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Mobility edges and fractal states in quasiperiodic Gross-Pitaevskii chains
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We explore the properties of a Gross-Pitaevskii chain subject to an incommensurate periodic potential, i.e., a
nonlinear Aubry-André model. We show that the condensate crucially impacts the properties of the elementary
excitations. In contrast to the conventional linear Aubry-André model, the boundary between localized and
extended states (mobility edge) exhibits nontrivial branching. For instance, in the high-density regime, “tongues”
of extended phases at intermediate energies penetrate the domain of localized states. In the low-density case, the
situation is opposite, and tongues of localized phases emerge. Moreover, intermediate critical (fractal) states are
observed. The low-energy phonon part of the spectrum is robust against the incommensurate potential. Our study
shows that accounting for interactions, already at the classical level, leads to highly nontrivial behavior of the
elementary excitation spectrum.
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I. INTRODUCTION

While many years have passed since Anderson introduced
the concept of localization [1], it continues to attract sig-
nificant attention for good reasons [2–10]. The localization
phenomenon is probed with new tools such as level spacing
statistics (r ratios) [11,12], on new structures, including ran-
dom regular [7,10] and irregular graphs [13,14], models with
correlated disorder [15,16], etc. Furthermore, a whole new
field of many-body localization emerged [17–21]. Nowadays,
optical lattices of bosonic and fermionic atoms can be cre-
ated, enabling the study and testing of important theoretical
concepts, including localization. Experiments with disordered
or quasiperiodic potentials have provided direct observation
of Anderson localization [22,23], as well as the exploration
of many-body localization through controlled interactions and
disorder [24].

The Aubry-André (AA) model is one of the few models
for which localization properties are known exactly [25–28].
This model consists of a simple nearest-neighbor hopping and
an incommensurate on-site potential,

HAA =
∑

l

(εl a
†
l al − Ja†

l+1al − Ja†
l al+1), (1)

εl = W cos (2πβl + ϕ), (2)

where the lattice parameter is set to unity, β is an irrational
number (otherwise, Bloch’s theorem applies, and the system
develops a band structure), and ϕ is an arbitrary phase, which
becomes unimportant in the thermodynamic limit N → ∞.
Introducing the Fourier transform of the operators, one can
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see that the problem in reciprocal space is dual to the orig-
inal. The self-dual point WC = 2J separates the regimes of
localized (W > WC) and extended (W < WC) states. At the
critical point, all the states are fractal. Note that 4J is the
bandwidth at W = 0. The model has been experimentally re-
alized in ultracold atom systems and photonic lattices, which
allow for observing localization transitions and fractal wave
functions [23]. The AA model is also suitable for many-body
generalizations [24,29–31], where quasiperiodicity can essen-
tially modify the phase diagrams and stabilize exotic phases
[32–36]. Notably, an incommensurate potential can result in a
transition between Mott insulator and superfluid phases [37].

In the present study, we consider an extension of the stan-
dard AA model (1) by including an interaction on the classical
level, thereby making the connection to the physics of Gross-
Pitaevskii lattices (see, e.g., Refs. [38–42]). Moreover, the
considered model can be viewed as a toy model for studying
many-body localization physics in the presence of an incom-
mensurate periodic perturbation. In previous crucial research
[43,44], the mobility edge separating low-energy delocalized
and high-energy localized states was predicted theoretically
and observed experimentally. Notably, the mobility edge also
emerges in relatively simple generalizations of the AA model
[45–47]. Importantly, in Ref. [44], only the ground and one
of the highly excited states were considered in a weakly in-
teracting regime for two relatively small system sizes due to
apparent experimental difficulties.

We perform a comprehensive study of the Bogoliubov–
de Gennes (BdG) excitations of the model, emphasizing
two qualitatively different regimes of low and high densi-
ties, equivalent to weak and strong interaction cases. In both
cases, exploring the scaling properties with the system size
N typically varied from N � 103 to N ∼ 104, we observe pe-
culiar behavior of the BdG excitations showing the nontrivial
branching of mobility edges, separating the extended, fractal,
and localized modes. In a certain domain of the W -excitation

2469-9950/2025/112(17)/174207(11) 174207-1 ©2025 American Physical Society

https://orcid.org/0000-0003-0910-5274
https://orcid.org/0000-0002-3376-4790
https://orcid.org/0000-0003-1710-3746
https://ror.org/00y0zf565
https://ror.org/000qzf213
https://crossmark.crossref.org/dialog/?doi=10.1103/d9sb-lj4k&domain=pdf&date_stamp=2025-11-21
https://doi.org/10.1103/d9sb-lj4k


UTESOV, KIM, AND FLACH PHYSICAL REVIEW B 112, 174207 (2025)

energy plane, one can observe “tongues” of the extended
phase in the form of several narrow quasibands separated
by wide localized regions and “reentrant” behavior upon W
growth. We show that low-energy physics can be formulated
in terms of acoustic modes subject to a renormalized AA po-
tential governed by their wave number and W . This effective
approach predicts that some low-energy modes remain delo-
calized regardless of the AA potential strength. This behavior
contrasts with the standard AA model, where all eigenstates
are localized when W > WC. In the present case, one can
introduce a quantity WNL which indicates when some modes,
usually the highest-energy excitations, start to localize upon
W growth. In both low- and high-density regimes, we provide
estimations for WNL which are numerically shown to provide
a semiquantitative level of accuracy.

