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Abstract: The unidirectional Hatano-Nelson chain serves
as the fundamental non-Hermitian building block of the
Su-Schrieffer—Heeger (SSH) model. We investigate its
Anderson localization properties under diagonal binary dis-
order. For weak disorder, the complex eigenvalue spectrum
forms a single closed loop, which bifurcates into two distinct
loops at a critical disorder threshold. Correspondingly, the
spectral winding number v undergoes a transition from
v =11in the weak-disorder regime, through v =1/2 at the
critical point, to v = 0 in the strong-disorder limit. We show
that the eigenstates are subexponentially localized, with a
localization length that varies analytically as a function of
the momentum-like quantum number q. Notably, at weak
and critical disorder, the spectrum hosts two completely
delocalized states with diverging localization lengths. This
divergence is directly correlated with the non-trivial spec-
tral winding number. These findings remain robust under
various boundary conditions, with the exception of strictly
open boundaries.

Keywords: Anderson localization; Hatano—Nelson model;
spectral topology

1 Introduction

Anderson localization (AL) — the confinement of electronic
wavefunctions within a limited region of a lattice due to
stochastic disorder — remains a cornerstone of condensed
matter physics [1], [2]. Since its discovery, AL has been
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extensively explored across diverse physical platforms,
including photonic crystal waveguides [3], light dynamics
[4], [5], ultrasound propagation [6], [7], and microwave
systems [8]. Recently, the study of Anderson localization
in non-Hermitian systems has emerged as a vibrant fron-
tier [9]-[12]. Notably, random non-Hermitian disorder has
been shown to induce AL transitions in three-dimensional
systems [11], while studies in PT-symmetric systems have
revealed phase transitions from extended to localized states
in optical waveguide arrays with balanced loss and gain
(BLG) [13], [14].

A particularly compelling recent development is the
interplay between AL and topological phase transitions
[15]-[20]. For instance, random binary disorder in the hop-
ping amplitudes of a Su-Schrieffer—Heeger (SSH) model
can give rise to topological Anderson insulator phases [15].
Research in this vein has characterized the system-size scal-
ing of local moments [18], as well as persistent currents and
entanglement spectra at topological Anderson transitions
[19].

The introduction of non-Hermiticity adds a transfor-
mative dimension to these studies. Non-Hermitian topologi-
cal Anderson insulators have been realized experimentally
[20], and it has been demonstrated that skin states and
Anderson localized states can be differentiated by distinct
spectral winding numbers [21].

In this article, we investigate the Anderson local-
ization properties and topological phase transitions in a
non-Hermitian unidirectional chain subject to diagonal
binary disorder. We demonstrate that the localization length
diverges under specific conditions dictated by the system’s
topological phase. Specifically, we find at least two com-
pletely extended states within the topologically non-trivial
regime. Conversely, in the trivial regime, all eigenstates are
localized, and the divergence of the localization length is
suppressed.

The paper is organized as follows: In Section 2.1,
we introduce the unidirectional model, followed by a
discussion of its symmetries and winding numbers in
Section 2.2. We derive an analytical expression for the
localization length in Section 2.3 and analyze participation
ratios in Section 2.4. The impact of generalized boundary
conditions (GBC) is examined in Section 3, and the effects
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of off-diagonal binary disorder are addressed in Section 4.
Finally, we summarize our findings in Section 6.

2 Model and results

We consider a lattice model consisting of N sites described
by the non-Hermitian Hamiltonian:

N
H= Z (=t dan, +t ala,), )

n=1

where a, (ai) is the annihilation (creation) operator at

site n. Here, t; denotes the onsite potential, while ¢, repre-
sents the unidirectional hopping amplitude from site n +
1 to site n. Note that the reciprocal hopping amplitude
(from site n to site n+1) is zero, which serves as the
primary source of non-Hermiticity in this lattice model.
We assume periodic boundary conditions (PBC) such that
ay.1 = a;. This Hamiltonian (1) represents a unidirectional
Hatano—Nelson [9] chain (uHN) and constitutes the irre-
ducible block of the Su—Schrieffer—Heeger (SSH) [22] model.
Indeed, the SSH Hamiltonian can be expressed as: Hggy =
%[(0'1 +i0,) ® H' + (0, — ic,) ® H|.

