DE GRUYTER

Nanophotonics 2024; 13(21): 3925-3944 a

Review

Carlo Danieli*, Alexei Andreanov, Daniel Leykam and Sergej Flach

Flat band fine-tuning and its photonic

applications

https://doi.org/10.1515/nanoph-2024-0135
Received March 18, 2024; accepted June 25, 2024;
published online August 2, 2024

Abstract: Flat bands — single-particle energy bands - in
tight-binding lattices, aka networks, have attracted atten-
tion due to the presence of macroscopic degeneracies and
their sensitivity to perturbations. They support compact
localized eigenstates protected by destructive interference.
This makes them natural candidates for emerging exotic
phases and unconventional orders. In this review we con-
sider the recently proposed systematic ways to construct
flat band networks based on symmetries or fine-tuning. We
then discuss how the construction methods can be further
extended, adapted or exploited in presence of perturba-
tions, both single-particle and many-body. This strategy has
lead to the discovery of non-perturbative metal-insulator
transitions, fractal phases, nonlinear and quantum caging
and many-body nonergodic quantum models. We discuss
what implications these results may have for the design of
fine-tuned nanophotonic systems including photonic crys-
tals, nanocavities, and metasurfaces.
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1 Introduction

Flat bands (FB) are strictly dispersionless bands embedded
in a band structure of waves which in general can propagate
through a spatially periodic medium [1]-[3].

We focus on lattices with finite range hopping, which
vanishes exactly beyond some finite distance. In this case,
flat band lattices are accompanied with the existence of
compact localized eigenstates (CLS). In Figure 1(a) the two-
dimensional Lieb lattice is shown with its CLS occupying
four sites, as well as the corresponding band structure with
two dispersive and flat bands in Figure 1(b). The CLS is an
exact eigenstate of the system. Despite existing network con-
nections to unoccupied sites the CLS resists any expansion
due to destructive interference. Photonic realizations of this
CLS and flat band example were reported by Vicencio et al.
[4], Mukherijee et al. [5] and Xia et al. [6]. The authors used a
femtosecond-laser writing on silica glass wavers to generate
the Lieb lattice (Figure 1(c)), and successfully propagated
light through the resulting photonic waveguide network in
a compact localized state as shown in Figure 1(d).

The fascination in flat bands derives from the fact that
a flat band results in macroscopic degeneracy and absence
of transport, which — once broken, even slightly by tiny
perturbations — result in novel transporting phases whose
properties depend on the type of perturbations added. The
perturbations hence become the game maker, and that is
what turns flat bands into interesting starting points for
switching between different phases of matter through tiny
changes of tiny perturbations. Consequently, perturbation
terms have to be controlled through meticulous fine-tuning.
The same also applies to flat band lattices themselves, as
they are part of manifolds and different flat band lattices
respond differently to the same perturbation. Fine-tuning
within these manifolds is therefore a desirable scheme
which will allow for the above-mentioned switching.

The still-young field of flat band physics went through
a few evolution cycles already. It probably first manifested
through an observation of Bill Sutherland that compact
localized eigenstates are not a prerogative of tight-binding
models of quasicrystals [7], but persist also in systems with
strict discrete translational invariance [8]. Then Elliott Lieb
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(a) 2d Lieb lattice

(b) Band structure

Figure 1: Flatband in the 2d Lieb lattice. (a) Lattice profile and lattice and
the location of the CLS. Solid circles show the CLS profile with given
amplitudes and alternating phases (indicated by the signs). The green
shaded area indicates the unit cell, with the majority sublattice (red) and
the minority sublattice (blue). (b) Band structure with the clearly visible
flat band (red) between two dispersive bands (blue). (c) Femtosecond-
laser writing technique on a silica glass wafer and microscope image at
the output facet of a Lieb lattice for white light propagation. Reprinted
with permission from Ref. [4], (d) output experimental pattern for

an initial CLS excitation. The inset shows the input intensity profile [4].

used the Lieb lattice and its flat band for exciting high
T. superconductivity physics of charge transport in Co-
0, planes on one side [9], but on the other side firmly
introduced the concept of chiral symmetry protected FBs,
see Figure 1. The first cycle was completed by Mielke [10]
and Tasaki [11], with Mielke offering a flat band generator
using line graphs, and Tasaki showing that the Lieb lattice
FB can be preserved under specific well-chosen fine-tuned
perturbations of the Lieb lattice. While both aimed at and
described novel features of ground and excited states of
an electronic many-body interacting system, we stress here
their contribution to the first evolution cycle of the single
particle FB physics field.

During the second cycle of about 20 years an impressive
amount of publications — mainly theoretical — was added
targeting condensed matter-related topics and questions [1].
Many aspects and details of FB properties were reported,
and a number of qualitatively different properties were
identified during this second cycle hinting at the existence
of different classes of FBs. However, it was far from being
clear how to systematically search for new flat band models
even at the level of noninteracting single particle physics.
This is mainly due to the condensed matter material science
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Figure 2: The structure diagram of stacked and twisted bilayer
graphene. Reprinted with permission from Ref. [14]."

platform, which does not allow to easily prepare materials
with fine-tuned electronic properties. It is interesting to
note the hype following the introduction of magic angle
twists of bilayer structures with graphene and other two-
dimensional materials, see Figure 2. For small twist angles
the moiré patterns lead to large effective unit cells with
easily more than 50-100 sites and therefore corresponding
bands in the band structure. For fine-tuned magic angles
one or a few bands turn almost flat, potentially resulting in
superconductivity below one Kelvin. While this is certainly
an important and interesting phenomenon, it is far from
the rigor of the flat band physics discussed here and its
realization with highly flexible light based artificial material
platforms. It is worth pointing to attempts connecting nearly
flat bands in twisted bilayers to perfect flat bands [12], [13].

The third evolution cycle was ripe to start. It needed
systematic and as complete as possible FB generators. The
key was to use the CLS as a starting point rather than an out-
come [15]. The next step in that direction successfully lead to
the first and complete FB generator for one-dimensional two
band lattices [16]. With that it was clear that flat band mod-
els are and can be obtained through fine-tuning [17]-[20].
That result opened the door for experimental platforms that
can be accurately fine-tuned. Indeed classical condensed
matter platforms are mostly using electronic and magnonic
waves propagating in crystals and materials which lack
fine-tuning potential, with the spatial periods having length
scales of the order of Angstrom and were until recently
way beyond the limits of direct in-situ observations [21],
[22]. Instead, some of the most important emerging new
photonic platforms are exploiting light propagation in struc-
tured media, or atomic Bose—Einstein condensates propa-
gating in optical lattices generated by laser light, or light

1 Reprinted from Current Graphene Science, Vol. 2, Y. Huang, X. Li,
H. Cui and Z. Zhou, Bi-layer graphene: Structure, properties, prepa-
ration and prospects, 97-105, Copyright (2019), with permission from
Bentham.
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and excitons hybridizing into polaritonic dissipative con-
densates and propagating in structured media while kept
afloat with external laser light pumping [2], [3]. All these
platforms are characterized by a high degree of tunability,
and by length scales dictated by the wavelength of light,
making direct in-situ observations and characterizations
possible. For example, recent demonstrations of photonic
moiré superlattices illustrate the ability to fabricate fine-
tuned periodic structures with hundreds of elements per
unit cell [23]-[26].