II. GENERAL FORMULAS

We consider the following Hamiltonian,

H =
∑

l

[
εl |ψl |2 − J (ψ∗

l+1ψl + ψ∗
l ψl+1) + g

2
|ψl |4

]
, (3)

where l = 1 . . . N , ψl is the condensate wave function on
a site l (classical field), and εl is the Aubry-André on-site
potential (2). In addition to the kinetic energy governed by
J , there is the nonlinearity proportional to g. Model (3) with
uncorrelated on-site disorder εl was considered in Ref. [9];
we adapt some ideas of that study for our purposes (see
also Refs. [48,49] where generic disorder was considered and
localization properties were studied). The equations of motion
read iψ̇l = ∂H/∂ψ∗

l (see Appendix A for details).
Notably, the Hamiltonian preserves the number of parti-

cles A = ∑
l |ψl |2. Therefore, we introduce a crucial system

parameter, the density of particles a = A/N . We distinguish
two regimes of low and high densities ga � J and ga � J ,
respectively. It is pertinent to note that a variation of a is
equivalent to a rescaling of the interaction g, so the two
regimes correspond to weakly and strongly interacting cases.
In all our numerical calculations, we use dimensionless pa-
rameters J = g = 1 [9], and vary a from small values to large
ones covering both the above-mentioned regimes, as well as
the intermediate case of ga ∼ J . Unless stated otherwise, we
set β = (

√
5 − 1)/2 (inverse golden ratio) and use its rational

approximations in numerics (see Appendix B).
A standard trick of introducing the chemical potential μ

and H′ = H − μA [9] allows to formulate equations for the
time-independent ground state Gl for a fixed number of parti-
cles A [43] (see Appendix A),

(εl − μ)Gl − J (Gl+1 + Gl−1) + g|Gl |2Gl = 0, (4)

which implicitly define a as function of μ (and vice versa)
and other parameters (e.g., for W = 0 one has ga = μ + 2J).
Next, we define the ground-state correlation field [9]

ζl = Gl+1 + Gl−1

Gl
, (5)

which is equal to 2 in the absence of the AA potential.

FIG. 1. The high-density regime ground-state amplitudes (we
use blue lines instead of discrete dots for presentation purposes) for
the chain size N = 2584. Here, a = 3 with (a) W = 1, (b) W = 3,
and (c) W = 10. In the insets, we compare Gl ’s and the linear
response estimations (6) (dashed orange lines). Upon W growth,
deviations from the linear response become apparent.

For small W � max(ga, J ), the ground state varies follow-
ing the quasiperiodic potential (linear response),

Gl ≈ √
a

[
1 − εl

2ga + 2J (1 − cos 2πβ )

]
. (6)

However, for W � max(ga, J ), a strongly nonlinear response
is expected.

We compute the ground state using the gradient descent
method (see Appendix A) with a constraint

∑
l |ψl |2 = A

(the Lagrange multiplier corresponds to the chemical po-
tential μ). Figure 1 shows the numerically obtained Gl in
the high-density regime (a = 3) for different potential val-
ues W = 1, 3, 10 in Figs. 1(a)–1(c), respectively. The insets
display a close-up for 1 � l � 10, compared with the linear
response prediction (6). Evidently, the latter fails to accurately
describe the ground state for strong AA potentials, namely
for W � ga in the high-density regime. In the low-density
regime, the same rule applies, but W should be compared
with J (see Fig. 2). In particular, we use a = 0.3 and three
various W . The linear response equation (6) works reason-
ably well for W ∼ 1 in this case. For the highest W = 10,
the ground-state response is essentially nonlinear, leading to
weakly coupled condensate puddles. Nevertheless, the ground
state is extended even for the strongest AA potential.

In Fig. 3, we examine the scaling of the ground-state
participation number P = (

∑
l G2

l )2
/
∑

l G4
l for the same pa-

rameters a and W used in Fig. 2. The calculations are
performed for system sizes N from 377 to 6765. The nu-
merical results show P ∝ N , indicating that the ground
state is extended even for a strong quasiperiodic potential
W = 10. This behavior may be understood as follows: for
strong quasiperiodic perturbations and low densities, the
condensate mostly occupies sites with the lowest on-site
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FIG. 2. The ground-state amplitudes for the density a = 0.3 and
N = 2584 (low-density regime), for different AA potential strengths
W = 1, 3, 10 from (a)–(c), respectively. All notations are identical to
those of Fig. 1.

energy with cos (2πβl + ϕ) < −1 + δ for some positive
δ � 1. Then, in the thermodynamic limit, the probability of
the site to be occupied is ∼δ1/2 and these sites are quasihomo-
geneously spread along the chain.