We define the general eigenstate of the uHN Hamilto-
nian (1) as:

N
¥y = Y\ w; @ 0), %)
j=1

The Schrédinger equation H|W)
ing set of coupled equations:

= E|Y¥) yields the follow-

Ey,=ty,— by, n=12...(N-1),

6

Eyy =t yy — b v

By employing the ansatz y,, = A e, we obtain the energy
dispersion E = t; — t,elX. The boundary conditions restrict
the allowed values of the wavevector to k = Z”S , Where s =
0,1,... (N —1). In the complex energy plane, the eigenvalue
spectrum of the ordered uHN model forms a circle centered
att; on the real axis with radius ¢,. The corresponding eigen-
vectors are extended plane waves, where the wavevector
k corresponds to the angular position of a point on the
spectral circle.

2.1 Binary onsite disorder

To investigate Anderson localization within the non-Her-
mitian unidirectional Hatano—Nelson (uHN) lattice model,
we introduce binary disorder into the onsite potential:

DE GRUYTER

N

H= Z (ty, a'ay,

n=1

—tyaay,,), t, €{+h-h}. @
The onsite potential ¢;,, assumes uncorrelated values of
+h or —h randomly with equal probability. Considering
the thermodynamic limit with a large even N, we assume
that half of the sites possess a potential +h and the other
half —h. In this regime, the eigenvalues can be derived
analytically.

We obtain a system of equations similar to Eq. (3), but
with the distinction that ¢, fluctuates between +h. This leads
to the ratios "’V"/“ =_Elor "’V"/“ = E+h . Consequently, the
boundary condition for the pe;lodlc cham requires:

il v &y

W _ ! _ A
= 1=z
A W (B2 RN (EZ — R2)N/2

©)]

The resulting eigenvalues are given by:

E, =+\/R+ & el 6

where q = % and s=0,1,..., ¥ 1 In polar form, the

2
eigenvalues can be expressed as:
E.=+VR %/, ™

where

R= \/h4 + t; + 2h*t} cos(q),

t% sin(q) >

b= arctan<hz+t§cos(q)

The complex spectra are illustrated in Figure 1. For
weak disorder (h < t,), the eigenvalue spectrum forms a sin-
gle closed loop in the complex plane, which bifurcates into
two distinct loops at the critical disorder strength h = t,.
The expression for the spectrum and the bifurcation of the
spectral loop were reported in Ref. [23], while the spectral
topology and localization length were not. In the follow-
ing sections, we investigate the spectral topology and the
Anderson transition. As discussed in the following section,
the spectral winding number undergoes a transition from
1 to 0 via the value 1/2 at the critical point as the sys-
tem moves from the weak to the strong disorder regime
[24].

For t, > h, the eigenvalues corresponding to ¢ = x are
purely imaginary. For h <t, and q = #, the eigenvalue is

— k%, In this case, the Schrédinger equation

(-t -

E, =+i
becomes:

—bLYnia- ®
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Figure 1: Complex energy spectra of the binary disordered uHN chain. Parameters: t, = 1, N — 0. (a) Weak disorder (h = 0.8 < t,); (b) critical point

(h =1.0 =t,); (c) strong disorder (h = 1.2 > t,).

This implies that |y, = [y ,|, a condition of uniform
amplitude that also holds at the critical point ¢, = h.
Normalization ensures that |y,| =1/ \/]TI The phase
difference between v, and y, forh < t, atq = is:

/tZ _ hZ
A, = Farctan ZT for t,, = +h,

2 2
£~ h

= =+{ arctan T /4

for t;, = —h,

where the + sign corresponds to E = E, . These analytical
results demonstrate that for h < t,, the ¢ = z eigenstates
are completely delocalized with constant absolute values
and phase shifts directly imprinted by the specific disorder
realization. Conversely, numerical diagonalization reveals
that all other eigenstates are localized.

The squared absolute value of a typical localized eigen-
state is shown in Figure 2(a), illustrating its spatial confine-
ment in real space.

