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Nonlinear caging in all-bands-flat lattices
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We study the impact of classical short-range nonlinear interactions on transport in lattices with no dispersion.
The single-particle band structure of these lattices contains flat bands only, and cages noninteracting particles
into compact localized eigenstates. We demonstrate that there always exist local unitary transformations that
detangle such lattices into decoupled sites in dimension 1. Starting from a detangled representation and
inverting the unitary transformations, we arrive at the all-bands-flat generator for single-particle Hamiltonians
in one dimension, which is also straightforwardly generalized to higher dimensions. The entangling unitary
transformations are parametrized by sets of angles. For a given member of the set of all-bands-flat, additional
short-range nonlinear interactions destroy caging in general, and induce transport. However, fine-tuned subsets
of the unitary transformations allow caging to be completely restored. We derive the necessary and sufficient
fine-tuning conditions for nonlinear caging, and we provide computational evidence of our conclusions for
one-dimensional systems.
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I. INTRODUCTION

Understanding the impact of interactions on single-particle
localized states has been one of the most intriguing quests of
the past decades in condensed-matter physics. Classical and
quantum approaches may yield seemingly distinct outcomes
while starting from the same single-particle localization. One
notable example concerns the impact of interactions on An-
derson localization—i.e., the exponential localization of all
single-particle states due to uncorrelated disorder and the
confinement of noninteracting particles over finite portions of
the lattice [1,2]. Weakly interacting quantum particles show a
finite-temperature transition from a thermalized to a many-
body localized phase [3–5]. Classical interactions instead
predict finite heat and particle conductivity at arbitrarily small
temperatures, and related indefinite subdiffusive wave-packet
spreading [6,7].

In translationally invariant networks, destructive inter-
ference can fully localize subfamilies of single-particle
eigenstates within a finite portion of the lattice. These
eigenstates—dubbed compact localized states (CLS)—have
macroscopically degenerate eigenenergies and form disper-
sionless (or flat) Bloch bands in band structures containing
otherwise dispersive bands. While they were originally used
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to study degenerate ferromagnetic ground states [8,9], flat-
band lattices have drawn a lot of theoretical attention ever
since, and compact localized states have been observed
experimentally in several settings, from ultracold atomic
gases to photonics; for an overview on recent advances, see
Refs. [10–12]. Flatband networks can be viewed as fine-tuned
submanifolds in a suitably defined space of Hamiltonian tight-
binding networks.

Remarkably, flatband networks can be further fine-tuned
in order to flatten remaining dispersive bands, all the way
down to an important subclass of the family of flatband lattices
which possess only perfectly flat Bloch bands. The absence of
single-particle dispersion yields the strict confinement of non-
interacting particles within the lattice. This was first shown
in a two-dimensional lattice structure in the presence of a
magnetic field which was fine-tuned to reach a time-reversal
invariant model [13], and was dubbed Aharonov-Bohm caging
(AB), while the compact eigenstates were referred to as caged
states. This path to reach single-particle caging has been
extended further in the past decade [14–18] and it has been
experimentally realized using photonic lattices [19,20] and
qubit nanocircuits [21], among others. Interestingly, the in-
troduction of a magnetic field, which in general does break
time reversal, is not of essence and not needed at all, as we
will show below. The route to zero dispersion and caging
via magnetic fields leads to one model realization among
whole manifolds of systems that lack dispersion. We coin such
systems all bands flat (ABF) lattices.

The impact of interactions on the ABF single-particle
caging has been studied in a number of attempts in both clas-
sical and quantum regimes. A notable setup for these studies
has been the one-dimensional (1D) diamond (rhombic) ABF
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chain. In this case, while local Kerr nonlinear interactions
preserve caging [22,23], Hubbard interactions induce trans-
porting bound states of two particles simultaneously [24].
The study of quantum interactions for caged noninteracting
particles has been further developed in different ABF geome-
tries, including the 1D Creutz lattice [25–30] and the 2D Dice
lattice [31].

In this work, we study classical nonlinear interactions in
ABF networks. We will obtain conditions under which an
additional fine-tuning in the manifold of ABF networks leads
to a complete caging in the presence of nonlinear interactions.
We will show that in the absence of interactions, proper local
unitary transformations lead to a complete detangling of the
network into decoupled sites for 1D systems—a fact that holds
for any number of bands and provides a systematic (in any
lattice dimension) and exhaustive (at least in 1D) generator
for ABF lattices. We employ these unitary transformations to
show that nonlinear interactions in general break the single-
particle caging and result in transport and delocalization. We
then obtain necessary and sufficient fine-tuning conditions for
the nonlinear interaction to preserve caging. The condition is
then tested for 1D networks with ν = 2, 3, 4 flatbands, which
will include previously studied diamond chain (ν = 3) exam-
ples, for which the nonlinear caging was previously found
[22,23]. We further present extensions to 2D nonlinear caging
models. The intricate related caging features arising from
quantum interactions will be unfolded in a subsequent work
[32].

II. SINGLE-PARTICLE CAGING

Let us consider the unitary evolution of a one-dimensional
tight-binding problem with nearest neighbor unit-cell cou-
pling:

iψ̇n = −H0ψn − H1ψn+1 − H†
1 ψn−1. (1)

For any n ∈ Z, each component of the complex vector ψn =
(ψn,1, . . . ,ψn,ν )T represents a site of the periodic lattice, and
therefore ψn represents its unit cell. The profile of the network
is defined by the square matrices H0, H1. The transformation
ψn = xne−iEt yields the eigenvalue problem associated with
Eq. (1), and then the Bloch solution xn = eiknyk defined for
the wave-vector k gives rise to the band structure {Ej (k)}νj=1
of Eq. (1).

In this work, we focus on ABF networks where all bands Ej
are independent of k—hence all bands are flat. The collapse
of the single-particle spectrum into several flatbands and the
absence of dispersive states is coined “caging." Any compact
initial condition remains confined within a finite (compact)
subvolume of the network ψn(t ) #= 0 for 1 ! n ! M and
ψn(t ) = 0 otherwise, for all t ∈ R.

In short-range flatband networks, the eigenstates associated
with the flatband can always be recast as spatially compact
[33]. Using this as a starting point, we prove the following:

Theorem: Any one-dimensional ν " 2 all bands flat net-
work (1) with short-range hopping can be recast into a fully
decoupled lattice,

iφ̇n = HRφn, HR = diag(E1, E2, . . . , Eν ) (2)

by a translationally invariant unitary transformation U ,

U$ = %, $ = (ψ1, . . . ,ψN ),% = (φ1, . . . ,φN ),

U =
L∏

l=1

Ul , Ul =
N∑

n=1

un,

where un are local commuting unitary transformations: unit
cell basis changes and unit cell redefinitions; and N is the total
number of unit cells.