Fluctuations above the ground state, i.e., BdG modes, are
defined using the representation

ψl = Gl + χl e
−iλt − �∗

l eiλt . (7)

Here, λ is the energy of an excitation. This representation is
valid for infinitesimal χl and �l in our classical approach
since Gl is nonzero everywhere, even for strong AA poten-
tials, and the ground state is extended. In the quantum case
with a � 1 and g � J , some sites are expected to have zero
occupancy for strong enough AA, and the chain will be ef-
fectively decoupled. We do not consider such effects here.
Moreover, a transition to the Mott insulator phase can occur,
which is also beyond the scope of the present study.

FIG. 3. Scaling of the participation number of the ground state
P with N for a = 0.3 and W = 1, 3, 10. Even for the strongest AA
potential, W = 10, the slope clearly indicates the delocalized nature
of the ground state.

Linearizing the equations of motion in χl and �l fields, we
get the BdG equations

λχl = Jζlχl + gG2
l (χl − �l ) − J (χl+1 + χl−1),

λ�l = −Jζl�l + gG2
l (χl − �l ) + J (�l+1 + �l−1). (8)

Importantly, there is always a solution χl = �l ∝ Gl for λ =
0 (the Nambu-Goldstone mode due to the global phase invari-
ance breaking). There is also a particle-hole symmetry, so if λν

corresponds to an eigenvector (χν
l ,�ν

l ) then −λν corresponds
to the eigenvector (�ν

l , χ
ν
l ).

Further simplification can be made by introducing the sum
and the difference of the fields χl = (Sl + Dl )/2 and �l =
(Sl − Dl )/2 (see Appendix A). Note that fields Sl and Dl have
similar localization properties due to a local coupling between
them. Excluding Dl , we have

ESl ≡ λ2

J
Sl = (

Jζl + 2gG2
l

)
(ζl Sl − Sl+1 − Sl−1)

− J (ζl+1Sl+1 + ζl−1Sl−1 − Sl+2 − 2Sl − Sl−2). (9)

This system of linear equations is suitable for numerical di-
agonalization for a given ground state Gl [and consequently,
ζl from Eq. (5)]. Note that at W = 0 one has the Bogoliubov
spectrum of excitations labeled by momentum k ∈ (−π, π ],

Ek = 4(1 − cos k)[ga + (1 − cos k)J], (10)

and the “bandwidth” is 8(ga + 2J ). The latter is mainly
determined by J in the low-density regime and ga in the
high-density one. As in the AA model, we show that W should
be compared with the bandwidth to judge the localization on
a qualitative level.

Localization properties of the eigenstates can be addressed
using the participation number, which for the νth mode is
defined as follows:

Pν =
(∑

l nl,ν
)2∑

l n2
l,ν

, nl,ν = |χl,ν |2 + |�l,ν |2. (11)

The states are classified according to the scaling of their par-
ticipation number with the system size. For extended states
P ∼ N , and for localized ones P ∼ N0. The fractal (critical)
modes are characterized by P ∼ Nτ with 0 < τ < 1. Numer-
ically, τ is determined as the slope of the ln P(ln N ) function,
which is approximately linear for extended and critical states.

Using the equations above, we can develop some intuition
on the excitation properties. To do so, we utilize the linear
response formula (6) for the ground state. In the low-density
regime ga � J , for high-energy excitations we can neglect
gG2

l �l in Eqs. (8). It is easy to see that to zeroth order in
ga/J one returns to the standard AA model, whereas the first
correction renormalizes W . It reads

� =
[

1 − 2ga

J (1 − cos 2πβ )

]
W. (12)

For low-energy excitations, the terms gG2
l (χl − �l ) in

Eqs. (8) are crucial for linear dispersion at W = 0 and cannot
be neglected. Therefore, we can expect that the condition
� = 2J indicates localization of the highest-energy modes
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FIG. 4. In the nonlinear Aubry-André model (3), WNL serves
as an indicator when localized modes emerge upon W growth. It
depends on the particle density a. Here, we plot it for (a) low-
density and (b) high-density regimes. In (a), blue and red curves
correspond to the emergence of the localized modes at the edge
(λ ≈ 5) and the middle (λ ≈ 2.5) of the spectrum, respectively. In
(b), only WNL for the edge is presented. The dashed lines are theoret-
ical predictions (13) and (19).

and determines WNL. Using Eq. (12), one can write

WNL ≈ 2J

[
1 + 2ga

J (1 − cos 2πβ )

]
. (13)

One of the crucial observations is that this estimation works
well only for the states near the edge of the spectrum for
a � 1 [see Fig. 4(a)]. Counterintuitively, the states in the
middle of the spectrum become localized first, which can be
understood using the concept of localized phase tongues (see
below).