This review intends to give a broader view on the fine-
tuning properties of flat bands, to discuss in more detail a
number of recent fine-tuning results as well as outcomes
of perturbing flat bands, and connect to recent or still to
be performed experimental studies in the broader area of
photonics and light-matter interaction.

2 Needles in the haystack

Spatially periodic tight-binding networks are models which
describe the propagation of linear waves on a spatial lattice.
The wave is described by a finite number v of wave states
in a spatial unit cell which is repeated periodically in space.
Each local wave or mode state is characterized by a complex
number — amplitude and phase, similar to an oscillator.
These wave states are connected through hopping elements
with other states and can tunnel (hop), as shown in Figure 3.
Examples can be e.g. single mode optical waveguides car-
rying light which tunnels to nearby waveguides through
its evanescent tails, among many others. In real physical
space the evolution of these systems is modeled with a time-
dependent Schrédinger equation iy, = Y Hp 1 (m) Wi
with Hy; 3 (m) being the matrix element of the Hamilto-
nian ﬁsp. Here I, m label the unit cells, and 1< y,x <v
label the state inside one unit cell. The onsite energies (diag-
onal elements) are defined as €;,, = Hy; ;) (1,,3> and the off-
diagonal elements describe the hopping, often abbreviated
by t (not to be confused with time). Time itself can be the
physical time, or the propagation distance oflight in the case
of optical waveguides. Since we consider 7 op tobe invariant
under discrete translations, application of Bloch’s theorem
and transformation into reciprocal space results in a Hamil-
tonian H SlD(ﬁ). The number of allowed wave vectors k
equals the number of unit cells, and 1 sp(ﬁ) isav X v matrix.
Its eigenvalues E”(ié) form a Bloch band structure which is
periodic in k-space. The normalized eigenvectors are coined
the polarization vector field for each of the Bloch bands.
The networks are classified according to their spatial
dimension d, the Bravais lattice structure which is formed
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Figure 3: List of flat band types. (a) A 1d cross-stitch lattice with an
orthogonal flat band. (b) A 1d sawtooth lattice with a linearly independent
flat band. (c) A 2d Kagome lattice with a linearly dependent flat band. For
all cases the left plots show the lattice structure and location of CLS. Solid
circles show the CLS profile with given amplitudes and alternating phases
(indicated by the signs). Right plots - corresponding band structure for
each model (flat band is shown in red color).

by the unit cells, the number of Bloch bands v (i.e. the
minimal number of sites of the unit cell representation,
or likewise the number of sublattices embedded into the
Bravais lattice structure) and the hopping range m,. Fix-
ing these classifiers however still leaves the values of the
hopping strengths and the onsite energies undefined,
yielding a large dimensional manifold of tight-binding
networks.

Without any further restrictions a typical band struc-
ture will consist of dispersive bands only. Viewing such
a manifold of in general dispersive band structures as a
haystack, the task of finding submanifolds of networks with
flat bands in their band structure appears to be similar to
the task of finding a needle in the haystack. We will discuss
how this can be done systematically.

The choice of the hopping strengths and the onsite ener-
gies becomes crucial to ensure features to a lattice — e.g.
local and global symmetries, topology, among others. Such
a procedure of targeting certain features by properly select-
ing the hoppings and onsite energies, which may either
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result in a specific lattice model or in sub-families (mani-
folds) of lattices, goes by the name of fine-tuning.

From a practical viewpoint the fine-tuning of a flat band
network therefore is a careful adjusting of the hopping val-
ues and onsite energies of a tight-binding network in order
to zero the dispersion of (at least) one of its Bloch bands:
E”(fé) = E”(7<" ) for any choice of the wave vectors. Identi-
fying these fine-tuning conditions is equivalent to obtain-
ing a flat band generator: fixing relevant classifiers as e.g.
the desired dimension D, number of bands v, and hopping
range m, of the lattice, generate the manifold of networks
ﬁsp which possess (at least) one flat band. If the flat band
generator approach results in reliable predictions, they can
be applied in the lab to fine-tune samples in order to obtain
flat bands - e.g. see Ref. [27].

Making a network to possess certain global symmetries
can be viewed on one hand as a special way of finetuning,
and on the other hand as a way to ensure the existence of flat
bands and CLSs without the need of expliticely proving their
existence. Two known cases — chiral [28] and anti-parity-
time [29] symmetries — are doing the job. Let us consider
the chiral case, and use the 2D Lieb lattice in Figure 1(a) as
an example. For chiral flat band lattices we need bipartite
networks with all sites separated into sublattices A and B,
such that sites from sublattice A are connected only to sites
from sublattice B and vice versa, without any additional
onsite energies. Eigenstates of such a network come in pairs
with energy +E. We further request to have more sublat-
tice A sites in a unit cell than sublattice B sites, making
the A sublattice a so-called majority sublattice. In the Lieb
lattice in Figure 1(a) the majority and minority sublattices
are conlored in red and blue. In that case it follows [28] that
there must be a macroscopic number (at least equal to the
number of unit cells) of eigenstates with chiral energy E = 0,
which therefore form a chiral flat band. It further follows
that the eigenvectors are nonzero entirely on the majority
sublattice, and that they can be cast into the form of CLSs.
Adding hoppings which connect the minority sublattice sites
and onsite energies on these sites will not affect the chiral
flat band and its CLSs. Making all hoppings as well as the
minority site energies random will not destroy the CLSs
either. Shifting the majority onsite energies equally will also
keep the CLSs and only shift the flat band energy [30].