The main idea behind this result is that in one dimension
there always exist a sequence of local unitary transformations
each redefining the unit cells which recast all the flatband
compact eigenstates within a single unit cell—revealing,
therefore, the orthogonality of the eigenstates. Therefore an
equivalent statement of the theorem is that the d = 1 ABF lat-
tices always have orthonormal compact localized eigenstates.
This statement is far from trivial: compact localized states of
a flatband that coexists with other dispersive bands are not
necessarily orthogonal, e.g., stub lattice [34–36] or the notable
Lieb lattice [11] provide counterexamples. Furthermore in the
latter case compact states are not even complete (similarly
to kagome and pyrochlore lattices [37]). The detailed proof
can be found in Appendix A 2. For the specific ABF case
of nearest-neighbor unit-cell coupling in Eq. (1) it follows
that compact localized states occupy two unit cells, and the
detangling procedure involves one local unitary transforma-
tion which decouples the lattice into noninteracting ν-mers.
One subsequent unit cell redefinition and one more unitary
transformation which diagonalizes the ν-mer results in the
detangled form (2). Increasing the hopping range results in
the corresponding increase of the number of nested unit cell
redefinitions and local unitary transformations. In what fol-
lows, we refer to the basis where the Hamiltonian is diagonal
as detangled basis.

We conjecture that this result holds in higher dimensions,
and any short-range ABF lattice in any dimensions is equiv-
alent to decoupled sites up to a local unitary transformation.
Note that the inverse is always true. Starting from a detangled
set of sites, reversing the detangling procedure φn $−→ ψn
yields a generator of any one dimensional ABF lattice, and
of a plethora (if not any) of higher-dimensional ABF lattices,
for any finite number of bands ν. In the simplest case of
nearest-neighbor unit-cell coupling and a fixed unit cell re-
definition one ABF manifold has dimension 2(ν2 − 1) since
it is controlled by two unitary transformations (we removed
the trivial global phases as irrelevant parameters). The man-
ifold contains the detangled model. Since there are 2ν − 2
possible unit cell redefinitions, there are as many different
ABF manifolds, all originating from one and the same de-
tangled model. Extending to a nested sequence of µ unit cell
redefinitions increases the hopping range to distance µ and
dramatically increases the number of ABF manifolds as well
as their dimensions. This scheme completes a list of several
other generator schemes introduced in recent years [38–43]
which instead were focused on flatband networks supporting
both flat and dispersive bands.

The manifold of ABF lattices generated with this method
include the known examples of Aharonov-Bohm caging, e.g.,
the Creutz ladder (as discussed below) and diamond chain in
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FIG. 1. Schematic representation of the unit-cell redefinition for a ν = 2 ABF lattice. In each panel, the black dots label the chosen unit
cell. The solid gray lines represent the linear hopping terms; the red shaded lines represent the interaction terms. (a1)–(a4) Noninteracting
regime. (b1)–(b4) Interacting regime.

a fine-tuned magnetic field [13,14,25]. On the other hand it is
not at all obvious, and likely also not very relevant, whether
any such generated ABF lattice is equivalent to some tight-
binding lattice in a properly fine-tuned magnetic field, even
if one allows for artificial fluxes in the spirit of the Haldane
model [44].

Let us visualize this procedure for the simplest case of
ν = 2 networks in Figs. 1(a1)–1(a4), with the canonical co-
ordinates ψn = (an, bn) and the detangled coordinates φn =
(αn,βn). The detangling procedure U : Uψn = φn unfolds in
three steps

(
an
bn

)
U1$−−−→

(
pn
fn

)
T$−−→

(
pn
fn

)
U2$−−−→

(
αn
βn

)
(3)

with the alternation of two unitary transformations U1 and U2
and one relabeling of the lattice sites T :

Ui = eiθi

(
zi wi

−w∗
i z∗

i

)
, T :

{
pn $−→ pn,
fn $−→ fn−1.

(4)

The complex numbers zi,wi are constrained with |zi|2 +
|wi|2 = 1. Without loss of generality, the two flatband en-
ergies can be locked at E = ±1. We then parametrize the
matrices H0, H1 for ν = 2 ABF networks in Eq. (1) as

H0 = )0

(
|z1|2 − |w1|2 −2z1w1

−2z∗
1w

∗
1 |w1|2 − |z1|2

)
, (5)

H1 = )1

(
z1w

∗
1 z2

1
−(w∗

1 )2 −z1w
∗
1

)
, (6)

with )0 = |w2|2 − |z2|2 and )1 = 2z2w2 (see Appendix A 3
for details). The resulting manifold of ν = 2 ABF lattices in
Eqs. (5) and (6) includes the notable Creutz lattice [25], which
is obtained for z1 = z2 = w2 = 1/

√
2 and w1 = i/

√
2. Our

manifold also includes a lower-dimensional submanifold of
lattices related to the Creutz lattice via a gauge transformation
[30,45].

The result that any 1D ABF lattice is unitarily equivalent
to a set of decoupled sites provides a powerful framework
for analysis of ABF networks, for example their transport
properties, in presence of various perturbations, in particular
interactions/nonlinearities.

III. NONLINEAR INTERACTIONS: SUBDIFFUSION AND
FINE-TUNED CAGING

Any linear ABF network cages any spatially localized
initial excitation: the excitation remains confined as time
evolves; in particular, excitations separated by strictly zero
unit cells are forbidden to communicate. An important ques-
tion is the fate of this caging behavior in the presence of
interactions. We will address this question in the following
way: A given linear ABF Hamiltonian is a member of a
manifold of ABF Hamiltonians linked together by (local)
unitary transformations. We pick one of the members of that
manifold, add local nonlinear interactions, and we need to
determine whether caging is destroyed. For that, we trans-
form the chosen member into the detangled basis, inspect
the transformed nonlinear interactions, and arrive at necessary
and sufficient conditions for nonlinear caging.

Let us add nonlinear terms to the Schrödinger equation
(1) which result, e.g., from a mean-field approximation to
a bosonic many-body interacting system. For convenience,
we choose the local Kerr-like nonlinearity. This choice is
not essential for the following arguments, and is made for
convenience only. Equation (1) becomes

iψ̇n = −H0ψn − H1ψn+1 − H†
1 ψn−1 + UF (|ψn|2)ψn. (7)

Here F (|ψn|2) is a diagonal matrix with nonzero elements
Fµ,µ ≡ |ψn,µ|2. The above Gross-Pitaevskii-type lattice equa-
tions are generated by the Hamiltonian

iψ̇n = ∇ψ∗
n
HG, ĤG = ĤG

0 + ĤG
1 , (8)

HG
0 = −

∑

n∈Z

[
1
2

(
ψ∗T

n H0ψn
)
+

(
ψ∗T

n H1ψn+1
)
+ H.c.