In the high-density regime ga � J , we can rewrite Eqs. (9)
in the approximate Aubry-André-like form with the effective
constant being energy dependent. Using Eqs. (5) and (6), one
obtains [9]

Gl ≈ √
a

(
1 − εl

2ga

)
, (14)

ζl ≈ 2 − 1

2ga
(εl+1 + εl−1 − 2εl ). (15)

The approximate equation for the BdG excitations (9) reads

ESl = 2gG2
l (ζl Sl − Sl+1 − Sl−1). (16)

Dividing (16) by 2gG2
l , and collecting terms up to the first

order in εl/ga, we get

E ′Sl = −(Sl+1 + Sl−1) − �(E ) cos(2πβl + ϕ)Sl , (17)

which corresponds to the standard AA model (1) with renor-
malized E -dependent potential �(E ). Here,

E ′ = E − 4ga

2ga
,

�(E ) =
[

E

2ga
− 1 + cos (2πβ )

]
W

ga
. (18)

Near the edge of the spectrum Emax ≈ 8ga (10), the AA criti-
cal point condition �(Emax) = 2 yields

WNL ≈ 2ga

3 + cos 2πβ
. (19)

Therefore, localization of high-energy modes requires W ∼
ga, which, formally, places the system in the regime where
the linear response theory for the ground state (6) is inap-
plicable. However, in Fig. 4(b), we show that the estimate
(19) agrees with the numerical result on a semiquantitative
level of accuracy. This is likely because the linear response is
surprisingly accurate beyond the W � ga parameter domain
as shown in Fig. 2(b). Note also that Eq. (18) hints at the
existence of the mobility edge in the spectrum for W > WNL.
Another important feature is the mobility edge β dependence,
which is briefly discussed in Appendix C.

III. SPECTRUM AND MOBILITY EDGES

The complex nature of the BdG spectrum of model (3) in
the case of uncorrelated disorder was shown in Ref. [9]. The
divergence of the localization length was observed not only
for low-energy excitations, but also for modes near a certain
energy, which depends on the particle density. The nonlinear
Aubry-André model also exhibits nontrivial spectral proper-
ties, as shown in Fig. 5. In Figs. 5(a)–5(d), we show the evolu-
tion of the BdG excitation spectra with W for various particle
densities. The color encodes the fractal dimensions of the
respective states. Roughly, one can see that in agreement with
the discussion above, the high-density spectra develop the
mobility edge at certain values of W , which moves to lower
energies upon further growth of W . Moreover, the lowest-
energy modes are delocalized even for the largest W values.

However, a deeper view reveals the fine structure of the
spectra for certain intermediate W ranges (depending on a).
For instance, in Fig. 5(e), we consider the section of Fig. 5(d)
for a = 15 along the vertical line W = 23. While the low-
and high-energy modes are delocalized and localized, respec-
tively, for intermediate λ we have a mixing of “subbands” of
localized and delocalized states and, thus, multiple mobility
edges. Notably, multiple mobility edges were also observed
theoretically for disordered Bose superfluids in Ref. [6] and
for generalized Aubry-André-like models in Refs. [50,51].
The connection between the latter studies and the present
model is discussed in Appendix D.

For large enough W , a single mobility edge separates low-
energy (modulated) plane waves and high-energy localized
modes [see Figs. 5(f)–5(j)]. Moreover, intermediate critical
fractal states can be observed (see Appendix E for the relation
to the extended Harper model famous for the emergence of the
fractal states). The difference among the three types of modes
is apparent in Figs. 5(h)–5(j).

For the high-density regime, multiple mobility edges orig-
inate from extended phase tongues, which persist in the form
of narrow subbands separating localized phase regions. This
idea is illustrated in detail in Fig. 6.

Physics is also far from being trivial in the low-density
regime. Here, the mobility-edge tongues (wedged regions)
protrude toward lower W , unlike in the high-density regime,
where the tongues protrude toward higher W . They evolve
differently at the spectrum’s middle part and edges as W
increases, as shown in the red (edge) and blue (middle) curves
of Fig. 4(a). The full-spectrum map appears in Fig. 5(a). In
particular, states remain extended near the center, localized at
intermediate energies, and extended again at the upper edge.
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FIG. 5. Overview of the nonlinear Aubry-André model (3) properties. In (a)–(d), we show elementary excitations spectra for the particle
densities a = 0.01, 1, 5, 15 and the system size N = 2584, respectively, and τ , which indicates the corresponding participation number scaling
properties. In (e), we present τ (λ) for W = 23 [vertical section of (d)], which reveals multiple mobility edges. For the scaling analysis we
used N = 987, 1597, 2584, and τ was averaged over a small energy window δλ = 0.01. The inset shows the scaling of P vs N on a log-log
plot. Dashed red lines indicate reference scalings P = N1 and P = N0. Further insights into the model properties can be obtained using
reciprocal space wave functions. In (f) and (g), we contrast spectra for a = 3 with respective W = 3 and W = 10. In the former case, all the
modes are delocalized, having well-resolved k-space peaks, whereas in the latter case, upon λ growth, the localization emerges through an
intermediate fractal regime. The corresponding wave functions—extended, critical, and localized—for λ = 0.051, 7.9, and 11 are shown in
(i)–(k), respectively (N = 2584).