3 Flat band types

For networks with finite hopping range m,. < co and a finite
number of bands v < oo, a flat band results in the exis-
tence of a macroscopically degenerate set of compact local-
ized eigenstates [34]. Enforcing the existence of compact
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localized states in tight-binding networks yields an effec-
tive and systematic method for generating flat band. This
approach calls for additional classifiers for flat bands in
addition to the above-mentioned ones D, v, m. — namely
the size U of a CLS (i.e. the number of occupied unit cells)
and for D > 2 the shape (i.e. the arrangement of such U
unit cells). Flat bands can be sorted into different classes
of varying complexity, that largely define their response to
perturbations. These classes are defined by the properties
of the CLS set of a flat band: their orthogonality and com-
pleteness, i.e. linear independence. Further the classes differ
by the result of a projection of an arbitrary state on the FB
state space, i.e. by the so-called real space projector. Finally
FBs from different classes respond differently to the action
of local unitaries, i.e. unitary transformations of the unit
cell (and subsequent local unitaries after redefining the unit
cell). The simplest class consists of orthogonal flat bands [15],
whose set of CLS is complete and orthonormal. An example
is the cross-stitch lattice (see Figure 3(a)), which has been
experimentally realized in Refs. [35]-[37]. In this case, real
space projectors onto the flat band Hilbert space are strictly
compact [38], [39]. Local unitaries can completely detangle
the FB and its CLSs from the rest of the network, i.e. they
can result in a diagonalization of the FB part using strictly
local transformations, without the need to transform into
k-space [15]. Next is the class of linearly independent flat
bands with a complete and linearly independent but non-
orthogonal set of CLS. An example is the sawtooth lattice [40]
(see Figure 3(b)), experimentally realized in Ref. [41]. For
this class, there is no local unitary transformation that can
make the CLS set orthogonal. The real space projector for
linearly independent flat bands is decaying exponentially
in space. A detangling procedure is not applicable for this
class. Finally, there are linearly dependent flat bands whose
CLS sets are neither orthogonal nor complete, but linearly
dependent. An example of this class is the Kagome lattice [9]
(see Figure 3(c)) which has been experimentally realized in
Ref. [42]. Linearly dependent flat bands exist only in dimen-
sion d > 2, and are touching at least one dispersive band
at a special k point. Their real space projector is decaying
algebraically as 1/r? [43]-[45]. Such bands are also referred
to as critical or singular [46], [47], since their polarisation
vector in the Bloch space vanishes in some point in the
Brillouin zone, indicating a band touching. Conversely, all
the flat bands with polarisation vectors that are nonzero
everywhere in the Brillouin zone, e.g. with complete sets
of CLS [46], are called non-singular. Further experimental
photonic realizations of the three types of flat bands were
reported in Refs. [31]-[33] and are shown in Figure 4.

A particular type of networks hosts a finite number
of bands with all bands flat (ABF). Flat bands from ABF
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(a)Orthogonal flat band

Figure 4: Experimental realizations of samples of the three types of flat
bands. (a) A 1d rhombic lattice with an orthogonal flat band. Reprinted
with permission from Ref. [31] © Optical Society of America. (b) A 1d Stub
lattice with a linearly independent flat band. Reprinted with permission
from Ref. [32]. (c) A 2d decorated Lieb lattice with a linearly dependent
flat band. Reprinted with permission from Ref. [33].

lattices fall into the first class of orthogonal ones [48], [49].
Since all bands lack dispersion, there is no transport in an
ABF network. Consequently any local initial state will not
be able to propagate beyond a certain finite distance. Early
realizations were theoretically obtained by Vidal et al. [50],
[51] through adding a magnetic flux to a bipartite flat band
lattice with the flat band at energy E = 0 being protected
by chirality [28]. The flux only modifies the hoppings, pre-
serves the chiral symmetry, and keeps the E = 0 band flat.
An example is shown in Figure 5(a) for the diamond chain.
At the magic flux value ¢ = 7 all other bands turn flat as
well, resulting in an ABF lattice with flat band energies E =
0, +2 (in units of the hopping strength). The CLS profiles are
shown in Figure 5(b). Experimental photonic realizations of
fluxes and ABF lattices were obtained by Mukherjee et al.
[52] with the help of circularly curved laser-imprinted pho-
tonic waveguides (Figure 5(c)). Careful tuning to the magic
flux value ¢ = 7 allowed to observe absence of dispersion
and complete localization and trapping of a locally injected
light excitation as shown in Figure 5(d). Other experimen-
tal realizations of ABF lattices in photonic lattices include
[53]-[55].

The choice of flat band classifiers has a strong impact
on the features of both the set of CLSs and the overall
band structure. The amplitudes of the encoded CLS profile
become the knobs of generator schemes, as tuning such
entries yields different flat band networks. The resulting
parametrization scheme of flat band networks is exhaus-
tive and applicable in any dimension D and for any finite
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Z
v

Figure 5: All bands flat diamond chain. (a) Diamond chain profile with
magnetic flux ¢ (dashed complex hoppings). (b) CLS profiles for the all
bands flat with flux value ¢p = 7 and three flat bands at £ = 0 and

E = +2. (c) Simplified sketch illustrating the waveguide paths of

a photonic diamond chain with ¢ = 7 flux per plaquette realized by
circularly curving the lattice. Reprinted with permission from Ref. [52].
(d) Experimentally measured output intensity distributions at two differ-
ent propagation distances. Reprinted with permission from Ref. [52].

number of bands v. It further provides a useful tool to study
and control the impact of perturbations.

4 Tuning and detuning

The needle in the haystack — the flat band manifold - has a
surprising internal fine structure. Properly identifying this
manifold substructure promises to observe novel transport
regimes which emerge from perturbations of different flat
band submanifolds. Even if the perturbation is the same, the
outcome can be expected to differ qualitatively depending
on the submanifold it is applied to.

4.1 Tuning

To achieve fine tuning - or simply tuning - is synony-
mous to finding a generator procedure which has flat band
network models on output. What sets different generators
apartis not only the algorithm itself, but also the parameters
which need to be specified on input.

An early documented attempt is the line graph gen-
erator of Mielke [10] designed to tackle flat band ferro-
magnetism in Hubbard models. On input one chooses a
tight binding network with some dispersive band structure
which does not contain a flat band. One then constructs the
line graph of this network. It is obtained by replacing bonds
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Figure 6: Line graph constructions of the kagome lattice from the
honeycomb lattice (a), of the checkerboard lattice from the square lattice
(b), and the sawtooth chain from the two legs ladder (c).

by new sites, and new bonds (all of the same amplitude)
between all new sites whose old bonds shared a joint old
site. The line graph is a new tight binding network which
possesses one flat band as the lowest energy band in the
band structure (or highest, depending on the new bond
strength sign) [10]. It was mainly studied and applied in
two dimensions. Examples are the line graph of the hon-
eycomb lattice which is the kagome lattice (Figure 6(a)),
and the square lattice maps into the checkerboard lattice
(Figure 6(b)). But this construction works also in one dimen-
sion, where e.g. a simple two leg ladder will map onto a
three band lattice with up down symmetry and one band
flat (Figure 6(c)). An additional simple transformation into
symmetric and antisymmetric up-down cooridinates finally
transforms the line graph into a sawtooth lattice and a
decoupled chain. This line graph generator does not contain
continuous free parameters, thus it generates a countable
set of flat band networks only. Further the flat band is
always located at the extreme of the band structure.
Another early achievement was due to Tasaki [11].
While mainly focusing on flat band ferromagnetism aspects
due to many-body interactions, this work studied the con-
sequences of decorating the known 2D Lieb flat band lattice
(Figure 1) with next to nearest neighbour hoppings between
minority sublattice sites as shown in Figure 7(a). As dis-
cussed above, this modification destroys the chiral symme-
try, yet preserves the flat band at E = 0 with its unchanged
CLS. Since the chirality is broken, we can expect that the two
dispersive bands open a gap between each other, and cease
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(@) One linearly dependent flat band

Figure 7: The Tasaki construction of flat bands in the 2d Lieb.