]
, (9)

HG
1 = U

2

∑

n∈Z

F 2(|ψn|2). (10)

The coordinate redefinition ψn $−→ φn to Eq. (7) decouples
the quadratic part. The local nonlinear terms in the original
representation ψn become nonlocal in the new coordinates φn
of the detangled basis. The evolution equation (7) in the new
representation reads

iφ̇n = HRφn + gP ({φn}). (11)

085131-3



DANIELI, ANDREANOV, MITHUN, AND FLACH PHYSICAL REVIEW B 104, 085131 (2021)

HR is the diagonal matrix in Eq. (2) and P is a homogeneous
polynomial of degree 3 in {φn}:

P ({φn}) =
∑

mb;kc,ld

Vna,mb;kc,ldφ∗
m,bφk,cφl,d . (12)

Here n labels unit cells and a labels sites in the unit cell n.
The matrix elements Vna,mb;kc,ld define a nonlinear interaction
network in the detangled basis with the corresponding Hamil-
tonian,

HG
1 = U

2

∑

na,mb;kc,ld

Vna,mb;kc,ldφ
∗
n,aφ

∗
m,bφk,cφl,d . (13)

This nonlinearity has several properties that we use later: the
range of this interaction is strictly finite, spanning only a finite
number of unit cells, since the Kerr-like nonlinearity is local
and the unitary transformation defining the detangled basis
is a composition of a finite number of local unitary transfor-
mations. The nonlinearity (10) is translationally invariant and
therefore HG

1 contains the term φ∗
n,aφ

∗
m,bφk,cφl,d along with its

translated copies φ∗
n+p,aφ

∗
m+p,bφk+p,cφl+p,d for arbitrary shift

p ∈ Z. Finally, since the Kerr nonlinearity is real, all the terms
appear in complex conjugated pairs in HG

1 , e.g., for every
φ∗

n,aφ
∗
m,bφk,cφl,d there is a conjugated term φ∗

k,cφ
∗
l,dφn,aφm,b.

Note that it is straightforward to generalize the above to
two-dimensional or three-dimensional lattices by replacing
the unit-cell indices n, m by two- or three-component vectors
with integer components, respectively, in Eq. (13).

A. Necessary and sufficient condition for nonlinear caging

Nonlinear caging is defined as the confinement of any
spatially compact initial excitation. This implies—similarly to
the linear case—that strictly zero unit cells remain zero indefi-
nitely in time, preventing compact excitations from spreading
and forbidding distinct compact excitations to merge. The
simplest example is for the nonzero wave-function amplitudes
ψn to be confined over a simply connected interval

ψn(t ) #= 0, |n| ! M,
ψn(t ) = 0, |n| > M,

∀ t > 0. (14)

There are also more complicated cases with multiple dis-
connected intervals. For convenience, we refer to the set of
nonzero amplitudes as an excitation.

The time evolution of the amplitude on site n, a is governed
by

iφ̇n,a = Eaφn,a +
∑

mb;kc,ld

Vna,mb;kc,ldφ
∗
m,bφk,cφl,d . (15)

Nonlinear caging implies that φn,a(t ) = 0 for all times t at
site n, a that had a zero amplitude φn,a(t = 0) = 0 at initial
time t = 0. This can happen if and only if the total nonlin-
ear contribution on the right-hand side of Eq. (15) vanishes
at all times. Excluding accidental cancellations of the time-
dependent right-hand side terms, the caging requirement is
equivalent to enforcing the vanishing of each individual term
in the above sum [46]. This cancellation occurs iff unit-cell
indices n, m, k, l appear in pairs in all the terms of HG

1 (13).
The sufficiency of this condition is obvious by integrating
Eq. (15) with respect to φn,a and assuming all the other
amplitudes are known functions of time: a zero initial

condition implies φn,a(t > 0) ≡ 0. The necessity is proved
by reductio ad impossibile: let us assume that φn,a(t "
0) ≡ 0 and there is a pair of complex-conjugated terms in
HG

1 (13) (as was discussed above, all the terms come in
complex-conjugated pairs) that have a unit-cell index n1 dif-
ferent from any other indices in the same term m2, m3, m4.
Then we take an initial excitation containing the sites
(m2, b2), (m3, b3), (m4, b4), where b1, b2, b3 are arbitrary sites
in the respective unit cells, but excluding sites in the cell n1,
e.g., φn1,a1 (t = 0) = 0. This guarantees at least one nonzero
term on the right-hand side of Eq. (15) for the site n1, a1 inside
the unit cell n1. Therefore, φn1,a1 (t > 0) #= 0 upon integration
of the equation. This contradicts our initial assumption of the
zero amplitude at all times at sites (n1, a1).

Therefore, all the unit cells in the amplitudes φ of the
interaction terms in Eq. (13) have to appear in pairs, so that
Eq. (15) becomes

iφ̇n,a = Eaφn,a +
∑

b;mc,d

Vna,nb;mc,mdφ∗
n,bφm,cφm,d

+
∑

b;mc,d

Vna,mb;nc,mdφ
∗
m,bφn,cφm,d ,

φn,a(t = 0) = 0. (16)

The corresponding Hamiltonian becomes

HG
1 =

∑

na,b;mc,d

Vna,nb;mc,mdφ∗
n,aφ

∗
n,bφm,cφm,d

+
∑

na,b;mc,d

Vna,mb;nc,mdφ∗
n,aφ

∗
m,bφn,cφm,d . (17)

To achieve caging, it is necessary and sufficient if a given
Hamiltonian with a linear ABF part can be transformed into
Eq. (17) in the detangled basis.

Our approach can be readily extended to more compli-
cated interactions, e.g., involving higher powers of densities
or nonlocal interactions (as has been pointed out already in
Ref. [23]), as well as to higher lattice dimensions, whenever a
single-particle Hamiltonian admits detangling [34], which we
conjecture to be true for any ABF Hamiltonian.

Let us also note that the above proof of the caging con-
ditions applies even to multiband dispersive lattices with
fine-tuned nonlinearities that take the form (17) in the space
of normal modes, e.g., where n, a labels normal modes of the
linear part of the Hamiltonian rather than sites.

We arrived at a direct way to test for caging in a given
nonlinear AFB network with local nonlinearity: transform into
the detangled basis, obtain the transformed interaction Hamil-
tonian, and check that all the nonlinear terms are included in
Eq. (17). If they are, the nonlinear network exhibits caging,
otherwise it does not.

Now we can address the question of whether a given
linear ABF manifold contains a submanifold that supports
nonlinear caging when adding local Kerr-like nonlinearities.
We remind the reader that the ABF manifold is supposed to
contain the detangled ABF Hamiltonian member. The mani-
fold members are connected by the action of a pair of unitary
transformations. Each unitary transformation is controlled by
ν2 parameters. The nonlinear caging reduces to zeroing a
number of dangerous terms in the transformed nonlinearity,
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FIG. 2. (a1) Schematic representation of model A, Eq. (22).
(a2),(a3) CLSs of the two flatbands at E1,2 = ±4. (b1) Schematic
representation of model B, Eq. (23). (b2),(b3) CLSs of the two
flatbands at E1,2 = ±4.

which amounts to the same number of equations for the uni-
tary transformation parameters. Let us zero one element in
the unitary transformation U1. That leads to a zeroing of ν3

nonlinear coefficients V in Eq. (13). It therefore appears that
we can always remove all noncaging terms and remain with a
nonempty submanifold of nonlinear caging Hamiltonians.

