior reflects the superdiffusive nature of the motion inwhereé&(t) is a white noise with intensity,; [12]. The noise
side the stochastic layers, i.e., it results from the fast anomaalso induces an averaging over the phaseThe largere;
lous stochastic diffusion, which is analogous to the quasibalthe faster is the averaging due to the noise. To avoid that, the
listic regime and does not obey usual laws of diffusivecharacteristic time of the directed diffusieg must be much
motion[9]. Such a regime is possible in any time-dependensmaller than the time scale of the thermal diffusign In a
system having regions of bounded and unbounded motion &ample of sizel the simplest estimate thus reads
different sides of the unperturbed separafdx.0]. Simulta-

neously, a power law decay always implies the absence of =LIV< Te. (10
localization and the notion of a localization length is mean-

ingless. The functioV,,,(T) tends slowly to zero with in- Consequentlyphase-dependent directed diffusion manifests
creasingT; therefore the directed diffusion predicted can beitsélf only for finite samples on finite times.

detected for finite values dF. Note that there are two com- 10 refine our explanation of the propex), let us return

petitive mechanisms of the long-time self-averaging/gf,, to the question of the symmetry in the equations of motion.

in the stochastic layer. The first one is connected to the er—G'Ven a trajectory

godicity and mixing of chaotic dynamics itself while the sec- X(t.Xa Va). P(t.Xa V. 11
ond one results from the weak noise of numerical and real (X0, Vo), P(t.Xo,Vo) a1
experiments. The role of noise is discussed below. of system(1), one more trajectory can be successively gen-

It is interesting to note that for a fixed value of the phasegrated by the transformations
¢ the escape time to the right or to the left is practically
independent on the amplitude of perturbation for<0el t— —t: X(—t—2¢/w,Xy,Vy), —P(—t—2¢/w,Xy,V).
<0.4, implying that the probability for a trajectory to cross (12
the unperturbed separatrix is almost constant. This fact was . o
mentioned in Ref[10] and was attributed to the anomalous The absolute value of the time-averaged velocity is the same
diffusion in phase space. A detailed analysis of this phenomtor both trajectories. Forp= ¢ these trajectorie$“origi-
enon is beyond the scope of the present paper. nal” (11) and “generated”(12)] would belong to the above
The observed directed diffusion depends periodically orflescribed microcanonical distribution and would cancel each
the phasep of the driving field. After additional averaging Other. For¢# ¢ the compensation of contributions from

over ¢ the effect of a macroscopic current vanishes: different trajectories no longer takes place and we detect di-
rected transport. This is the main reason for the effects de-

scribed. We need further averaging ovem order to ensure
cancellation of the contributions coming from E¢$1) and
(12). If we wish to overcome Eq(7), we have to break the

Here we discuss three important situations when this averagorresponding symmetry, e.g., by taking either an ac field

ing occurs. _ .. without reflection symmetry:
The first one corresponds to an average over initial times,

i.e., when we inject given particle distributions at random E(t) asyn{ X) = €{SIN( 0t + ¢) + BesiN(2[ wt + ¢+ ve)},

initial times. Averaging over initial times equals averaging

over the phase. However, if the injection times are correlated Be<1; ve# *+wki2 (13
(e.g., the injection times are triggered and spaced by a mul-

tiple of the period of the fieldthen directed current will be or combining it with a potential without reflection symmetry
reinforced. Since even quasiperiodic injection time-[7]

sequences will ultimately average over the phase, in reality

(V)4=0. (7)

we simply need finite samples where traveling along the U(X) asyni= SIN(X) + BysSin(2x+ vy),
sample takes finite time.
The second example is a spatially inhomogeneous wave Bu<l, v, #*mki2. (14)

[11], for instance, _ o _
The case of the ac field and the potential without reflection

E(t)= e sin(kx— ot + &). 8 symmetry represents a dete_rministic Counterpart to the _sto-
(t)=esin ott ) ® chastic ratchetf6,7], where directed transport is not zero in
spite of self-averaging over the phase due to the action of a

If we gonsider_t_wo particles with same ini_tial positions and noisy force. A detailed study of the properties of the field
opposite velocities, the average velocity will still be nonzero.(l3) and of the potential14) can be found if13]

However, if we consider a distribution of initial positions, There exist also examples of quantum particles in tight-

averaging over the initial positions equals averaging over th't:')inding potentials, for which directed currents do not vanish

phase of the individual particle pairs;- '.'>><E<.' e after averaging over infinitely long time. Consider a tight-
Again the specific asymmetry in the chaotic regime can bGE)inding Hamiltonian in semiclassical approximation
detected only for finite samples when the long wave limit is

valid. o Hp=—cosp) ~XE(1), (15
The third example of complete averaging is a noisy driv-
ing force: with the same fieldE(t) as in Eq.(1). Equation(15) ac-

counts for a periodic potentid) (x) via the periodic disper-
E(t)=esin(wt+ ¢) + e, £(1), (9 sion relation of quasiparticles(p) = —cos() [3]. Since the
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Hamiltonian(15) corresponds to a nonlinear but completely symmetric time-periodic external field. We have shown that
integrable system, we have an explicit expression for thehe ac field leads to phase-dependent macroscopic transport

velocity

X=V(t)=3dHy,/dp=sin{po+ e/ o[ cog ¢) — cog wt+ $) 1},
(16)

(V(t,+po)+V(t,—po))i/2
=Jo(€e/ w)cog pg)sin{e/ v cog ¢)}. (17)

Assuming a Boltzmann distribution for the particlég
=constX exd —&(pg)B] and integrating ovep,, the aver-
aged current in the ballistic regime red@g

(De=2[nl1(B)/1o(B)]30( €l w)sin el wcog )},
((H4=0.

Here B is the dimensionless inverse temperaturds the

(18

particles density| ; are the modified Bessel functions and

Jg is the Bessel function of zeroth order. &t= /2 we have

in finite samples by lowering the dynamical symmetry, even
if the potential and the field themselves are reflection sym-
metric. This flux is fully controlled by the phase of the ac
field. For a given amplitude of the ac field the amplitude of
the flux is maximized for particle energies closely above the
unperturbed separatrix. We have also demonstrated that in
sufficiently short samples the dynamical asymmetry is am-
plified due to chaos, leading to a shift in the phase values
where zero current occurs. The maximum of the mean veloc-
ity decays as inverse time.

An additionally applied(white) noise gives rise to aver-
aging over the phase resulting in zero currents in the long
time limit. However, for a finite samplgsee Eq.(10)] one
can construct a source of colored noise, which would peri-
odically inject particles into the system. If the injection is in
phase with the driving field, it would allow for an experi-
mental observation. Moreover, additional breaking of space-
and/or time-reflection symmetry may counteract the self-
averaging which otherwise leads to a vanishing mean veloc-

(j)=0 as expectef3]. Note that directed currents in similar
systemdfor fixed ¢= ¢s) have been also found due to dy- .

namical chaos in the selfconsistent evolution or due to mix-

ing of different harmonics of the driving field 4,15, while This work was partially supported by the INTAS Founda-
the current in Eq.(18) is supported by regular dynamics tion (Grant No. 97-57% The authors thank Stanislav Soskin

under the action of the one-harmonic field.

for drawing their attention to the problem and David Camp-

To summarize, we have studied directed diffusion in a bell, Peter Haggi, Felix Izrailev, Fedor Kusmartsev, and
spatially periodic symmetric potential under the action of aAlexei Vagov for useful discussions.
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