IV. EFFECTIVE LOW-ENERGY THEORY

Since the pioneering work by Bogoliubov [52], it is well
known that in a dilute Bose gas, low-energy excitations es-
sentially differ from the high-energy ones. The former are
hydrodynamic phonons (acoustic waves), whereas the latter
are nearly free bosons. We observe that in our theory, this
property is crucial.

In our model, the Nambu-Goldstone mode is characterized
by Sl ∝ Gl and Dl = 0. It is natural to expect that smooth
low-energy solutions can be obtained by introducing vari-
ables S̃l = Sl/Gl and D̃l = Dl/Gl . Indeed, the corresponding
excitation real-space profiles of S̃l exhibit plane-wave-like
behavior even for large W for which the rest of the spectrum
is localized [see Figs. 5(g) and 5(h)].

To understand the physics behind such a behavior, we
rewrite Eq. (9) using λ = i∂t and a gradient expansion of
smooth S̃l . In more detail, we use

S̃l±1 = (
S̃ ± ∂xS̃ + 1

2∂2
x S̃

)∣∣
x=l

. (20)

After some calculations, Eq. (9) can be transformed to

∂2
t S̃ = fl∂

2
x S̃ + gl∂xS̃. (21)

Here,

fl = JgG2
l ζl + J2

(
1 + ζ 2

l

2
− 3ζ

(2)
l

2

)
, (22)

gl = 2JgG2
l ξl + J2

(
ζlξ

(1)
l − ξ

(2)
l

)
ζl , (23)

with

ζ
(n)
l = Gl+n + Gl−n

Gl
, ξ

(n)
l = Gl+n − Gl−n

Gl
. (24)

Importantly, for W = 0, fl = 2Jga and gl = 0, so excita-
tions are acoustic waves with λ2 = 2Jgak2, which is just a
long-wavelength expansion of Eq. (10). More insights can be
obtained from the perturbative expansion (6). For example, in
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FIG. 6. For a given density a (here, a = 18) the phase diagram
on the W -λ plane has nontrivial branching due to the tongues. In the
high-density regime, the tongues of the delocalized phase penetrate
the localized phase domain in the form of several narrow quasibands.
At the tongue ends, fractal states (green dots) can be observed.
The inset shows the scaling of the participation ratio for the states
indicated by labels (i)–(iii). Exponent τ reveals their respective ex-
tended, fractal, and localized nature. System sizes are from N = 377
to N = 46 368.

the high-density regime, one has

fl ≈ 2Jga − (1 + cos 2πβ ) JW cos (2πβl + ϕ), (25)

gl ≈ 2 sin 2πβ JW sin (2πβl + ϕ). (26)

We see that fl and gl are similar to the initial AA potential,
which mixes harmonics with k differing by 2πβ. In general,
perturbation to fl , δ fl , and gl contain higher-order harmonics,
for example, ±4πβ with coefficient ∝W 2 and others [43].
In more detail, for W �= 0, δ fl and gl can be represented as
sums of terms ∝W n cos n(2πβl + ϕ) and sin n(2πβl + ϕ),
respectively (n � 1). However, they are coupled to derivatives
of S̃ in the equation of motion. So, after the Fourier transform,
we have a problem similar to the original Aubry-André one,

(ω2 − c2k2)S̃(ω, k) +
∑
n �=0

[
k2

n fn + ikngn
]
S̃(ω, kn) = 0, (27)

where kn = k − 2πnβ. The last terms here “mix” states with
various momenta which differ by 2πβ. It is easy to see (using,
e.g., the second-order perturbation theory) that the correc-
tion means that the effective AA parameter � ∝ kW and
regardless of how strong is the original W , for small enough
energies, the BdG modes will be extended.

Numerically, we observe that low-energy excitations are
only weakly perturbed [see Figs. 5(f) and 5(g)]. However,
with the energy growth, the admixture of higher harmon-
ics becomes tangible. Even for strong enough W the whole
first “quasiband” (with k ∈ (−πβ, πβ] for β < 1/2 or k ∈
(−π (1 − β ), π (1 − β )] for β > 1/2) can be in the delocal-
ized phase. This statement is illustrated in Fig. 5(g) for a = 3
and W = 10, where states below the largest gap have only
several significant Fourier harmonics, and we can ascribe
them the momentum in k ∈ (−0.38π, 0.38π ) interval (here,
1 − β ≈ 0.38).