B. Two-band networks

We now illustrate the above generic result for nonlinear
caging with examples drawn from the fully parametrized class
of ν = 2 ABF networks (5) and (6). Equation (7) with ψn =
(an, bn) results in

iψ̇n=−H0ψn−H1ψn+1−H†
1 ψn−1+UF (|ψn|2)ψn,

with F (|ψn|2) =
(

|an|2 0
0 |bn|2

)
, (18)

while the nonlinear Hamiltonian HG
1 reads

HG
1 = U

2

∑

n∈Z

[|an|4 + |bn|4]. (19)

The caging condition can be established already in the pn, fn
representation (see Fig. 1). Indeed, the transformation U2 (see
Fig. 3) only affects the couplings inside one unit cell and
therefore cannot introduce terms that violate the nonlinear
caging criterion. This results in the following necessary and
sufficient condition (see Appendix B 1 for details):

|w1|2 = |z1|2. (20)

Then the Hamiltonian HG
1 in Eq. (10) recast via the transfor-

mations U1 and T in Eqs. (3) and (4) is represented by the

(a1)

(a2)

(b1)

(b2)( 2)( )

FIG. 3. (a1),(a2) Time evolution of IC1 according to model A,
Eq. (22), for U = 1 and 5, respectively. (b1),(b2) same as (a1),(a2)
for model B, Eq. (23).

amplitudes (pn, fn) (see Appendix B 2),

HG
1 = U

∑

n

{
|z1|4[|pn|4 + | fn|4 + 4|pn|2| fn+1|2]

+ z∗2
1 w2

1 p∗2
n f 2

n+1 + z1w
∗2
1 p2

n f ∗2
n+1

}
. (21)

The full Hamiltonian in the detangled representation is ob-
tained in Appendix B 3 for two cases—one that satisfies
caging, and another that does not. The condition (20) leads to a
fine-tuned subclass of nonlinear lattices that support nonlinear
caging.

Two examples

We test two example networks parametrized via Eqs. (5)
and (6)—one that satisfies Eq. (20) and one that does not—
generated by setting zi = cos ϕi, wi = sin ϕi in Eqs. (5) and
(6).

Model A is obtained by setting ϕ1 = π/4 and ϕ2 = π/6
and it satisfies nonlinear caging Eq. (20):

iȧn = −2bn +
√

3(an+1 + an−1 + bn+1 − bn−1) + Uan|an|2,

iḃn = −2an −
√

3(bn+1 + bn−1 + an+1 − an−1) + Ubn|bn|2.
(22)

The network schematics is shown in Fig. 2(a1). For U = 0,
there are two flatbands at E1,2 = ±4 with the respective CLSs
shown in Figs. 2(a2) and 2(a3). Notably, model A cannot be
obtained from the previously studied Creutz ladder nor from
its gauge transformation related partners since ϕ1 #= ϕ2.

Model B is obtained by setting ϕ1 = π/6 and ϕ2 = π/4.
This model does not provide nonlinear caging since the fine-
tuning condition (20) is violated. The equations read

iȧn =
√

3an+1 +
√

3an−1 + bn+1 − 3bn−1 + Uan|an|2,

iḃn = −
√

3bn+1 −
√

3bn−1 − 3an+1 + an−1 + Ubn|bn|2.
(23)

The network schematics is shown in Fig. 2(b1). For U = 0,
there are two flatbands at E1,2 = ±4 with the respective CLSs
shown in Figs. 2(b2) and 2(b3).
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µ2~t
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FIG. 4. Time evolution of the second moment µ2 over an ensem-
ble of 48 initial conditions according to model B, Eq. (23) (upper five
curves) and model A, Eq. (22) (bottom two curves) with N = 40 for
different U .

We visualize the presence (absence) of nonlinear caging in
these models by numerically computing the time evolution of
an initially compact localized excitation. We use second-order
splitting ABC schemes for the numerical integration [47]. We
consider a sample compact excitation IC1 spanning over two
unit cells, and we evolve the local density Sn = |an|2 + |bn|2.
The results are shown in Fig. 3 for both models A [Eq. (22)]
and B [Eq. (23)] and for two interaction strengths U = 1 and
5. For model A, Eq. (22)—panels (a1) and (a2)—the initial
compact excitation IC1 remains confined within four unit
cells, confirming the expected nonlinear caging. For model
B, Eq. (23)—panels (b1) and (b2)—the initial excitation is
propagating into the chain, confirming that caging is lost.

In Fig. 4, we show the time evolution of the second moment
µ2 defined as

µ2 =
N∑

n=1

[(X − n)2(|an|2 + |bn|2)] (24)

with X =
∑N

n=1[n(|an|2 + |bn|2)] for both models. The curves
have been averaged over an ensemble of 48 compact initial
conditions spanning over two unit cells all chosen with the
same total norm S =

∑
n Sn = 7. In the case of the cage-

preserving model A, Eq. (22), we observe no signature of
spreading as the second moment remains µ2 ∼ 1 over time.
In the case of the noncaging preserving model B, Eq. (23), we
observe a subdiffusive spreading regime: within the studied
time-window, our data agree semiquantitatively with µ2 ∼
t0.5 for various values of the interaction strength U . The details
of this process and its relation to previous studies of nonlin-
ear destruction of Anderson localization [6] are certainly an
interesting future project. We conjecture here that subdiffu-
sion results from weak interactions renormalizing the compact

(b)
(a)

FIG. 5. Sample ν = 3 (a) and ν = 4 (b) ABF lattices defined in
Eqs. (25) and (27), respectively. For the sake of simplicity, in these
drawings all parameters µ, χ have been set to 0. Solid lines: hopping
amplitude t = +1. Dashed lines; hopping amplitude t = −1. These
lattices preserve nonlinear caging.

localized states and inducing nonlinear interactions between
them. Both effects are proportional to the local norm density,
which decreases with further spreading of the wave packet.

C. Generalizations to more bands and higher lattice dimensions

We now make use of the approach introduced in Sec. III A
and employed in Sec. III B for one-dimensional ν = 2 lattices
to present examples of cage-preserving nonlinear lattices with
ν " 3 and higher lattice dimensions.

In one dimension, we consider the family of ν = 3 ABF
lattices Eq. (7) defined by

H0 =




µ 1 −µ
1 0 1

−µ 1 µ



, H1 =




1 χ 1
0 0 0

−1 −χ −1



 (25)

with free parameters µ,χ . The family—shown in Fig. 5(a)
for µ,χ = 0 for clarity—preserves nonlinear caging since the
unitary transformation that detangles the linear part,

Uν=3 = 1√
2




1 0 1
0

√
2 0

−1 0 1



, (26)

does not generate any forbidden transporting nonlinear terms
in the detangled representation. The ν = 3 ABF family in
Eq. (25) is a submanifold of the full ν = 3 ABF manifold.
The full manifold also contains the ABF diamond chain,
which preserves nonlinear caging as well as that studied in
Refs. [22,23], but it is not part of the above example family.
This demonstrates that previously observed ABF networks
which satisfy nonlinear caging are single members of entire
families of multiparameter ABF submanifolds that preserve
nonlinear caging.

The very same reasoning applies to larger numbers of
bands, e.g., for ν = 4. The family of nonlinear lattices Eq. (7)
defined by

H0 =





µ1 1 −µ1 −1
1 µ2 1 µ2

−µ1 1 µ1 −1
−1 µ2 −1 µ2



,
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(b)(a)

FIG. 6. Nonlinear caging in two dimensions. (a) ν = 5 cage-
preserving two-dimensional (decorated Lieb) lattice. Solid lines
indicate hopping +1, dashed lines indicate hopping −1. (b) ν =
2 cage-preserving two-dimensional lattice with second-nearest-
neighbor hopping defined in Eqs. (29) and (30). For the sake of
clarity, the tilted ellipses represent the unit cells, while the solid lines
represent the hopping matrix elements Eq. (30).