(a) Decorated 2d Lieb (left) with uniform hopping strengths. Solid circles
show the CLS profile with given amplitudes and alternating phases
(indicated by the signs). Band structure (right) with one flat band (red)
band touching the upper dispersive band (blue) and gapped away from
the lower dispersive band (blue). (b) Same as (a) with fine-tuned next
nearest neighbor hopping to 1/2. Solid circles show the CLS profile
corresponding to the second flat band at £ = —2. (c) Tasaki family (left)
with parametric hopping 4 (solid line) and onsite energies (blue colored
circles). Band structure (right) with two flat bands (red) and a dispersive
band (blue) for A = 3.

to be symmetry related copies of each other. However the
CLS of the flat band is unchanged - therefore the CLS set
must still be linearly dependent! From that we conclude that
the flat band at E = 0 must still touch one of the dispersive
bands, as confirmed in Figure 7(a). A further surprise comes
when choosing the additional hoppings to be half of the
original Lieb hoppings. In that case lower dispersive band
turns into a second flat band. It is supported by a new CLS in
Figure 7(b). Tasaki also added and finetuned onsite energies
and managed to obtain a flat band network for which the
new ground state flat band is supported by tunable CLS sets
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as shown in Figure 7(c). The main conclusion then is that flat
band networks have to be finetuned on the one hand with
respect to their network parameters, but form continuous
manifolds on the other hand with some tuning and navi-
gating manifold parameters which smoothly change the CLS
details. This insight culminates in the discovery of flat band
generators which are based on the properties of tunable CLS
sets to be supported.

CLS based generators for orthogonal flat bands have
been reported in Ref. [15]. They harvest on the existence
of local unitary operations (one per each unit cell) which
completely detangle the CLSs into uncoupled single sites in
the new basis. Inverting this detangling procedure gener-
ates tunable families of flat band networks. One therefore
starts with a choice of some dispersive tight binding net-
work, adds one or more decoupled sites (at possibly one or
more different onsite energies) to each unit cell, and then
applies the local unitaries. In Figure 8(a) we schematically
show this detangling-entangling procedure for a 1D two
bands problem with one flat band. The free parameters are
the angles of the local unitary transformation. In addition
one can redefine the unit cell and perform another tun-
able unitary procedure. The resulting CLS will also con-
tinuously depend on the tuning parameters, and increase
in size the more redefined unit cells are used. Still both
the CLS set stays orthonormal, and the flat band energies
are kept unchanged. The procedure works in any lattice
dimension, for any lattice to start with. To generate ABF
networks one has to only choose a Bravais lattice, the num-
ber of flat bands and their flat band energies. Each Bravais
lattice point is then initially containing only uncoupled sites
at their own onsite energies, one per flat band. Then one
performs at least two sets of local unitary operations (in
1D, more are required in higher dimensions) with different
unit cell choices to arrive at a fully connected network,
yet with all bands flat [48], [56] as shown in Figure 8(b).
Early studies of Vidal et al. [50], [51] as well as later ones
by Brosco et al. [57] added magnetic fluxes to chiral flat
band networks and observed that at particular values of the
flux all bands turn flat, which was coined Aharonov-Bohm
caging. It follows that there is no need to introduce first a
magnetic flux and then to finetune this flux value to arrive
at ABF networks. Instead one can simply follow the above
local unitary approach to arrive at the most complete ABF
generator.

CLS based generators for non-orthogonal but in gen-
eral linearly independent flat bands are the most involved
ones. To succeed, one needs to first choose a particular
CLS and a particular network class with still free hopping
strength parameters — as schematically represented in the
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Figure 8: 1d flat bands generator schemes. (a) Entangling procedure
for lattices supporting one dispersive band and one flat band with
orthogonal CLS via local a unitary transformation within each unit cells
(blue shaded area). (b) Same as (a) for all-band-flat network. (c) Left:
Schematics of the compact localized state occupying two unit cells for
a lattice with two bands and nearest neighbour unit cell hopping.

The amplitudes and phases of the CLS components in each of the two
unit cells are parametrized by four angles. Right: Flat band energy for
two bands lattice as function of the parameterizing angles. The colored
squares host FB networks, while the white ones do not (for nearest-
neighboring hopping). The solid and dashed lines indicate diverse flat
band sub-manifolds. Figure reprinted with permission from Ref. [16].

left panel of Figure 8(c). Second, one formulates hopping
strength conditions for the destructive interference at the
surface of the CLS. Finally, one needs to satisfy the hop-
ping strength conditions on a finite network manifold of
the size of the CLS which supports this CLS as an eigen-
state. The corresponding algebraic equations which need
to be solved are usually of nonlinear nature, which can
complicate the task. For the simplest case of dimension d =
1, nearest unit cell hopping only, and two bands with one
of them flat, the task can be accomplished in closed form
analytically as shown by Maimaiti et al. [16]. Interestingly
the entire family can be mapped onto 1D sawtooth networks
Figure 3(b) with tunable hoppings and onsite energies. Two
nontrivial free angles remain which navigate through the
flat band family as shown in Figure 8(c) (colored areas). In
particular, the solid and dashed lines indicate subfamilies
of flat band networks with symmetry relations between
hoppings and potentials. The upshot then is that indeed
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tunable CLS sets lead to tunable flat band networks — the
needle in the haystack has an enormous internal structure.
Maimaiti et al. extended the generator method to 1D net-
works with more bands [17], as well as to 2D networks
[18] confirming the above conclusions. The algebraic com-
plexity quickly grows and calls for special ways to solve
the resulting equations. Nonorthogonal flat band generators
can be always combined with orthogonal flat band gener-
ators, either in order to complexify the resulting network
structure even more, or in order to perform a partial detan-
gling of a macroscopic fraction of CLSs for non-orthogonal
flat bands [16].

In order to generate linearly dependent flat band net-
works, all one needs is to choose CLS sets which are linearly
dependent, and then apply the above generator scheme for
non-orthogonal flat bands. For 1D networks it was shown
by Maimaiti et al. that a linearly dependent CLS set can
be reduced to a set with smaller CLSs, and in the case of
band touching a dispersive band or even crossing it to an
orthonormal CLS set [16], [17]. In higher dimensions linearly
dependent flat bands lead to band touching which can be
separated additionally into linear touching (with two dis-
persive bands e.g. Figure 1), or quadratic touching (with
only one dispersive band, e.g. Figures 3(c) and 7). Recent
studies of Graf et al. [19] and Hwang et al. [20] use the trans-
formation of CLSs into Bloch representation to formulate
linear dependence conditions in reciprocal space and to
come up with a final generator of linearly dependent flat
band networks.

The above generators can also be extended to the case
of non-Hermitian Hamiltonians with flat bands [58], rel-
evant in photonics. Non-Hermitian flat bands keep some
of the above listed properties of the Hermitian flat bands,
e.g. formation of continuous manifolds, but further studies
are required. Also a number of further more specialized
flat band generators have been reported, among them the
origami rules [59], repetitions of mini-arrays [60], Moiré
engineering [61], local symmetry partitioning [62], and path-
exchange [63].