V. CONCLUSION

We studied the localization properties of the Bogoliubov–
de Gennes modes of the nonlinear Aubry-André model based
on the bosonic Gross-Pitaevskii lattice in both low- and
high-density regimes. In our classical approach, they are
equivalent to weakly and strongly interacting cases. Unlike the
usual Aubry-André model, where there is one critical value
WC = 2J of the potential strength, which separates regimes of
localized and extended states, the spectrum of normal modes
possesses a mobility edge [43,44]. We report on its highly
nontrivial behavior. In the high-density regime, in accordance
with general arguments, localization first occurs at the edge
of the spectrum for high-energy excitations. However, upon
further increase of W , we reveal a peculiar branching of the
mobility edge due to the tongues of delocalized phases pene-
trating the localized phase region. In the low-density regime,
counterintuitively, the localization transition first occurs in
the middle of the spectrum. This phenomenon is intimately
related to the existence of the tongues of the localized phase
penetrating the delocalized phase for W � 2. At the tongues’
ends, as a rule, critical (fractal) states can be observed. Fi-
nally, the low-energy part of the spectrum is “protected” from
localization. This issue can be addressed using the effective
low-energy theory, which shows that the corresponding modes
feel the renormalized Aubry-André potential.
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APPENDIX A: OBTAINING THE GROUND STATE
AND BOGOLIUBOV–DE GENNES EQUATIONS

For the Hamiltonian (3), the equations of motion read

iψ̇l = ∂H
∂ψ∗

l

= εlψl − J (ψl+1 + ψl−1) + g|ψl |2ψl . (A1)

We need to obtain the normalized ground state Gl with A
particles. To do so, we write the normalized wave function

ψ̃l = 1√
A

ψl . (A2)

The Hamiltonian in terms of the normalized wave function is

H̃ ≡ H/A =
N∑

l=1

[
εl |ψ̃ |2 − J (ψ̃l ψ̃

∗
l+1 + ψ̃∗

l ψ̃l+1) + g̃

2
|ψ̃ |4

]
,

(A3)

where we define g̃ = gA.
The ground state has a minimal energy with constraint∑
l |ψ̃l |2 = 1. Corresponding Gl ’s are obtained when the
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following gradient becomes zero:

∇L ≡ ∇
[
H − μ

(∑
l

|ψ̃l |2 − 1

)]
= 0. (A4)

Here, we introduce the Lagrange multiplier μ (chemical po-
tential). This gives the equations

(εl − μ)ψ̃l + g|ψ̃l |2ψ̃l − J (ψ̃l+1 + ψ̃l−1) = 0. (A5)

The ground-state problem can be solved using the gradient
descent method, which we implement in the following form:

(∇L)t = ∇L − (∇L · ψ̃ )ψ̃

‖∇L − (∇L · ψ̃ )ψ̃‖ . (A6)

Here, (∗)t and (∗)n are parallel, and normal components of the
gradient to the unit sphere of norm 1. The gradient descent
must be restricted to this unit sphere. The update is done
(while conserving its norm) as

ψ̃ (k+1) = cos(φk )ψ̃ (k) − sin(φk )∇L, (A7)

with a parameter step length φk as in the conventional gradient
descent method. Note that the updated Eq. (A7) preserves
the norm, but due to numerical instability, one still needs to
perform normalization every few steps. At the ground state,
the tangent component (∇H)t becomes zero; on the other
hand, the normal component satisfies

(∇H)n = μ∇‖ψ̃‖2 = 2μ �ψ. (A8)

Note that the obtained ground state has Gl > 0 on each site.
The Bogoliubov–de Gennes modes are weak excitations on

top of the ground state,

ψl = Gl + χl e
−iλt − �∗

l eiλt , (A9)

where |χl |, |�l | � Gl . Using Eqs. (A1) and the chemical
potential, one obtains Eqs. (8). They can be conveniently
rewritten for Sl = χl + �l and Dl = χl − �l as

λSl = (
Jζl + 2gG2

l

)
Dl − J (Dl+1 + Dl−1), (A10)

λDl = Jζl Sl − J (Sl+1 + Sl−1). (A11)

Dl ’s can be easily excluded, and we arrive at Eqs. (9) for Sl ’s
only.

APPENDIX B: FINITE-SIZE SCALING, RATIONAL
APPROXIMATIONS, AND PHASE

In our calculations throughout the manuscript, we use
chains of finite size with periodic boundary conditions for the
Aubry-André potential

εl = W cos (2πβl + ϕ). (B1)

Since we are mostly interested in β = (
√

5 − 1)/2, it is nat-
ural to use its rational approximation in the form of ratios of
Fibonacci numbers

β ≈ Fn−1

Fn
, (B2)

which suggests using, e.g.,

β = 610
987 , 1597

2584 , 6765
10 946 , . . . . (B3)

The denominators here represent natural choices for the sys-
tem sizes: N = 987, 2584, . . .. This set of system sizes allows
us to check scaling properties of eigenstates and to determine
corresponding fractal dimensions (see Fig. 7).

Another important issue for the Aubry-André problem is
the possible dependence of physics on the phase variable ϕ

(see, e.g., Ref. [53]). In Fig. 7, we show this is not the case for
our model. Even though near the transition point the standard
deviation of participation ratio exponent τ slightly increases,
we clearly observe the change of behavior from extended to
localized for high-energy modes at WNL.