H1 =





1 χ1 1 −χ1
1 χ2 1 −χ2

−1 −χ1 −1 χ1
1 χ2 1 −χ2



 (27)

with free parameters µ1, µ2,χ1,χ2—shown in Fig. 5(b) with
µ1, µ2,χ1,χ2 = 0 for clarity—is cage-preserving. Indeed,
the unitary transformation that detangles the linear part

Uν=4 = 1√
2





1 0 1 0
0 1 0 1

−1 0 1 0
0 −1 0 1



 (28)

does not introduce any dangerous transporting nonlinear
terms in the detangled representation.

In two dimensions, we use the ν = 5 two-dimensional lat-
tice called the decorated Lieb lattice [48] as one example that
satisfies nonlinear caging [see Fig. 6(a)].

Another example is a novel two-dimensional ν = 2 ABF
lattice with additional diagonal hopping connectivities [see
Fig. 6(b)]:

iψ̇n,m = − H1,nψn+1,m − H†
1,nψn−1,m

− H1,mψn,m+1 − H†
1,mψn,m−1

− H2,Dψn+1,m+1 − H†
2,Dψn−1,m−1

− H2,Aψn+1,m−1 − H†
2,Aψn−1,m+1

+ UF (|ψn,m|2)ψn,m

(29)

with

H1,n = −
√

3
4

(
0 1
1 0

)
, H1,m = 1

4

(
−1 −1
1 1

)
,

H2,D =
√

3
8

(
1 1

−1 −1

)
, H2,A =

√
3

8

(
−1 1
−1 1

)
.

(30)

This model is cage-preserving since the detangling process
obtained by the unitary transformation,

Uν=2 = 1√
2

(
1 1

−1 1

)
,

twice alternated by the redefinition ψn,m $−→ ψn,m−1, reduces
the Kerr nonlinearity to the form given by Eq. (17).

We remark that certain models presented above—model A
[Eq. (22)], the ν = 3 1D model [Eq. (25)], and the decorated
Lieb lattice in Fig. 6(a)—possess local permutation symme-
tries [30] implying the existence of local conserved quantities
in the quantum case [30,32].

IV. DISCUSSIONS AND PERSPECTIVES

In this work, we showed that in one dimension, dispersion-
less networks can be completely detangled via local unitary
transformations. The inversion of that procedure yields a sys-
tematic generator for all band flat networks with finite-range
hopping terms in any lattice dimension [34]. We then studied
the impact of classical nonlinear interactions on lattices with-
out linear dispersion and formulated necessary and sufficient
conditions for nonlinear caging. We used two-band networks
as testbeds to show that single-particle caging is in general
broken by classical interactions. We further extended our
analysis to three- and four-band networks, and we went into
two dimensions with two- and five-band models, respectively,
which again show the possibility of nonlinear caging.

An observation aligned with Ref. [23], which follows from
the detangling procedure developed in this work, is that non-
linear caging is not specific to Kerr nonlinearity but holds
also for other, even nonlocal nonlinear terms. The detan-
gling method leads to a broad number of nontrivial ABF
caged models with complicated nonlocal nonlinear interaction
terms. Interesting future challenges include the search for
experimentally feasible examples, and their potentially novel
features beyond the known ABF models with local Kerr non-
linearity. Another thrilling question we intend to address in
a related work concerns the interacting quantum many-body
dynamics in ABF networks which satisfy nonlinear caging.
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APPENDIX A: DETANGLING OF ABF
ONE-DIMENSIONAL NETWORKS

In this Appendix, we provide the proof of the Theorem in
Sec. II stating that any d = 1 Hamiltonian with all bands flat
and finite-range hopping can be recast in a set of decoupled
sites via a sequence of local unitary transformation. That is
equivalent to a statement that in these Hamiltonians all com-
pact localized states are orthogonal and can be recast to have
nonzero amplitude over a single unit cell.

Throughout this Appendix, we will use 〈A, B〉 to denote
the scalar product of matrices: 〈A, B〉 = Tr(A†B) or vectors
〈A, B〉 =

∑
a A∗

aBa, and we will denote with u the number of
unit cells occupied by the CLS.
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1. Preliminaries

We consider a 1D lattice Hamiltonian with ν bands, of
which one or more are flat. The Hamiltonian is parametrized
by intra-unit-cell hopping matrix H0 and inter-unit-cell hop-
ping matrices Hm, m > 0 [40,43]. We assume that Hm
describes hopping to the left, while H†

m describes the hopping
to the right from a given unit cell. For simplicity, we consider
the case of nearest-neighbor hopping. Then the Bloch Hamil-
tonian reads

Hq = eiqH†
1 + H0 + e−iqH1. (A1)

First we define the tensor Cα,ab that parametrizes a CLS
of size u of a flatband with energy εα in a 1D model with ν
bands: α is a band index, while b indicates the unit cells and
runs from 1 to u, and a is the site index in the unit cell b. The
ν × u matrix Cα is parametrizing the CLS of band α, and it is
the central object of the proof presented below.

For concreteness, we provide a well-studied example of
an ABF system—the diamond chain in a magnetic field at
half-flux studied in the context of nonlinear caging [22–24].
We refer to this model simply as the diamond chain in this
Appendix. In the case of the diamond chain, the three tensors
Cα,ab read (see Fig. 2 of Ref. [24])

C1 =




1 −1
0 0
1 1



, C2 =




1 1
0 −2
1 −1



, C3 =




1 1
0 2
1 −1



.

(A2)

Next we discuss the correspondence between the CLS ten-
sor Cα,ab and the FB Bloch eigenfunction: knowing a CLS, we
can always construct a normalized Bloch eigenfunction:

$α,a(q) =
∑u−1

b=0 Cα,abωqb√
〈Cαωq,Cαωq〉

,

ωq = (1, eiq, . . . , eiq(u−1)). (A3)

To prove that this is an eigenfunction, we need to ver-
ify Hq$α,a(q) = εα$α,a(q): using the Hamiltonian (A1) and
plugging the above expression for $ and vanishing the coef-
ficients in front of eiqa, we find

H0 /ψα,0 + H1 /ψα,1 = εα /ψα,0, (A4)

H†
1

/ψα,a−1 + H0 /ψα,a + H1 /ψα,a+1 = εα /ψα,a,

a = 1, . . . , u − 2, (A5)

H†
1

/ψα,u−2 + H0 /ψα,u−1 = εα /ψα,u−1, (A6)

H1 /ψα,0 = H†
1 ψα,u−1 = 0, (A7)

/ψα,b = (Cα,1b, . . . ,Cα,νb). (A8)

This is precisely a system of eigenvalue equations with de-
structive interference conditions satisfied by a CLS of size u in
a 1D system with nearest-neighbor hopping [43]. We note that
the inverse also holds—if an eigenfunction of a 1D FB takes
the form (A3), it immediately reconstructs the CLS tensor
Cα,ab from the expansion of the eigenfunction in powers of eiq.
The highest power of eiq defines the size of the CLS. Based on

this correspondence, we conclude that a q-independent Bloch
wave function corresponds to the U = 1 CLS.