We close this section with discussing the case of
Wannier-Stark (WS) flat bands [64]. One starts with a tight
binding network on a Bravais lattice in dimension d > 2, e.g.
the simple 2D square lattice with nearest neighbour hop-
ping. Its band structure consists out of one band with energy
depending on the two components of the Bloch momentum
vector. Next one applies a dc field along some direction,
which induces onsite energies growing linearly along this
field direction. We can consider the field direction as a
tunable parameter. Translational invariance is broken along
the field direction in general. However the translational
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invariance perpendicular to the field direction can be pre-
served (or fine-tuned) for certain rational field directions —
actually for an infinite amount of them. These cases lead to
an infinite equidistant ladder of WS bands as functions of
some perpendicular Bloch momentum vector of dimension
(d —1). However each eigenstate is still d-dimensional, even
though its amplitudes along the field direction decay super-
exponentially in both directions. As shown by Mallick et al.
in Ref. [64], almost all rational field directions (except for
a few) will result in strictly flat WS bands, such that the WS
band structure will consist of an infinite ladder of flat bands
only. Transport is then completely suppressed. Yet the WS
flat bands do not support CLSs, instead the wave function
localizes at best superexponentially in all directions. This
outcome is not in contradiction with above statements that
ABF flat bands are orthonormal and support CLSs, since
one condition for that is a finite number of bands. For WS
flat bands the number of bands in the WS ladder is infinite
instead. Finally we note that WS flat bands can be mapped
onto Floquet systems in d — 1 dimensions.

4.2 Detuning

A flat band is fragile against perturbations, raising the ques-
tion of how a flat band system responds to perturbations.
Various types of perturbations of flat band Hamiltonians
which can be experimentally implemented with photonics
platforms have been considered over the years — e.g. dc
fields, periodic driving, dissipative potentials. It emerged
that, when properly arranged, these terms can result in
unusual phases and phenomena. For instance, a properly
tuned interplay between magnetic and two dc fields (per-
pendicular and longitudinal) yields Landau-Zener—Bloch
oscillations in a 1D diamond chain [65], [68], as shown in
Figure 9(a). Similarly, Bloch oscillations have been ignited
in 1D Lieb lattices via non-hermitian driving [69]. Fine-
tuned driving protocols of the hopping terms of flat band
lattices can also result in displacing CLS throughout the net-
work while retaining their spatial profile. This for instance
resulted into the storage and transfer of CLS in the 2D Lieb
[70] and non-abelian Thouless pumping of for instance CLS
in a 1D stub-like chain [66] — with the latter one shown
in Figure 9(b). Non-Hermitian [71], [72] and P7 -symmetric
[73], [74] perturbations have been studied in flat band
networks. In Ref. [67], exact CLS in P7 -symmetric sawtooth-
like photonic flat band lattice have been theoretically pre-
dicted and experimentally verified (Figure 9(c)). It was also
shown that properly tuned gain/loss terms can induce defect
states [75] and stable laser emissions [76].

An important class of perturbations is disorder, where
the response proved to be especially rich, depending both
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Figure 9: Examples of flat band detuning. (a) Landau-Zener-Bloch
oscillations of an excited CLS in a diamond chain with non-zero
perpendicular and longitudinal dc electric and magnetic fields. Reprinted
with permission from Ref. [65]. (b) Non-abelian Thouless pumping of

a CLS in a 1D stub-like chain via periodic modulation of the hopping
terms of period lambda,. Reprinted with permission from Ref. [66].

(c) Diffraction-free propagation of an excited CLS in a PT -symmetric
sawtooth-like photonic flat band lattice. The numerical simulation is
shown in the left panel, and the experimental observation is shown

in the right panel. Reprinted with permission from Ref. [67].

on the type of the flat band and the type of disorder. The
impact of uncorrelated disorder has been broadly stud-
ied [63], [79]-[84]. In particular, the weak disorder regime
demonstrated unconventional scaling of the localization
length in 1D lattices hosting both orthogonal [15], [79] and
non-orthogonal flat bands [80]. Anomalous scalings have
been also observed in higher dimensional lattices — e.g. in
2D Lieb [82] as well as in 3D Lieb lattices [83], [84] due to
uncorrelated disorder. The introduction of correlations, e.g.
quasiperiodicity, can introduce mobility edges [77], [85] as
shown in Figure 10(a). Correlations in the disorder might
also induce the inverse Anderson transition [86], [87]. Flat
bands with a band touching, non-orthonormal and incom-
plete set of CLS, can induce critical states at the FB energy
in presence of the weak uncorrelated onsite disorder [43].
In some scenarios flat bands turned out to be immune to
disorder due to a symmetry protection [28], [86]. All-bands-
flat Hamiltonians are especially sensitive to different types
of disorder [88]. In particular, they can exhibit a metal-
insulator transition for weak/infinitesimal disorder driven
by the position of the Hamiltonian on the ABF manifold
[78] as illustrated in Figure 10(b). As a consequence, the ABF
networks with a metallic phase at weak disorder undergo a
re-entrantlocalization transition at finite disorder strengths
[89]-[91]. Quasiperiodic perturbations of all-bands-flat
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Figure 10: Fine-tuned metal-insulator transition disordered
one-dimensional v = 2 flat band networks. (a) Cross-stitch lattice with
anti-symmetric quasiperiodic perturbation of strength A. The analytic
mobility edge (black line) separates extended (blue) and localized (red)
phases. Reprinted with permission from Ref. [77]. (b) Energy-resolved
exponent average ratio of adjacent gaps (r) at weak disorder limit

as a function of the ABF manifold angle 6. Reprinted with permission
from Ref. [78].

networks lead to the emergence of critical phases and frac-
tal edges separating critical and localised eigenstates in the
spectrum, in analogy to mobility edges [92], [93]. The weak
disorder results can be rationalised in the framework of
projected models, where one considers a projection onto the
flat band resulting in an effective single band model with
finite and correlated disorder.

4.3 Applications in photonics

Optical waveguide arrays have formed a flexible platform
for realizing many of the above fine-tuning effects. Waveg-
uide arrays lend themselves naturally to implementation
of flat bands thanks to the ability to precisely control
the waveguide positions and thereby engineer the reg-
uisite fine-tuned coupling strengths and network geome-
tries [94]. A variety of flat bands has been implemented in
experiments using waveguide arrays including the saw-
tooth chain [41], stub chain [32], [95], diamond chain [31],
[95], Sierpinsky gasket [33], [96], Lieb lattice [4]-[6], [27],
[97], [98] (shown in Figure 11(a)), as well as lattices hosting
line states [99] and nontrivial loop boundary states caused
by band touchings [100]-[102].