APPENDIX C: OTHER VALUES OF PARAMETER β

We briefly discuss the results for other values of β. Qual-
itatively, the above discussion also applies here. Importantly,
unlike the AA chain, the mobility edge is expected to depend
on β, as inferred from the low-density (13) and high-density
(19) approximations. This allows us to draw colorful Hof-
stadter butterflies [54] in Fig. 8. It shows the participation
number scaling of the BdG spectrum λ vs β, with the pre-
dicted mobility edge (19) shown by a black line. We find
that the mobility edges are indeed β dependent. However, as
expected, the deviation from the analytical estimation arises
because the high-density approximation assumes ga � W .

APPENDIX D: RELATION TO OTHER EXTENSIONS
OF THE AUBRY-ANDRÉ MODEL

Some generalizations of the standard AA were considered
in detail in Refs. [46,51]. Among them, there are mod-
els including next-nearest-neighbor hopping accompanied by
higher harmonics for the incommensurate potential, e.g.,

W2 cos 2(2πβl + φ), (D1)

as well as more complicated forms

εl = 2W
cos (2πβl + ϕ)

1 − α cos (2πβl + ϕ)
. (D2)

Notably, for the latter case, the mobility edge is given by a
simple analytical equation (see Ref. [46] for details),

αλ = 2 sgn(W )(1 − |W |/2). (D3)

Below, we show that the elementary excitations spectrum
of the Gross-Pitaevskii chain can be approximately repro-
duced in similar “hybrid” models. However, in the interesting
parameter ranges, they are essentially complex. We begin with
the low-density regime, in the case when the localized phase
tongue separates low- and high-energy delocalized excita-
tions. The generic physics can be illustrated using a = 0.05
and W = 2.05. The λ > 0 part of the BdG spectrum can be
accurately described using the equation [see Eqs. (8) and
discussion below]

λχl = (
Jζl + gG2

l

)
χl − J (χl+1 + χl−1). (D4)

The nontrivial part is evidently hidden in the Jζl + gG2
l coef-

ficient. Notably, for the parameters above, we can represent it
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FIG. 7. Here, the range of a ∈ (2, 20) is scanned (high-density regime), which corresponds to colors from violet to yellow in (a)–(c).
(a) There is almost no φ-induced variation for the ground-state energy and maximal eigenvalue. (b) Averaged over φ participation ratio
exponent τ clearly indicates localization transition at the edge of the spectrum. (c) Standard deviation of τ essentially increases at near the
transition point. (d) Scaling of the participation ratio exponent with the system size; for curve bunches from left to right, a changes from
2 to 20.

as a Fourier series

Jζl + gG2
l = �0 + �1 cos (2πβl + ϕ)

+�2 cos 2(2πβl + ϕ)

+�3 cos 3(2πβl + ϕ) + · · · , (D5)

where we obtained numerically

�0 ≈ 2.61, �1 ≈ 1.93,

�2 ≈ 0.08, �3 ≈ −0.06. (D6)

According to the coefficient values, the first idea should be to
take only the first two terms. However, it is equivalent to the

standard AA model, and since �1 < 2, it cannot capture local-
ization at all. This highlights the crucial role of weaker higher
harmonics. Notably, despite expansion (D5) being slowly
convergent, inclusion of terms ∝�2,3 is sufficient to semi-
quantitatively reproduce the spectrum properties (see Fig. 9).
One can also try to leave only one of the �2,3 harmonics. We
observed that this leads to an inaccurate description of the
model spectrum. Noteworthy, our result here resembles the
one shown in Fig. 3(a) of Ref. [51] for the AA model enhanced
with weak next-nearest-neighbor hopping and weak second-
and third-order incommensurate perturbations.

We proceed with the high-density regime. Below, we show
that the most interesting case with multiple mobility edges can

FIG. 8. The mobility edge β dependence. Here, N = 987, a = 50, W = 50, 62.5, 75 from left to right. The black line shows the analytical
prediction for the mobility edge at the high-density regime (18).
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FIG. 9. In the low-density regime, the spectrum can be obtained
using Eqs. (D4). (a) Description of Jζl + gG2

l (blue dots) using
Fourier harmonics (orange dots) can be sufficiently accurate. Here,
four harmonics were used [see Eq. (D5)]. (b) The spectrum consists
of localized modes in the middle (participation ratio P � 50 and
delocalized modes at low and high energies as shown by blue dots
representing the result of numerical diagonalization of the system
of equations (D4). Simplified description using only two dominant
harmonics is not sufficient (orange dots), whereas four harmonics
reproduce the spectrum properties semiquantitatively (green dots).
Here, N = 987, a = 0.05, W = 2.05.