2.2 Symmetries and winding number

The Hamiltonian exhibits chiral symmetry, time-reversal
symmetry, and particle-hole symmetry. We define a uni-
tary operator S as S =1y, ® o,. Under the transforma-
tion SHS™! = 2¢t; — H, and given that the onsite potential is
binary (t;, € {h, —h}), the Hamiltonian satisfies chiral sym-
metry: SHS™! = —H. This ensures that if E is an eigenvalue,
—E must also be an eigenvalue, consistent with the relation
E, =-E_.

Furthermore, the Hamiltonian possesses time-reversal
symmetry with respect to the operator 7 = I K, where
K is the complex conjugation operator. The invariance
THT~! = H indicates that if E is an eigenvalue, its complex
conjugate E* is also an eigenvalue. Similarly, particle-hole
symmetry exists with respect to the operator C = SK. The
transformation CHC~! = —H implies that if E is an eigen-
value, then —E* is also an eigenvalue.

In non-Hermitian systems, the energy spectrum is
generally complex, and conventional band gaps are not well

0.4 e (PN)=11.01
0.4 0.08 | o= 6 21
0.2 N =1.65
0.3 0.06 &
~ IE M
=Y 0.01
=021 g0 802 815 o-0.04
0.1 0.02
0.0 0.00 —
0 200 400 600 800 1000 5 10 15 20 25 30 35 40
Site Index PN

(a)

(b)

Figure 2: Plot of the spatial profile of a localized eigenstate and probability density of its participation number for different disorder realization.
(a) Spatial profile of |y|? for a localized eigenstate. (b) Probability density function (PDF) of the participation number for 1,000 random disorder
realizations. Here, ‘PN’ stands for participation number as shown in Eq. (18). Parameters: t, = 1,h = 0.8, N = 1,000,q = z /2.
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defined. Consequently, the topology of such systems is char-
acterized by the winding of the complex energy spectrum
in the complex plane. For a translationally invariant non-
Hermitian system, the spectral winding number is defined
as

W= 7{ dk - In det[H(k) — E,| )

where k € [—x, 7] is the wave-vector and E; is a reference
energy in the complex plane that lies outside the spectrum.
However, in the presence of disorder, translational sym-
metry is broken, and the wave vector k is no longer a good
quantum number. In such cases, the topology of the non-
Hermitian disordered system is characterized by the wind-
ing of the complex spectrum under the variation of an exter-
nal flux, which effectively replaces the role of momentum
in defining the spectral winding number. The eigenvalue
winding number [25] for a disordered system is defined as:
1 [ d

WE) = = [ S In det[H(®) — Ey|dd,

where H(®) represents the Hamiltonian subject to an exter-
nal Aharonov-Bohm flux @, expressed as:

N
H®) =Y (t,afa, - e la,,,). t, € {+h.—h}.

n=1

(1)
In our model, the expression for the winding number
around E, = 0 simplifies to:

_ 1 dz
v0) = sz{z — (=DN2(h/t,)N”

where C denotes the unit circle contour z = €'® in the com-
plex plane.

The presence of a pole inside, on, or outside the contour
depends on the ratio of h to ¢,. Specifically, the winding
number at £, = 0 is found to be:

(12)

0 (h>ty)

w0)=11/2 (h=t) 13)

1 (h<ty)

Thus, the spectral winding number transitions from a topo-
logically non-trivial regime (v(0) =1) to a trivial regime
(v(0) = 0) via a critical point (v(0) = 1/2) as the disorder
strength h increases relative to the hopping amplitude t,.

2.3 Localization length

With the use of (5) we can obtain the propagation of the
log of the absolute value of the wave function of an eigen-

state at given eigenvalue E asIn |y, 4| =In |y, | +In| E_t—‘l |
2
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This is random walk with zero bias (due to the imposed
boundary conditions) which leads to subexponential local-
ization y,, ~ e~V as shown by Silvestrov [26]. The char-
acteristic localization length scale &, = 1/y is in general of
finite value. We also note here for clarity that non-Hermitian
matrices have different left and right eigenvectors, with us
here focusing on right eigenvectors only.