Introducing a transverse or longitudinal modulation to
the waveguides can be used to implement various driving
perturbation terms to flat band lattices. For example, the flat
band in the diamond chain has been shown to be robust in
the presence of external driving along the lattice axis [103].
Fine-tuning of periodic longitudinal driving in square lat-
tices can create Floquet flat bands with non-trivial topology
[104]-[106], shown in Figure 11(b), and non-abelian Thou-
less pumping of spatially compact excitations [107]. Trans-
verse driving has been used to observe Bloch oscillations in
photonic rhombic lattices [108].
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Typically in nanophotonic systems fine-tuning is an
essential ingredient for the realization of flat bands, owing
to the inevitable presence of long-range couplings that can-
not be precisely controlled. For example, fine-tuning of the
radius of dielectric rods in 2D photonic crystals was used
to obtain an accidental degeneracy similar to the flat band
of the Lieb lattice, first at microwave frequencies [110] and
subsequently in optical metamaterials [111]. The emergence
of flat bands in fine-tuned photonic crystals can be under-
stood semi-analytically using perturbation theory in Fourier
space by taking into account scattering between different
wavevectors induced by the periodic refractive index mod-
ulation combined with symmetry-breaking perturbations
[109], [112]. An example of a fine-tuned photonic crystal flat
band is shown in Figure 11(c). Modifications to this pertur-
bation theory [113]-[115] have enabled the description of flat
bands in photonic moiré superlattices [23]-[26], [116], [117],
shown in Figure 11(d), which are difficult to study using
direct numerical simulations due to their large unit cell size.

Another inevitable ingredient of nanophotonic systems
is losses — either through absorption or radiation to the
far field, making this an ideal playground for exploring
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Figure 11: Examples of platforms for photonic flat bands.

(a) Laser-written waveguide array implementing the 2D Lieb lattice.
Reprinted with permission from Ref. [97]. (b) Longitudinally-modulated
waveguide array implementing a Floquet flat band. Reprinted with
permission from Ref. [105]. (c) 1D photonic crystal exhibiting a flat band
at a fine-tuned value of its filling factor (FF) and its angle-resolved
reflectivity spectrum. Reprinted with permission from Ref. [109].

(d) Optically-induced moiré photonic lattices (top row) revealing twist
angle-controlled localization of a probe beam (bottom row).

Reprinted with permission from Ref. [23].
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the physics of non-Hermitian flat bands. For example, the
physics of non-Hermitian P7 -symmetric flat bands was
explored using waveguide arrays with losses introduced
by periodically inscribing strong scattering centres [67]
(Figure 9(c)). In the case of passive photonic crystals, the
light cone marks a transition between bound and lossy
modes that must be taken into account when fine-tuning
degeneracies in the band structure [118]. Mie theory pro-
vides a powerful semi-analytical approach for taking into
account the interplay between local couplings and far-
field radiation when engineering strong degeneracies of
nanophotonic systems [119].

A recent experimental study on the border line bet-
ween condensed matter and photonics — a Bose—Einstein
condensate of ¥ Rb atoms loaded into an optical momentum
lattice supported by various laser beams — tested the impact
of disorder on flat band states [120], [121]. The work reports
on the realization of a sawtooth chain (coined Tasaki lattice
in Ref. [120], [121]) and the observation of the transition
from flat band localization (i.e. compact localized states)
to Anderson localization similar to theoretical predictions
discussed above.

The interested reader can find more details on photonic
flat bands in the recent reviews [3], [122].

5 Interactions

Flat bands and compact localized eigenstates are linear
(single particle) concepts. However, in photonics material-
mediated photon—photon interactions naturally occur for
strong optical power. For many photons in the classical
regime mean-field nonlinear terms appear in the governing
equations [123]. These nonlinear terms extend the dynam-
ical regimes way beyond the Bloch band structure based
one, allowing even for thermalization and chaos. Likewise
in quantum interacting regimes, also accessible with pho-
tonic platforms [124], [125], in general single particle CLS
are replaced by extended many-body states. The impact that
photonic interactions may have on flat bands including the
unconventional phenomena they may unlock depend on the
chosen lattice. From a fine-tuning standpoint, this quest for
unusual phases can be rephrased as (i) find sub-families of
flat band networks for given interactions, or (ii) tune special
interactions to yield certain phenomena upon sub-families
of flat band networks.

5.1 Nonlinear regime

Destructive interference — the underlying principle behind
the existence of CLS — is a concept which is not restricted



DE GRUYTER

only to the linear regime of a lattice. Hence, the fine-tuning
approach for generating lattices supporting CLS and their
flat bands can be extended to generating nonlinear lat-
tices which support strictly compact photonic excitations
(as opposed to standard solitary excitations). Such compact
solutions can be considered as extensions of linear CLS into
the nonlinear regime, and they are special cases of a broad
class of spatially localized time-periodic solutions of nonlin-
ear lattices called discrete breathers [126]-[131]. These solu-
tions — also known as intrinsic localized modes — have heen
studied in the realm of nonlinear optics [132] and they have
been experimentally observed e.g. with waveguide arrays
[133], [134] and optical fibers [135].

Strictly compact breathers harvesting on destructive
interference have then been found in several flat band mod-
els in presence of Kerr nonlinearity in the past decade, from
the Kagome to the diamond chain [136]-[141]. One of these
sample cases is the nonlinear sawtooth chain [136] shown
in Figure 12(a). This unfolded version of Figure 3(b) is an
arrangement which facilitates the experimental realization
by drastically reducing longer range hoppings [41]. The CLS
profile is shown with blue and red dots. The amplitudes in
the blue sites are rescaled by a prefactor @ with respect
to the amplitude in the red site, with « depending on the
hopping strengths of the lattice. In presence of a Kerr nonlin-
earity, the compact breather (Figure 12(b)) continues to exist
at a specific fine-tuned condition between the nonlinear
strength and the hopping strengths. However, when this
condition is slightly violated, the compact breather gains
exponential tails and turns into a regular discrete breather
(Figure 12(c)). In other words, compact breathers of the non-
linear sawtooth lattice in Figure 12(a) are special fine-tuned
cases of continuous families of exponentially localized dis-
crete breathers.

(@) re-arranged saw-tooth lattice

O Qs @2 O O
O 0 " @a O O

(b) fine-tuned compact breather (C) detuned discrete breather

0.5 \/\/ 0.5 A
a}l 0 an 0
-05 -05

14 16 18 20 22 24 26 28 14 16 18 20 22 24 26 28
site n site n

Figure 12: Sawtooth lattice with Kerr nonlinearity. (a) Lattice profile.

The CLS is colored in blue and red, where @ = —J,/J,. (b) Spatial profile
of a compact breather fine-tuned at specific strengths of nonlinearity and
hopping terms. (c) Spatial profile of a non-compact discrete breather at
slightly detuned nonlinear and hopping strengths with respect to (b).
Reprinted with permission from Ref. [136].
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The compact breather fine-tuning for the sawtooth lat-
tice is due to the linear CLS of the model having different
amplitudes at different sites. At variance, the linear CLS of
the cross-stitch lattice (Figure 3(a)) can be continued as a
compact breather to any nonlinear strength. In this case,
the Kerr term parametrically shifts the CLS frequency while
keeping its spatial profile intact [141]. The reason is the
homogeneity of the linear CLS. Indeed, in the cross-stitch all
non-zero CLS components have same amplitude up to phase
factors, while this condition in the CLS of the sawtooth is
violated by the prefactor . This fact has been formalized
into a criterium stating that for Kerr nonlinearity any homo-
geneous CLS can be continued as compact breathers in the
nonlinear regime, with the nonlinear strength parametri-
cally shifting their frequency [141]. On the other hand, non-
homogeneous CLS can be continued as discrete breathers in
the nonlinear regime of a flat band lattice, and compactness
can be accidentally re-obtained at fine-tuning conditions
involving the nonlinear strength and hopping parameters.