be quantitatively discussed in terms of a particular multihar-
monic model. For illustration purposes, we take a = 18 and
W = 27.5 (cf. Fig. 6) and use Eq. (9). It can be diagonalized
as is, but we want to make connections with AA-like models.
To do so, we neglect small next-nearest-neighbor hoppings J ,
substitute ζl±1 with ζl , and arrive at

E

2
(
gG2

l + Jζl
)Sl = ζl

(
2gG2

l + Jζl
)

2
(
gG2

l + Jζl
) Sl − Sl+1 − Sl−1. (D7)

The exact spectrum (remember that λ = √
EJ) is compared

with the spectrum obtained using this equation in Fig. 10(a).
Reasonable agreement can be reported. Next, we try to rep-
resent coefficients of Eq. (D7) in the form suggested in
Refs. [46,51]. We write approximate expressions

1

2
(
gG2

l + Jζl
) ≈ a0 + a1 cos (2πβl + ϕ)

+ a2 cos 2(2πβl + ϕ)

+ a3 cos 3(2πβl + ϕ) + · · · ,

FIG. 10. In the high-density regime, the spectrum can be calcu-
lated using Eqs. (9). (a) Here, we compare the exact spectrum and the
one obtained using the AA-like equation (D7). Despite certain dis-
crepancies, the latter allows for describing multiple mobility edges.
(b) Here, we compare two-harmonic and four-harmonic approxima-
tions [see Eq. (D8)]. The latter shows two mobility edges; however,
the spectrum is somewhat different from those shown in panel (a).
The model parameters are N = 987, a = 18, W = 27.5.

a0 ≈ 0.029, a1 ≈ 0.018,

a2 ≈ −0.004, a3 ≈ 0.009, (D8)

ζl
(
2gG2

l + Jζl
)

2
(
gG2

l + Jζl
) ≈ b0 + b1 cos (2πβl + ϕ)

1 − b2 cos (2πβl + ϕ)
,

b0 ≈ 1.78, b1 ≈ 2.16, b2 ≈ 0.62. (D9)

The latter representation works much better than a simple
Fourier expansion. We compare the results for two and four
harmonics in Eq. (D8) in Fig. 10(b). A Two-harmonic ap-
proximation yields only a single mobility edge, whereas the
four-harmonic one yields two. Nevertheless, even in the latter
approach, the spectrum structure is essentially different from
that of the exact equation diagonalization. Finally, we note
certain similarities between the obtained spectrum and the one
shown in Fig. 3(b) of Ref. [51] obtained in a much simpler
model.

To conclude, we showed that in the most interesting
regimes, functions Gl and ζl are strongly modulated and
nonperturbative, and the corresponding effective models
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describing the spectrum cannot be represented in solv-
able forms with sufficient accuracy. Thus, the considered
quasiperiodic Gross-Pitaevskii chain is characterized by more
complex behavior in comparison with previously addressed
generalizations of the AA model [46,50,51].

APPENDIX E: RELATION TO THE EXTENDED
HARPER MODEL

This model was studied, e.g., in Refs. [55–57]. Here, we
will mostly follow the notations of Ref. [57]. We show that
for the high-density regime, the equations describing BdG
excitations [Eq. (9)] correspond to the extended Harper model
(EHM) ones. Importantly, this property hints at the possibility
of observing fractal states in our model.

At high density, we can write

ESl = 2gG2
l (ζl Sl − Sl+1 − Sl−1). (E1)

Let us define the following operators,

D̂ =
∑

l

2gG2
l |l〉〈l|,

Ĥ0 =
∑

l

ζl |l〉〈l| − |l〉〈l + 1| − |l + 1〉〈l|. (E2)

Then, we can write Eq. (E1) as follows,

E |S〉 = (D̂Ĥ0)|S〉, (E3)

where |S〉 = ∑
l Sl |l〉. Performing the similarty transfor-

mation with D̂1/2 leads to effective BdG Hamiltonian

D̂1/2Ĥ0D̂1/2, which is Hermitian. So, after this transformation,
the BdG equations are given by

ES̃l = (hl + hl−1)S̃l − hl S̃l+1 − hl−1S̃l−1, (E4)

where S̃l = (2g)−1/2Sl/Gl , and hl = 2gGlGl+1, which ap-
proximately reads

hl = 2ga − W cos(πβ )(e2π i(βl+β/2) + e−2π i(βl+β/2)). (E5)

With an appropriate rescaling, we have the extended Harper
model with parameters given by

λ2 = ga

W cos2(πβ )
,

λ1 = λ3 = 1

2| cos(πβ )| . (E6)

The phase diagram of the extended Harper model is known
exactly [57].

In our model, we obtain

ga > W | cos(πβ )| extended,

ga < W | cos(πβ )| critical. (E7)

These inequalities suggest the existence of fractal states in the
spectrum of the nonlinear Aubry-André model; however, in
the range of W where the whole procedure leading to Eq. (E4)
is questionable (it relies on the W � ga condition). Moreover,
from the inequalities above, we cannot obtain any information
related to mobility edges and localized states.
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