Finally, as a warmup for the proof, we demonstrate how
the diamond chain Hamiltonian is diagonalized by a local
unitary transformation and a unit-cell redefinition. We apply
the unitary transformation to the original wave functions ψn =
(ψn,1,ψn,2,ψn,2):

ϕn =




ϕn,1
ϕn,2
ϕn,3



 = U †
1




ψn,1
ψn,2
ψn,3



, U1 = 1√
2




1 −1 0
0 0

√
2

1 1 0



.

(A9)

The transformation is chosen to convert the columns of C1 into
basis vectors. This transforms the hopping matrices H0,H1 as
follows:

U †
1 H0U

†
1 = −




0 0 0
0 0

√
2

0
√

2 0



,

U †
1 H1U1 =




0 0 0
0 0 0√
2 0 0



. (A10)

The CLS tensors become

D1 = U †
1 C1 =

√
2




1 0
0 1
0 0



, (A11)

D2 = U †
1 C2 =

√
2




1 0
0 −1
0 −

√
2



, (A12)

D3 = U †
1 C1 =

√
2




1 0
0 −1
0

√
2



. (A13)

We observe that all the new tensors Dα = U †
1 Cα share the

same pattern of zero elements, so that we can redefine the unit
cell as follows:

φn =




φn,1
φn,2
φn,2



 = U2ϕn =




ϕn−1,1
ϕn,2
ϕn,3



 (A14)

to fit CLS in a single unit cell after the redefinition U2. The
CLS after the unit-cell redefinition read

E1 = U †
2 D1 =

√
2




1 0
1 0
0 0



,

E2 = U †
2 D2 =

√
2




1 0

−1 0
−

√
2 0



,

E3 = U †
2 D1 =

√
2




1 0

−1 0√
2 0



.

The new CLS Eα effectively occupy a single unit cell, which
is directly transformed into decoupled sites [34]: the trans-
formation U = U2U1 reduced the original diamond chain
Hamiltonian to an ABF system with CLS of size u = 1. In this
case, the same conclusion follows from a direct inspection of
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the transformed model with updated hopping matrices (A10):
the chain splits into disconnected clusters that can be fit into a
single new unit cell.

The generic proof presented below shows that the above
result for the ABF diamond chain is a generic feature of
1D ABF models with short-range (compact) hopping: there
always exists a finite sequence of unitary transformations, like
U1, and unit-cell redefinitions, like U2, that reduce these mod-
els to decoupled sites. Unlike the diamond chain, the reduction
might require several applications of the analogs of the trans-
formation U2U1 discussed above, before the decoupling of the
sites is achieved. This is achieved by considering an arbitrary
ABF Hamiltonian taking into account the constraints on the
CLS tensors Cα: orthogonality of the eigenstates and the short-
range hopping in the Hamiltonian.

For the convenience of the reader, we keep in the proof
below the same notation, ψn,ϕn,φn for the wave-function
amplitudes and Cα, Dα, Eα for the CLS amplitudes in the
original basis, after the basis redefinition and unit-cell change,
respectively.

2. Proof

We consider a d = 1 Hamiltonian with ν bands that are all
flat. From Ref. [33] it follows that all of its eigenstates can be
represented as spatially compact, e.g., as CLS. We assume that
the largest CLS has size u (in the case of CLS of different size,
we assume that they are all padded by zeros from the right
to the size of the largest CLS). If flatbands with CLS of size
u = 1 are present in the spectrum, we can apply the detangling
procedure of Ref. [34] and use local unitary transformations to
turn these FBs into completely decoupled sites, while the rest
of the Hamiltonian keeps all bands flat and has short-range
hopping. Therefore, without loss of generality we assume that
there are no flatbands with CLS of size u = 1.

a. Orthogonality conditions

The CLS are encoded by their tensors Cα,ab of size ν ×
ν × u. Therefore, as was discussed above, we can express the
Bloch eigenfunctions of the Hamiltonian as

$α,a(q) =
∑u−1

b=0 Cα,ab ωqb√
〈Cα /ωq,Cα /ωq〉

∝
u−1∑

b=0

Cα,ab eibq,

/ωq = (1, eiq, . . . , eiq(u−1)), (A15)

where α is the band index, and a is the wave-function compo-
nent. The eigenstates of a Hermitian Hamiltonian have to be
orthogonal, giving the first set of constraints on the matrices
Cα:

δαβ =
ν∑

a=1

$∗
α,a(q)$β,a(q)

∝
∑

abc

eiq(c−b)C∗
α,abCβ,ac =

∑

bc

eiq(c−b)Tαβ,bc,

Tαβ,ab =
ν∑

c=1

C∗
α,caCβ,cb. (A16)

The tensors T have size ν × ν × u × u. The above orthogo-
nality condition reduces to a special Fourier transform of the
tensors Tαβ , which implies that the tensors Tαβ , α #= β should
have zero sum of elements over any diagonal. In particular,

Tαβ,1u = Tαβ,u1 = 0, α #= β. (A17)

Using the parametrization of the eigenstates (A15) and
taking the flatband energies as εα , we write the Hamiltonian
using the spectral decomposition:

Hq = Mq0M†
q , 0ab = εaδab,

Mq = ( /$1 /$2, . . . , /$ν ),

/$α = Cα /ωq√
〈Cα /ωq,Cα /ωq〉

. (A18)

The Hamiltonian becomes

Hq =
ν∑

α=1

εα /$α ⊗ /$∗
α =

∑

α

εα

Pα (eiq)
Qα (eiq)

, (A19)

Pα (eiq) = (Cα /ωq) ⊗ (Cα /ωq)∗, (A20)

Qα (eiq) = 〈Cα /ωq,Cα /ωq〉

=
ν∑

b,c=1

C∗
α,bcCα,bceiq(b−c) =

ν∑

bc=1

eiq(b−c)Tαα,bc.

(A21)

Here, Pα (z) is a Laurent ν × ν matrix polynomial in powers of
z = eiq, while Qα (z) is a Laurent polynomial in powers of z =
eiq. The size of the CLS u and Eq. (A15) impose the following
constraint on the degrees of both Laurent polynomials:

deg Pα,ab(eiq) ! u − 1, ∀a, b,

deg Qα (eiq) ! u − 1. (A22)

The Hamiltonian is a weighted sum of the ratios of these
two sets of polynomials, and every ratio Pα (eiq)/Qα (eiq ) is a
projector on the respective eigenvector /$α (q).

Without further constraints, the above Hamiltonian is long-
ranged. Indeed, for generic CLS tensors Cα satisfying (A16),
Pα,ab(q) is not exactly divisible by Qα (q) and their ratio gen-
erates an infinite Laurent series in powers of eiq. Therefore,
the Hamiltonian H has hopping of arbitrary range.