Building upon these results and sample cases, the real
space flat band generator [16]-[18] discussed in Sec. 4.1 has
been adapted to the nonlinear case and turned into system-
atic compact breathers generator [142]. Such schemes do not
assume the homogeneity condition of compact breathers or
even the presence of any flat band in the linear system,
and can be extended to considerations of fine-tuned non-
local nonlinear terms [142]. Together with their existence
criteria, it has been found that linear instability of com-
pact breathers arises from resonance mechanism between
the breather itself and linear oscillations of the underly-
ing lattice [136], [141]. In short, their frequency should be
tuned away from the dispersive part of the spectrum of
the linear flat band system. This is visualized in Figure 13,
where a slightly perturbed compact breather of the cross-
stitch is tuned to two different frequencies via the nonlin-
ear strength. A stable case where resonances are avoided
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Figure 13: Stable (a) and unstable (b) propagation of an initially excited
compact breather in a cross-stitch lattice with Kerr nonlinearity for two
different nonlinear strengths. Reprinted with permission from Ref. [141].
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is shown in Figure 13(a), while an unstable one is shown
in Figure 13(b) where the breather frequency is tuned to
resonate with linear dispersive modes.

The impact of compact breathers on the dynamics
of nonlinear flat band networks is still a rather unex-
plored yet promising research area. For instance, it has
been shown that compact breathers can turn into tun-
able nonlinear Fano resonances [143] for the propagation
of light (a mechanism also ignited by onsite impurities in
flat bands) [144]. It is also possible to use nonlinear flat
bands with non-Hermitian impurities to engineer coherent
perfect absorbers (also known time-reversed lasers) [72].
Furthermore, nonlinear flat band lattices can also allow
control over the mobility of discrete solitons, as it has been
demonstrated in the nonlinear Kagome [137] and nonlinear
Lieb lattice [140].

All-band-flat networks demonstrate the highest sensi-
tivity to nonlinearity. Since the linear part lacks any trans-
port, nonlinear perturbations will in general restore trans-
port. Surprisingly, in the nonlinear diamond chain with fine-
tuned magnetic flux (Figure 5), any spatially compact initial
excitation remains therein confined along the propagation.
In other words, Kerr nonlinearity does not destroy linear
caging for that system [145], [146]. Indeed, generic nonlinear
interactions including Kerr nonlinearity upon the manifold
of all-bands-flat networks destroy caging and induce trans-
port [48]. Caging then is restored for fine-tuned families of
ABF linear lattices. An example is shown in Figure 14(a) and
(b) for two cases of the family of 1D two bands ABF networks
with Kerr nonlinearity. A fine-tuned lattice in Figure 14(a)
(which corresponds to the Creutz ladder [147]) retains strict
nonlinear caging as an initially compact excitation remains
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Figure 14: Interaction in v = 2 ABF lattices. (a-b) Time evolution of
nonlinear spatially compact excitations for a fine-tuned (a) and non

fine-tuned case (b). (c-d) Same as (a-b) for two interacting bosons.
Reprinted with permission from Ref. [48], [56].
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therein localized. On the other hand, in a detuned ABF
lattice in Figure 14(b) the initially compact excitation is
propagating into the chain, confirming that caging is lost.
We also mention the impact of nonlinearity on momentum
space linear Bloch modes which results in bifurcations and
instabilities and the formation of localized states [148].

5.2 Quantum regime - a perspective

The quantized analog of the Kerr nonlinearity is the two-
body interaction containing a product of two creation and
two annihilation operators. Its impact has been intensively
studied in recent years in flat band networks from a math-
ematical and applied condensed matter perspective. The
challenge of making photons interact results in interac-
tion induced via e.g. doped media [124], [125] or through
the optical nonlinear terms at the level of individual pho-
tons [149]. Most studies focused on finite-particle density
regimes (i.e. where the ratio between the number of par-
ticle and the lattice size is constant). This has been a
prolific research direction, as over the years phenomena
of condensation and superconductivity have been discov-
ered [150]-[154], together with phenomena of absence of
charge transport known as many-body flat band localization
[155]-[157], disorder-free localization [158], [159], magnon
crystallization [160]-[162] and quantum many-body scars
[56], [163]-[167]. Some of these works harvested on the real
space generator scheme for single particle lattices to high-
light fine-tuned manifolds of interacting flat band networks
exhibiting many-body flat band localization and quantum
scars [56], [155], [159].

Since photons are bosons, they can occupy the same
single particle state. As a rule of the thumb occupation num-
bers of five or more photons per single particle state reduce
most of the physics back to the nonlinear description. Scal-
ing down from the finite particle density regimes to fixed
number of particles, higher dimensional linear photonic
networks have been employed to study few quantum inter-
acting particles in lattices. For instance, the dynamics of two
interacting bosons in one-dimensional disordered chains
has been probed via two-dimensional photonic lattices,
where the Hubbard interaction turns into an onsite diagonal
term [168] — an approach which has been tested experimen-
tally [169] and also employed for three interacting bosons
[170]. In the context of flat bands, this approach has been
used to study the dynamics of two interacting bosons in
1D two band ABF networks with Bose—Hubbard interaction
[56], shown in Figure 14(c) and (d). The propagation of two
bosons initially located in the same unit-cell is obtained
for the same two lattices used to visualize the nonlinear
caging [fine-tuned network in Figure 14(a)] and its breaking
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[detuned network in Figure 14(b)]. In both lattices, a part of
the probability distribution propagates ballistically, indicat-
ing the spreading of the particle pair along the networks.
However, in the fine-tuned case Figure 14(c), a substan-
tial fraction of the probability distribution remains frozen
around the unit cell where both particles were initially
located. This frozen portion of the distribution is instead
absent in the detuned case Figure 14(d). Such phenomenon
is due to overlap between the initial condition and energy-
renormalized two particles caged states, whose existence is
ensured by the very same fine-tuning condition that guaran-
tee nonlinear caging in the classical nonlinear regime [56].
These two-particles compact states in ABF network can be
found also for larger finite number of particles, and they
generalize the single particle CLS [56]. Furthermore, such
many-body CLS can be fine-tuned in networks which host a
mix of flat and dispersive bands [163]-[166], [171]. However,
the challenge of turning them into “localized quantum states
of light” in photonic lattices (as dubbed in Ref. [95]) remains
to this date an exciting research direction. The utilization
of quantum many-body physics of interacting photons [95],
[124], [125], [149] for flat band networks is still an avenue to
be explored.