The local inverse localization length can be defined
as y, = *In|y,,,/w,|, where the sign corresponds to the
decay on the left or right side of the peak. Focusing on the
absolute decay rate, we define the average inverse localiza-
tion length in the thermodynamic limit as:

L
1
y=imlyy,
n=1

L—oo L
1wl v
= lim= ) |In|Z2HL{], (14)
L->o0 L ngl Wn

As established in the previous section, the ratio |y, /v,
assumes values of |(E+ h)/t,| or |(E— h)/t,| with equal
probability. In the limit L — oo, the average inverse local-

t

_1 E+h
"7 <’ln‘ 2}

Given the property |(E + h)/t,| - |(E — h)/t;| = 1, both loga-

rithmic terms contribute equally. Thus, the final expression

for the inverse localization length is:

15)

= [nf =5
y = |{In
t2
2
_ §IH<R+h +2\§h cos(¢/2)>' )
2

The localization length is subsequently retrieved via the
relation &, =1/y.

The eigenvalues corresponding to E, and q € [0, ]
constitute the irreducible part of the spectrum. At g =
0 (where ¢ = 0), the inverse localization length simpli-

fies to y = ln[<h + tﬁ + h2> / tz]. At the Brillouin zone

boundary q =, the behavior depends on the disorder
strength: for h <t,, y vanishes, implying that &, — oo.
This indicates that the state corresponding to q =7 is
a completely extended state. Conversely, for h > t,, y =

% In [ <2h2 - t% +2hy/H? — t%) / tz] , which remains finite.
Consequently, the existence of extended states is funda-
mentally tied to the spectral winding number. In the param-
eter regime of non-trivial topology, at least two states are
completely extended and exhibit a diverging localization
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Figure 3: Participation number (blue solid lines) and analytical localization length (red solid lines) as a function of g. The participation number is
averaged over 100 random disorder configurations. Parameters: t, = 1, N = 1,000; (a) weak disorder (h = 0.8); (b) critical disorder (h = 1.0); (c) strong

disorder (h = 1.2).

length. To investigate the scaling behavior near the delocal-
ization point, we Taylor expand y near g = x as a function

of g =h/t,:

~AUo 8 e 8 oy

T Vg P - g ”)+"" b
1\/' 12 _ 1 1 3/2 _
~-|V2lq—n|"* = Zlq—n|+ —=|q—=n|*...| (g=1)
5 lq— x| 2Iq I 2\/zlq I ‘ g

1 B / glq— =)

Niln(Zg 1+2¢g )+4( 7 )3/2+...‘ (g>1

a”n

where g = tﬁ
2

2.4 Participation number

To quantify the degree of localization in our system, we
calculate the participation number (PN) for each eigenstate.
For the n-th state, the participation number is defined as:

2
(Zhatwial?)
PN, = “~~N .. 1
E j=1|Wj,n|

where j and n denote the lattice site index and the eigen-

value index, respectively. For a completely delocalized state

distributed uniformly across the lattice, the wavefunction

amplitude is |y;| ~ 1/ \/ﬁ leading to a participation num-

ber PN =~ N. Conversely, for a state localized at a single site,
PN~ 1

We numerically evaluate the participation number for

the eigenstates corresponding to E = E, across the irre-

ducible Brillouin zone q € [0, z]. The numerical procedure

involves constructing the Hamiltonian matrix with a diago-

nal binary disorder, ensuring an equal number of +h and

—h onsite potentials to satisfy the half-filling condition.

After numerical diagonalization, we map the numerical

eigenstates to their corresponding wavevectors g by com-

paring the numerical eigenspectrum with our analytical

(18)

dispersion relation. For each ¢, the PN is calculated using
Eq. (18) and averaged over 100 independent disorder real-
izations to ensure statistical convergence.

The numerical results for the participation number and
the analytical localization length are presented in Figure 3
for the weak, critical, and strong disorder regimes. The plots
clearly show that at the state ¢ = x, the participation num-
ber approaches the system size N for both the weak disor-
der (v(0) =1) and critical (h = t,) regimes. These numer-
ical results provide strong confirmation of our analytical
findings, specifically the existence of topologically protected
delocalized states at ¢ = = within the non-trivial winding
phase.