The Hamiltonian becomes short-ranged iff Pα,ab is exactly
divisible by Qα for all α and a, b. If deg Pα,ab = deg Qα for
all pairs a, b, then all the ratios Pα,ab/Qα are constants in-
dependent of q for all a, b and the respective eigenvector
/$α (q) is q-independent, corresponding to the u = 1 CLS. This
is impossible since we assumed that the minimal size of a
CLS for any band is greater than 1. Therefore, deg Pα,ab(q) >
deg Qα (q) for at least one pair a, b and deg Qα (q) < u − 1 as
a consequence of Eq. (A22). Then it follows from Eq. (A21)
that

Tαα,1u = Tαα,u1 = 0, ∀α. (A23)

This condition together with constraint (A17) implies that
the vector of amplitudes in the first unit cell of any CLS is
orthogonal to a vector of amplitudes in the last unit cell of any
CLS.

085131-9



DANIELI, ANDREANOV, MITHUN, AND FLACH PHYSICAL REVIEW B 104, 085131 (2021)

b. Unit-cell basis change U1 and unit-cell redefinition U2

Constraints (A17) and (A23) are the main results of the
previous part of the proof, which allow us to define the trans-
formations U1 (A9) and U2 (A14) in the general case of a 1D
ABF Hamiltonian with short-range hopping.

We write the CLS tensors as Cα = (/cα1, /cα2, . . . , /cαu),
where /cαa is a column vector of the eigenfunction amplitudes
in the unit cell a of the CLS of the band α. We define a basis
change U1 = (/e1, . . . , /eν ) of the wave-function amplitudes
ψn,a as a union of three sets of orthonormal vectors:

Set A: orthonormal vectors generated by applying Gram-
Schmidt orthogonalization to the set {/cα,1, ∀α}.

Set B: orthonormal vectors generated by applying Gram-
Schmidt orthogonalization to the set {/cα,u, ∀α}.

Set E : if the union of sets A and B is undercomplete,
then add the missing basis vectors that complete the basis,
otherwise set as empty.

Because of Eqs. (A17) and (A23), all the vectors from A
and B are mutually orthogonal. This ensures that the result-
ing set of vectors {/ea} is orthonormal and constitutes a valid
new basis. The transformation U1 is the generalization of the
transformation (A9) applied to the diamond chain. The wave-
function amplitudes in the new basis ϕn,a read ϕn = U †

1 ψn.
The CLS tensors transform accordingly: the tensors in the
new basis Dα read Dα = U †

1 Cα . Similarly to Cα , we write
Dα = ( /dα1, /dα2, . . . , /dαu), where /dαa are column vectors.

Importantly, nonzero coefficients Dα,1a correspond to zero
coefficients Dβ,ua and vice versa for all α,β. This follows
directly from Eqs. (A9) and (A14) and the definition of the
basis change U1.

Using this result, we redefine the unit cell of the network
using the following unitary transformation U2 [again general-
izing the particular case of the diamond chain (A14)]:

φn,a =
{
ϕn+1,a, Dα,1a = 0 ∀α,
ϕn,a otherwise, (A24)

where φn,a are wave-function amplitudes in the new redefined
unit cell n. This redefinition takes the old unit cell and con-
structs the new unit cell by replacing all the sites where CLS
amplitudes in /dα,1 (e.g., the first unit cell of the CLS) are zero
for all bands α by the sites from the next unit cell.

The CLS tensors in the redefined unit cell are denoted as
Eα,ab and are given by Eα = U †

2 Dα:

Eα,na =
{

Dα,n+1,a, Dα,1a = 0 ∀α,
Dα,na otherwise. (A25)

In this new unit cell, the last column (unit cell) of the matrix
Eα is identically zero for all α. Indeed, Dα is a matrix com-
posed of u columns, each corresponding to a unit cell. As we
showed above for every nonzero amplitude Dα,ua (the last unit
cell of the CLS), the amplitudes Dβ,1a = 0 for any β. This is
precisely the condition in Eq. (A25) for the amplitude Dα,ua
to be grouped together with the amplitudes from the previous
unit cell, u − 1, and to make a new redefined unit cell. There-
fore, only zero amplitudes remain in the last column of every
Eα , and the effective size of all the CLS Eα is reduced from u
to u − 1.

We end up with a new ABF Hamiltonian transformed by
two unitary transformations: the introduction of a new basis

U1 and a unit-cell redefinition U2 (A24), but with the same
spectrum as the original Hamiltonian and all the CLS sizes
decreased by 1. Repeating the entire procedure outlined above
u − 2 more times, we can reduce the sizes of all the CLS to
u = 1. This concludes the proof of the Theorem from the main
text.

3. Parametrization of ν = 2 networks

The above proof when inverted yields a generator scheme
for dispersionless networks. In this subsection, we explicitly
unfold the two-band problem, ν = 2. Let us consider a non-
degenerate (two different flatband energies) fully decoupled
network in coordinates φn = (αn,βn),

iφ̇n = −H (1)
0 φn − H (1)

1 φn+1 − H (1)†
1 φn−1, (A26)

H (1)
0 =

(
−1 0
0 1

)
, H (1)

1 =
(

0 0
0 0

)
, (A27)

with two flatband energies E1 = −1 and E2 = 1. The mapping
in Eq. (3) consists of two unitary transformations U1 and U2,
which are parametrized as

Ui = eiθi

(
zi wi

−w∗
i z∗

i

)
, i = 1, 2 (A28)

by the complex numbers zi,wi such that |zi|2 + |wi|2 = 1 and
the phases θi. The unit-cell redefinition T is

T :
{

pn $−→ pn,
fn $−→ fn−1.

(A29)

We generate all the ν = 2 dispersionless lattices by applying
the transformations, Eqs. (A28) and (A29), in the following

U2

βn

αn

fn

pn

fn

pn

T
pn

fn

pn

fn

U1
an

bn

(a1)

(a2)

(a3)

FIG. 7. Schematic representation of the unit-cell redefinition for
a ν = 2-band lattice. In each panel, the black dots represent the
chosen unit cell.
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order:

(
αn
βn

)
U2$−−−→

(
pn
fn

)
T$−−→

(
pn
fn

)
U1$−−−→

(
an
bn

)
, (A30)

as shown in Fig. 7.
The first coordinate rotation U2 turns H (1)

0 in Eq. (A27) to

H (2)
0 = U2H (1)

0 U †
2 =

(
|w2|2 − |z2|2 2z2w2

2z∗
2w

∗
2 |z2|2 − |w2|2

)
,

(A31)

while H (2)
1 = U2H (1)

1 U †
2 remains zero—as shown in

Fig. 7(a1), right plot.

The unit-cell redefinition T in Eq. (A29) redefines H (2)
0 and

H (2)
1 as

H (3)
0 =

(
|w2|2 − |z2|2 0

0 |z2|2 − |w2|2
)

, (A32)

H (3)
1 =

(
0 2z2w2
0 0

)
, (A33)

as shown in Fig. 7(a2), right plot.
Finally, the rotation U1 turns H (3)

0 and H (3)
1 in Eqs. (A32)

and (A33) to the following matrices:

H0 = U1H (3)
0 U †

1 = )0

(
|z1|2 − |w1|2 −2z1w1

−2z∗
1w

∗
1 |w1|2 − |z1|2

)
,

(A34)

H1 = U1H (3)
1 U †

1 = )1

(
z1w

∗
1 z2

1
−(w∗

1 )2 −z1w
∗
1

)
(A35)

for )0 = |w2|2 − |z2|2 and )1 = 2z2w2—as shown in
Fig. 7(a3), right plot.