5.3 Applications in photonics

Interactions in photonics usually appear in the form of
mean-field nonlinearities, arising due to the Kerr effect or
saturable gain. Thus, most experiments studying the inter-
play between interactions and flat bands have focused on
this limit, with the aim of exploring novel paradigms for
the design and control of lasers and other nonlinear optical
devices.

Exciton—polariton condensates in structured microcav-
ities are a particularly valuable platform, given that they
support strong repulsive Kerr nonlinearity (inherited from
their excitonic component) and fine-tuned gain and loss
landscapes can be created by adjusting the spatial profile
of the external pump laser [172]. For example, Baboux et al.
[173] observed exciton—polariton condensation in a quasi-
one-dimensional stub lattice of micropillars, finding that
the flat band condensates become fragmented with a low
coherence length due to the intrinsic fabrication disorder,
preventing phase-locking between different compact local-
ized states, as shown in Figure 15(a). These observations sug-
gest aneed to implement controlled perturbations (stronger
than any underlying disorder) to observe flat band-derived
condensates or lasing with non-trivial long-ranged corre-
lations. A more recent study using the exciton-polariton
platform has illustrated how the driven-dissipative dynam-
ics of media with saturable gain can be surprisingly
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Figure 15: Photonics experiments combining flat bands with
nonlinearity. (a) Spatially-resolved emission spectra from flat band

and dispersive band exciton-polariton condensates, Reprinted with
permission from Ref. [173]. The former exhibits fragmentation into many
incoherent condensates due to disorder-induced condensates, while the
lattice exhibits coherence over many lattice sites. (b) Soliton formation

in a optically-induced photonic moiré lattices, Reprinted with permission
from Ref. [178]. For a twist angle corresponding to a flat band, strong
localization is observed for both low power (linear) and high power
(nonlinear) probe beams. Tuning away from this critical twist angle yields
strong diffraction in the linear limit.

counter-intuitive; novel classes of localized modes can be
created by engineering of the pump spatial profile and
phase [174] even when the underlying lattice does not host
any flat bands.

Another experimental platform promising for the study
of interactions in flat bands which has emerged in the
last few years is nonlinear waveguide arrays. For example,
even though the ambient Kerr nonlinearity of laser-written
waveguide arrays is relatively weak, sufficiently high inten-
sities leading to the formation of discrete solitons [175]
can be achieved using pulsed lasers. Recent experiments
have observed bulk and edge solitons in complex two-
dimensional driven lattices [176], [177] that can be fine-
tuned to obtain Floquet flat bands [104], [105].

One complication with studying interactions in the flat
band limit using pulsed lasers is the finite bandwidth of
the probe laser combined with the inevitable frequency
dispersion of the coupling coefficients; even if one has fine-
tuned the lattice parameters to obtain a flat band at the
central frequency of the probe, the spatial dispersion for
other frequencies will be nonzero, leading to diffraction and



3938 = (. Danieli et al.: Flat band fine tuning

making it difficult to unambiguously observe nonlinearity-
induced delocalization of the flat band state. A potential
solution to this problem is to use more sophisticated Floquet
driving schemes to minimize the frequency dispersion of
the coupling coefficients [179], in effect creating a flat band
in the frequency domain [180].

Another alternative is to use optically-induced waveg-
uides photorefractive materials, which support both fine-
tuning and the ability to observe nonlinear effects using a
continuous wave probe laser [101], which has enabled the
recent observation of solitons in moiré superlattices [178],
shown in Figure 15(b).

Turning to photonic crystals and metasurfaces, the
integration of optical gain media into these structures is
enabling the development of novel lasers based on concepts
from topological photonics [181]-[185]. While these studies
largely focus on designs insensitive to perturbations, owing
to the presence of difficult-to-control long-range couplings,
these structures can also support compact localized reso-
nances and flat bands arising from the interplay between
radiation losses and fine-tuning of the structural param-
eters [24], [119], [186]-[188]. Beyond lasing, flat bands in
photonic crystals show promise as a means of enhancing
light-matter interactions [189].

Photonic lattices can also be used to simulate different
quantum systems, including interacting flat band models —
known as photonic quantum simulators [190], either using
networks of optical cavities with ultrastrong nonlinearities
[124] or by mapping the system of interest into a higher
dimensional non-interacting system. The latter has been
proposed for the Creutz ladder with Hubbard-like inter-
action [35] and demonstrated experimentally for the one-
dimensional Hubbard model [191], paving the way to probe
many interesting phenomena related to the interplay of
topology and interactions. Another useful technique in this
direction is the ability to emulate high-dimensional lattices
with tailored long-range interactions using time modulation
and the concept of synthetic dimensions [192], enabling the
recent emulation of a sawtooth flat band lattice using two
coupled ring resonators [193].

A recent theoretical study showed that flat band
induced trapping of excitations in a nonlinear ABF diamond
chain is destroyed on the quantum level of two bosons and
quickly recovered when increasing the bosonic occupation
numbers [194]. In parallel Martinez et al. realized the setup
using superconducting qubit arrays [195]. The experiments
demonstrated that noninteracting photons are blocked due
to the underlying ABF network, while the controlled adding
of interaction lead to a transport of a pair of two interacting
photons [195].

DE GRUYTER

6 Summary and outlook

Flat bands provide a fascinating testbed for novel and inter-
esting phases of matter that emerge in perturbed flat bands.
The challenge is that flat bands require symmetries or fine-
tuning to engineer them that often are far from obvious.
One of the main results in the construction of flat bands is
the not so obvious degree of flat band fine-tuning available.
Despite flat bands systems being fine-tuned or protected by
symmetry and therefore a priori fragile to perturbations,
they form continuous manifolds in the space of Hamilto-
nian parameters, and many translationally invariant per-
turbations preserve the flatness. However, most physically
relevant perturbations move the Hamiltonian away from
that flat band manifold. Furthermore, perturbation can
break the flatness of a band or allow for further fine-
tuning allowing preserving the flatness, as happens with
interactions where combining flat band lattices and inter-
actions with the right degree of fine-tuning one can achieve
nonergodic behaviour and suppress of some or all of the
transport.

Flat bands react differently to perturbations allowing
to engineer many interesting phenomena, including non-
perturbative transitions. Orthogonal flat bands, e.g. with
orthogonal CLS, are especially convenient for analysis. The
effect of weak perturbations can be understood efficiently
by projecting the perturbation onto the flat band resulting
in an effective Hamiltonian. Orthogonality ensures that the
projector onto the band is local, and therefore so is the effec-
tive projected model. These effective projected models can
sometimes be mapped onto the known models, or provide
helpful insights into the properties of the perturbed flat
bands. Interactions further complicate the picture, however,
further fine-tuning is possible which leads to emergent con-
servation laws that trap some particles, producing quantum
caging, or suppress transport producing non-ergodic many-
body systems.

Despite all the recent progress, we are confident that
the best of flat band research still lies ahead of us, with
numerous open questions to be addressed.
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