The correlation between the topological transition and
existence of delocalized states could be explained as fol-
lows: The introduction of an external AB flux through a
one-dimensional ring generates an electromotive force in
the system. States with delocalized wavefunctions are sen-
sitive to the boundary phase ®, and their energies evolve
continuously as the flux is varied. As a result, the complex
eigenvalues trace trajectories in the complex energy plane
as @ is tuned, giving rise to a non-zero spectral winding
number.

In contrast, localized states are insensitive to the
boundary phase, since their wavefunctions decay before
reaching the boundary. Consequently, their eigenvalues
remain essentially unchanged under variations of ®. There-
fore, if all eigenstates are localized, the spectrum does not
wind in the complex plane and the spectral winding number
vanishes.

3 Generalized boundary conditions

To examine the influence of boundary conditions on the
localization and topological properties of the system, we
consider the Hamiltonian of the unidirectional lattice model
with generalized boundary conditions (GBC):
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N-1 N
H= _tZZ i, + Z t,ala, —at, ajval, (19
n=1 n=1

where 0 < @ <1 and the onsite potential remains bhinary,
tin € {+h, —h}. The parameter a tunes the boundary con-
figuration: a = 0 corresponds to open boundary conditions
(OBC), while @ = 1 retrieves the periodic boundary condi-
tions (PBO).

Using methods analogous to those employed for PBC,
we analytically derive the eigenspectra for the GBC. The
characteristic polynomial equation for this system is given

by:

(B2 =P =qd. (20
Solving for E, the expression for the eigenvalues is:
E, = +1\/R* + 2a*/Neld, @1

where g = %fors=0,1,...,(% -1).

In the limit of strictly open boundaries (« = 0), the
energy bands become completely flat at E, = +h. However,
for any non-zero value of «, the eigenvalues converge to
the PBC spectrum as N — oo due to the scaling of the term
a*N . Since the localization length &; is defined in the ther-
modynamic limit (N — o), its value remains identical to
that obtained under PBC. Consequently, the emergence of
Anderson localization and the associated topological phase
transition are robust features of the system, remaining
invariant under changes in the boundary conditions, with
the exception of the singular OBC case.

4 Binary disorder in the hoppings

To compare the effects of different types of disorder, we
investigate binary disorder within the hopping amplitudes.
In this configuration, the Hamiltonian is expressed as:

N
H = Z (tl ajlan - tzn ajlan+1), tZY[ E {+h, _h}. (22)
n=1
By solving the characteristic equation for this disordered
system, we obtain the following analytical expressions for
the eigenvalues:

E=t+ he's  for N /2 even,

m(25+1

. )
=t1+hel N

for N/2 odd, (23

where s =0,1,...,N — 1. The corresponding Schrédinger
equation for each site n is given bhy:

(E- tl)Wn = _thWn+1' 24
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From this relation, it immediately follows that |E —
tllwal = [t lW4ql. Since |t,,| = hforalln,and |[E — ¢| =
h for all eigenvalues in the spectrum, we arrive at the con-
dition:

Wil = il (25)

This condition holds for all eigenvalues, implying that
every eigenstate in the system remains completely extended
despite the presence of binary disorder in the hopping
terms.

In the standard Hermitian Su—Schrieffer—-Heeger (SSH)
model, interchanging the intracell and intercell hopping
amplitudes yields a symmetric set of eigenvalues. However,
in this irreducible non-Hermitian block, binary disorder in
the onsite potential and the hopping amplitude produce fun-
damentally different physical outcomes: while onsite disor-
der drives a topological transition and localizes a majority
of the spectrum, hopping disorder is incapable of inducing
Anderson localization.