APPENDIX B: DETANGLING PROCEDURE APPLIED TO NONLINEAR DISPERSIONLESS MODELS

In this Appendix, we apply the detangling procedure as described by Eq. (3) to the dispersionless, two-band models in the
presence of a local Kerr nonlinearity (10).

1. Preserving the caging in ν = 2 networks: A necessary and sufficient condition

We now work out the detangled local Kerr nonlinearity for a general ν = 2 AB lattice. The transformation U1 in components
reads

U1 :
{

an = eiθ1 (z1 pn + w1 fn),
bn = eiθ1 (−w∗

1 pn + z∗
1 fn). (B1)

Via Eq. (B1), the nonlinear terms become

an|an|2 = eiθ1
[
z1|z1|2 pn|pn|2 + z2

1w
∗
1 p2

n f ∗
n + z∗

1w
2
1 p∗

n f 2
n + w1|w1|2 fn| fn|2 + 2|z1|2w1|pn|2 fn + 2z1|w1|2 pn| fn|2

]
,

bn|bn|2 = eiθ1
[
−w∗

1 |w1|2 pn|pn|2 + z1w
∗2
1 p2

n f ∗
n − z∗2

1 w1 p∗
n f 2

n + z∗
1|z1|2 fn| fn|2 + 2z∗

1|w1|2|pn|2 fn − 2|z1|2w∗
1 pn| fn|2

]
. (B2)

The equations for pn then read

i ṗn = −(|z2|2 − |w2|2)pn + 2w2z2 fn−1 + U
{
(|z1|4 + |w1|4)pn|pn|2 + 2z∗2

1 w2
1 p∗

n f 2
n + 4|z1|2|w1|2 pn| fn|2

+z1w
∗
1 (|z1|2 − |w1|2)p2

n f ∗
n + z∗

1w1(|w1|2 − |z1|2) fn| fn|2 + 2z∗
1w1(|z1|2 − |w1|2)|pn|2 fn

}
. (B3)

The unit-cell redefinition fn $−→ fn−1 yields the terms fn−1| fn−1|2,

i ṗn = −(|z2|2 − |w2|2)pn + 2w2z2 fn + U
{
(|z1|4 + |w1|4)pn|pn|2 + 2z∗2

1 w2
1 p∗

n f 2
n−1 + 4|z1|2|w1|2 pn| fn−1|2

+z1w
∗
1 (|z1|2 − |w1|2)p2

n f ∗
n−1 + z∗

1w1(|w1|2 − |z1|2) fn−1| fn−1|2 + 2z∗
1w1(|z1|2 − |w1|2)|pn|2 fn−1

}
, (B4)

which break the caging effect. These terms are not present if |w1|2 = |z1|2, which reduces Eq. (B4) to

i ṗn = −(|z2|2 − |w2|2)pn + 2w2z2 fn + 2eiθ1U
{
|z1|4(pn|pn|2 + 2pn| fn−1|2) + z∗2

1 w2
1 p∗

n f 2
n−1

}
. (B5)

The same holds true for fn, where under the condition |w1|2 = |z1|2 the motion equation reads

i ḟn = (|z2|2 − |w2|2) fn + 2w∗
2z∗

2 pn + 2U
{
|z1|4( fn| fn|2 + 2|pn+1|2 fn) + z2

1w
∗2
1 p2

n+1 f ∗
n

}
. (B6)

As a result, we observe the following:
(i) The condition |w1|2 = |z1|2 in Eq. (A28) is necessary to preserve the caging—otherwise “fully nonlocal" terms that break

the caging exist in Eq. (B4)—and it is sufficient—since the subsequent transformation by U2 in Eq. (A28) will not introduce
additional “fully nonlocal" terms.

(ii) The condition |w1|2 = |z1|2 in Eq. (A28) means that all the entries of the matrix H1 in Eq. (A35) have equal magnitude in
absolute value.
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2. Rotating the interaction Hamiltonian HG
1

The rotated Eqs. (B5) and (B6) are the equations of motion i ṗn = ∂HG
∂ p∗

n
and i ḟn = ∂H

∂ f ∗
n

of the Hamiltonian HG,

HG = HG
0 + HG

1 , (B7)

where

HG
0 =

∑

n

{(|z2|2 − |w2|2)(| fn|2 − |pn|2) + 2w2z2 p∗
n fn + H.c.} (B8)

and

HG
1 = U

∑

n

{
|z1|4[|pn|4 + | fn|4 + 4|pn|2| fn+1|2] + z∗2

1 w2
1 p∗2

n f 2
n+1 + z1w

∗2
1 p2

n f ∗2
n+1

}
. (B9)

3. Fully detangled models A and B

By applying further transformations (see Fig. 1), one can fully detangle both models A and B introduced in the main text.
This computation is straightforward but lengthy and we only provide the final result for both models. Namely, the nonlinear
evolution equation for model A is

iα̇n = 2αn + U
8

{
αn|αn|2 + β2

nα∗
n + 2αn|βn|2 + α∗

nα
2
n+1 + α∗

nβ
2
n+1 − 2α∗

nαn+1βn+1 + β∗
n α2

n+1 + β∗
n β2

n+1 − 2β∗
n αn+1βn+1

+α∗
nα

2
n−1 + α∗

nβ
2
n−1 + 2α∗

nαn−1βn−1 − β∗
n α2

n−1 − β∗
n β2

n−1 − 2β∗
n αn−1βn−1 + 2(αn|αn+1|2 − αnα

∗
n+1βn+1

−αnαn+1β
∗
n+1 + αn|βn+1|2) + 2(βn|αn+1|2 − α∗

n+1βnβn+1 − αn+1βnβ
∗
n+1 + βn|βn+1|2)

+2(αn|αn−1|2 + αnα
∗
n−1βn−1+αnαn−1β

∗
n−1+αn|βn−1|2)−2(βn|αn−1|2+α∗

n−1βnβn−1+αn−1βnβ
∗
n−1+βn|βn+1|2)

}
(B10)

and a similar equation for the other component βn. It is straightforward to check that all the terms in the above expression are
exactly of the type required by the nonlinear caging criterion (16) introduced in Sec. III A.

The equation for model B reads (again we only provide the equation for one component; the equation for the other component
βn is qualitatively similar)

iα̇n = 4αn + U
64

{
2
√

3
[
αn+1|αn+1|2 − αn−1|αn−1|2 − α2

n+1β
∗
n+1 − α2

n−1β
∗
n−1 + β2

n+1α
∗
n+1 − β2

n−1α
∗
n−1

−βn+1|βn+1|2 − βn−1|βn−1|2 − 2|αn+1|2βn+1 − 2|αn−1|2βn−1 + 2αn+1|βn+1|2 − 2αn−1|βn−1|2 + [· · · ]
}
. (B11)

We have only kept the terms in the above expression that break the nonlinear caging criterion (16). The remaining terms, indicated
by [· · · ], conform with the caging criterion.
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