5 Connection to the SSH model

The Hamiltonian described in Egs. (1) and (4) serves as
the irreducible block of the Su-Schrieffer—Heeger (SSH)
model. Mapping the unidirectional Hatano—Nelson block
onto the SSH model physically corresponds to introducing
binary disorder into the intra-cell hopping amplitudes. The
Schrodinger equation for the full SSH system is given hy:

(v )()-o(2)

where v, and y 5 represent the eigenstates associated with
the A and B sublattices, respectively. This system can be
decoupled into two independent eigenvalue problems:

(26)

HH'y, = By, H'Hy, = Ery,. 27)

Thus, the eigenstates and eigenvalues of the standard
SSH model are related to the irreducible block through
the singular value decomposition (SVD), H = UV, The
columns of the left-singular matrix U provide yp, the
columns of the right-singular matrix ¥V provide y,, and
the diagonal elements of X yield the singular values, which
correspond to the energy E of Hgg,. It is important to note
that the eigenstates of H itself are not directly identical to
the eigenstates of the SSH model.

A critical question arises: can binary disorder induce
localization in the SSH model? To address this, we analyze
the operator HH' in the site basis:



DE GRUYTER
. N
HH' =) [(t§ + R?) [n)(n] = ppyrhty(In)(n+ 1] + |n
n=1
+ 1><n|)], (28)

where p, = sgn(t;,) € {+1,—1} and we assume periodic
boundary conditions (N + 1 = 1). The Schrodinger equation
HH'|W¥) = E|'?) yields the following recurrence relation:

(E - h2 - t%)ll/n = _htz(ﬂn+ll//n+1 + /’ann—l)' (29)

In one-dimensional systems, it is well established
that this specific type of binary hopping disorder can be
gauged away via a unitary transformation. We define y,, =
(H;’:Z u j)‘/’rll for n > 2, with y; = y/. Under this transfor-
mation, the bulk Schrédinger equation (n=2,...,N—1)
becomes:

(E= R =)y, = —hty(vy, +v,,). G0
The boundary equations are similarly transformed:
E—h*—t)y! = —hty(y! + Py),
(=1 =8)ui =-hoyi +Puy).

(E— K = 86)yy = —hty(wy_, + Pyy),

where P = H?[:l w; is the parity of the disorder realization.
This transformed system describes a tight-binding chain
with uniform hoppings.

The resulting boundary conditions are either periodic
(P=1 or anti-periodic (P = —1). Using the plane-wave
ansatz y = ek, the eigenvalues are found to be E=n*+
t% — 2ht, cos k, where the allowed wavevectors are:

sz forp=1

k= (32)

N
@2s+1)rx

forP=-1
N

fors =0,1,...,N — 1. Since the system with +h binary hop-
ping disorder is unitarily equivalent to a uniform tight-
binding model, the disorder cannot induce localization in
the eigenstates of HH', and consequently, the SSH model
remains in an extended phase under this type of binary
disorder.

6 Conclusion and discussion

In summary, we have investigated non-Hermitian Ander-
son localization and the associated topological phase tran-
sition in a unidirectional Hatano—Nelson (uHN) chain sub-
ject to binary onsite disorder. Our results demonstrate that
for weak disorder, the eigenvalue spectrum forms a single
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closed loop in the complex energy plane. As the disorder
strength exceeds a critical threshold, this spectrum bifur-
cates into two distinct loops. Correspondingly, the spectral
winding number v undergoes a transition fromv =1tov =
0, passing through the critical value v = 1/2 at the transition
point.

A key finding is the emergence of two purely imag-
inary eigenvalues when the spectral winding number is
non-zero. The corresponding eigenstates are found to be
completely delocalized, characterized by a diverging local-
ization length. We have analytically derived the wavefunc-
tions for these extended states and shown that in the non-
trivial topological regime, the localization length &; tends
to diverge as the wavevector ¢ — #. In contrast, when
the winding number vanishes, all eigenstates in the spec-
trum become localized. This establishes a direct correlation
between the spectral topology and the divergence of the
localization length.

Finally, we examined the system under generalized
boundary conditions (GBC). In the case of strictly open
boundary conditions (OBC), the spectrum collapses into
two flat bands at E(q) = +h. However, for any other GBC
configuration, the eigenspectrum converges to the peri-
odic boundary condition (PBC) result in the thermodynamic
limit. This confirms that the observed topological transition
and the existence of delocalized states are robust features
that remain invariant under variations of the boundary con-
ditions, with the singular exception of the open boundary
case.

Future research directions include the impact of the
extension to other types of disorder (see e.g. [27]) on
such central results as topology and delocalization, among
others.
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